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Multi-multi-multi- � � �

Multi -investigator (more than 10)

Multi -institution (university, non-pro�t)

Multi -level (global, local, personal, biomarker)

Multi -pathway (soil, water, air, ...)

Multi -scale (county, individual)

Multi -variate (Arsenic, Cadmium, Chromium, Lead)
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Non-GaussianModels

Data often exhibit dependence on covariates, but with random variability that deviates
from the Gaussian distribution. Possible approaches are:

Skew-elliptical distributions.

Generalized linear model (based on the exponential family).

Transformed Gaussian model (based on the Box-Cox transformations).

Common/Individual mixing of Gaussian distributions (Palacios and Steel, 2006).

In this research, we use the last two approaches, in a multivariate context.

Suppose � i � Gau(0; 1), and hence, given � i (> 0),

(� i =
p

� i ) j� i � Gau(0; 1=� i ) ; i = 1; : : : ; n :

Common mixing : � i � � , [� ] is speci�ed.

Individual mixing : � � (� 1 ; : : : ; � n )0, [� ] is speci�ed.
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Common/Individual Mixing

Common mixing

One precision parameter, � .

[� ] could be a gamma or a lognormal or ...

Given X (but not � ),

Y = X � + � =�

implies [Y jX ] is a (symmetric) elliptical distribution with mean (if it exists) X � . For
example, if [� ] is a gamma(� =2; � =2), then

[Y jX ] = n-variate Student-t with � dof :

Models non-Gaussian data with heavy tails.
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Common/Individual Mixing, ctd.

Individual mixing

Each observation has a precision parameter, given by the entries in the vector � .

This model can account for unusual “individual effects” by using a separate mixing
variable for each observation.

For example, log(� ) � Gau(� (� =2)1; � I ) says � 1; : : : ; � n are i.i.d. log Gaussian
with E (� i ) = 1 and var(� i ) = exp(� ) � 1. Outliers can be accomodated when
� = 3 (say); then there is a lot of mass close to zero and var(� i ) = 19:1. Palacio
and Steel (2006) call this the Gaussian-log-Gaussian (GLG) model.

Hybrid mixing:

� = (� 11 ; : : : ; � 1n 1 ; � 21 ; : : : ; � 2n 2 ; : : : ; � k 1 ; : : : ; � k n k )0 ;

where

� ` 1 = � � � = � `n ` = � ` ; ` = 1; : : : ; k ;

and � ( k ) � (� 1 ; : : : ; � k )0 is a k-dimensional vector whose joint distribution [� ( k ) ] is
speci�ed.
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Purpose

A multivariate hierar chical Bayesian model (HBM) was used to investigate the
pathways of human exposure to Arsenic, Cadmium, Chromium, and Lead.

The HBM has explicit stages for local environmental exposure levels, personal

exposures, and biomarkers. Analysis is on the log scale.
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Purpose,ctd.

The focus is on air, soil, and dietary (water and food) pathways of exposure for

individuals in the U.S. Environmental Protection Agency's Region 5 (Illinois, Indiana,

Michigan, Minnesota, Ohio, and Wisconsin ):
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Data

Primary source of data was NHEXAS (National Human Exposure Assessment

Survey) - a U.S. EPA, CDC, FDA study for surveillance of exposure to toxic agents

- conducted 1995-1998 (supplemental NHEXAS demographic information from

questionnaires is not included in the model presented here but is planned for use

in future models). The �gure shows county of residence for the 249 NHEXAS

participants sampled. Residential exposure and biomarker data (blood and urine)

were collected from participants.
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Data Management

Data are stored in a hierarchy of directories (by region and data type).

The scripts used to manipulate the data are stored along with each dataset.

Data management and cleaning was carried out using SAS, R, and ArcGIS.

Another security feature: Access to the original datasets are limited.

Instead, modelers have access to the data derived folder (read onl y).

We found that comma delimited (CSV) text �les , although large in size, tended
to be the easiest to use for exploratory data analysis and modeling.
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Hierar chical BayesianModels (HBMs)

We de�ne the statistical model using a series of hierarchical steps:

Data Model  Process Model  Parameter Model

HBMs provide a mechanism to merge science with data .

We use Bayes' Theorem to derive the posterior distribution of “the processes and
parameters” given “the data”.

Posterior distrib ution is usually not availab le in closed form .
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A Standard Model Structur e

Generic notation: Y � data, X � process, � � parameter.

Let [A ] denote the joint distribution for the random quantity A , and [A jB ] denote
the conditional distribution for A conditional on B .

We specify our Bayesian model in steps:

1. Data model: [Y jX ; � 1 ].

2. Process model: [X j� 2 ].

3. Parameter model (prior): [� ], where � = (� 0
1 ; � 0

2)0.

We then calculate the posterior distribution:

[� ; X jY ] / [Y jX ; � 1 ] � [X j� 2 ] � [� ]:

In practice, the proportionality constant (= 1=[Y ]) can be dif�cult to obtain.
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Data Models

Start with univariate problem (e.g., Arsenic; see Cressie et al., 2007).

Three types of data:

observed (above detection limit)

left-censored (below detection limit)

unobserved (missing)

Illustrate with biomarker data (e.g., Arsenic in urine):

SB
A � NHEXAS participants with biomarker level > MDL

SB
B � NHEXAS participants with biomarker level � MDL

SB
M � NHEXAS participants with biomarker level missing
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Data Models,ctd.

For example, consider Arsenic (As) in urine.

Available biomarker data:

Y B � f Y B
i : i 2 SB

A [ SB
B g ;

where if data are censored, de�ne Y B
i � M B

i , the MDL for i 2 SB
B .

Assume Y B
i � Gau(B i ; 1=! B ); i 2 SB

A .

Both censored and missing data are handled coherently (can be imputed) in the
Bayesian formulation.
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Multi variate Data Model

Arsenic (As) in urine (m = 1); Cadmium (Cd) in urine (m = 2); Chromium (Cr) in
urine (m = 3); Lead (Pb) in blood (m = 4).

Y B
m � f Y B

mi : i 2 SB
m; A [ SB

m; B g; m = 1; 2; 3; 4.

Given B mi and ! B
m , Y B

mi � Gau(B mi ; 1=! B
m ); i 2 SB

m; A , m = 1; 2; 3; 4.

All distributions are independent.

Censored and missing data can be handled by Bayesian means, as in the
univariate case for As.
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ProcessModels

For example, consider As.

Biomarker given Personal Exposure

[B jX ; � B ; � B ; � B ] =
N I
Y

i =1

[B i jX i ; � B ; � B ; � B ] ;

where N I is the number of NHEXAS individuals (N I = 249), and

B i jX i ; � B ; � B ; � B � Gau

0

@� B +
N X
X

j =1

� B
j X ij ; 1=� B

1

A ;

for N X the number of personal-exposure routes.
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ProcessModels,ctd.

For example, consider As.

Personal Exposure given Local Envir onment

[X jL; � X ; � X ; � X ] =
N I
Y

i =1

N X
Y

j =1

[X ij jf L ik g
k 2S X j ; � X

j ; � X
j ; � X

j ] ;

where SX j � f 1; : : : ; N L g is the selector set of local-environment variables linked
causally to the j -th personal exposure, and

X ij jf L ik g
k 2S X j ; � X

j ; � X
j ; � X

j � Gau

0

@� X
j +

X

k 2S X j

� X
j k L ik ; 1=� X

j

1

A :
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ProcessModels,ctd.

For example, consider As.

Local envir onment

[L j� L ; � L ] =
N I
Y

i =1

N L
Y

j =1

[L ij jf L ij g
k 2S L j ; � L

j ; � L
j ; � L

j ] ;

where SL j � f 1; : : : ; N L g is the selector set describing causal relations within
local variables, and

L ij jf L ik g
k 2S L j ; � L

j ; � L
j ; � L

j � Gau(� L
j +

X

k 2S L j

� L
j k L ik ; 1=� L

j )
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Multi variate ProcessModel

Recall the generic notation:

Y � data

X � process

� � parameter

Recall also that the process X is made up of the (hidden) biomarkers, the true (hidden)

personal exposures, and the true (hidden) local-environment variables (all on the log

scale). Moreover, each one of these hidden process variables is a 4-variate vector ,

representing log concentrations of As, Cd, Cr, and Pb.
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Multi variate ProcessModel, ctd.

Generic notation: We wish to present a multivariate regression relationship between
two vectors U and V , upon which we have observations f (U i ; V i ): i = 1; : : : ; ng. Our
model assumes i.i.d. multivariate Gaussian errors � 1 ; : : : ; � n , and given U i :

VAs;i = � As + � As UAs;i + � As;i ;

and similarly for Cd, Cr, and Pb.

Write � � (� As ; � C d ; � C r ; � P b)0.

Write � 4� 4 � f var(� i )g
� 1 , where � i � (� As;i ; � C d;i ; � C r ;i ; � P b;i )0.

In the regression relationships, note the absence of cross-dependence
between metals. (This model would not be appropriate for VOCs, say.)
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Multi variate ProcessModel, ctd.

Generic notation, ctd:
For the i -th observation,

V i jU i � Gau4(� + B U i ; � � 1 ) ;

where B is a 4 � 4 diagonal matrix of slopes such that diag(B ) = � . Then

[V i ] = (2� ) � 2 j� j1=2 expf� (1=2)(V i � � � B U i )0� (V i � � � B U i )g ;

which we notate as:

N (V i j� + B U i ; � ) :

Independence of observations implies the joint distribution is:

[V 1; : : : ; V n jU 1; : : : ; U n ] =
nY

i =1

N (V i j� + B U i ; � ) :
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Multi variate ProcessModel, ctd.

Recall generic regression model:

V i = � + B U i + � i ; i = 1; : : : ; n :

Now replace U and V with process variables X 1; X 2; : : : ; X 12 . (In general, the number
of process variables is N X ; here N X = 12, corresponding to “biomarker”, “air-indoor
air”, “air-outdoor air”, “air-personal air”, “soil-sill dust”, “soil-�oor dust”, “soil-soil”,
“dietary-food”, “dietary-beverage”, “dietary-food/beverage”, “dietary-�ush water”, and
“dietary-standing water”. Notice we have grouped the 11 local-environment variables into
three macr omedia: air, soil, and dietar y.)

Process variables X 1; : : : ; X N X have linear regression relationships to each other

according to a pathwa ys diagram , which is an acyclic directed graph (ADG).
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Multi variate ProcessModel, ctd.

Pathwa ys diagram
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For each X j , the ADG de�nes a selector set SX
j � f 1; 2; : : : ; 12g of causal

dependencies on the other process variables, where j 62SX
j . Let X denote all process

variables for all N I individuals. Then

[X j�; � ; � ] =
N I
Y

i =1

N X
Y

j =1

N (X ij j � j +
X

k 2S X
j

B j k X ik ; � j )
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Multi variate ProcessModel, ctd.

Modeling variance matrices

var(X ) can be written as a 4N X N I � 4N X N I variance-covariance matrix.

By assumption, most of the entries are zero, except 4 � 4 blocks down the
diagonal.

There are N X (= 12) distinct variance-covariance matrices, f � � 1
1 ; : : : ; � � 1

N X g,

which are each repeated N I (= 249) times.

Recall macro-media “air”, “soil”, and “dietary”. Let f � (j ): j = 2; : : : ; 12g denote the
mapping that determines which local-environment variable (e.g., food) goes with
which macro-medium (e.g., dietary). The following model reduces the number of
parameters:

var(X ij ) � � � 1
j = K � ( j ) + D j ; j = 2; : : : ; 12 ;

where K air , K soil , and K dietar y are 4 � 4 variance-co variance matrices, and
f D j : j = 2; : : : ; 12g are diagonal variance matrices. Hybrid mixing on precision
parameters � 2; : : : ; � N X results if we put i.i.d. Wisharts on K air, K soil, and
K dietary, and i.i.d. independent-gammas on diagonal elements of D 2; : : : ; D 12 .
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Parameter Models

Intercept parameters and slope parameters are grouped into vector s . Precision
parameters are grouped into matrices .

Grouped sets of parameters are assumed mutually independent .

Intercept parameters and slope parameters are assumed multiv ariate Gaussian
distributed.

Precision parameters (var� 1 ) are assumed Wishar t distributed; for the special
case of a diagonal matrix, entries are assumed independent gamma distributed.
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Posterior Infer ence- MCMC based

Posterior for the exposure-pathways parameters (that relate biomarker
concentrations of toxic metals to local environmental exposures) is not availab le
in closed form .

Instead, we sample from the posterior distribution. Two common approaches are
MCMC based:

1. Gibbs sampling.

2. Metropolis-Hastings algorithm.

Inference is based on MCMC samples of parameter values from the posterior
distribution. Recall the generic problem involving Y , X , and � ; we need to:

Derive algorithms to sample X and � , conditional on the data Y .

Code and implement the algorithms.
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GibbsSampling

Suppose we can decompose X into J components, and � into K components:

X = (X 1; X 2; : : : ; X J )

� = (� 1 ; � 2 ; : : : ; � K ) :

Letting, for example, X � j denote the J � 1 components of X without X j , we
calculate the following conditional posterior distributions:

[X j jY; X � j ; � ]; j = 1; : : : ; J

[� k jY; X ; � � k ]; k = 1; : : : ; K :

In Gibbs sampling, we repeatedl y sample parameters from these conditional
distributions (the sample step).

We always accept these sampled values (i.e., we accept with probability 1).

The samples converge in distribution to the posterior distribution (under certain
regularity conditions).
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Metr opolis-Hastings(M-H)

(Simplest case: symmetric proposal distrib utions)

As an example, consider � (it is similar for X ).

Suppose our current parameter value is � c . In the sample step:

For some j = 1; : : : ; J , we sample a proposal � �
j from a proposal distribution

(e.g., a normal distribution).

We accept the proposal � �
j with probability equal to

� = min

(
[� �

j jY; X ; � � j ]

[� c
j jY; X ; � � j ]

; 1

)

;

otherwise we stay at the current � c
j (i.e., we accept with probability � ).

Repeat a large number of times.

The samples converge in distribution to the posterior distribution
(again under certain regularity conditions).
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Noteson M-H Algorithm

This is a rejection-sampling algorithm.

We can think of Gibbs sampling as a special case of M-H with an acceptance
probability of 1.

Advantages:

We do not need to calculate full posterior or conditional posterior distributions.

In particular, we do not need to know the proportionality constant, 1=[Y ].

Disadvantages:

Choice of proposal distributions and algorithm always requires careful thought
and tuning.
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The MCMC Software

Written entirely in C++, using an MCMC library developed by Battelle. Contact
Michele Morara (moraram@battelle.org).

Advantages:

It is not WINBUGS! (It requires all full conditionals as input.)

Extendable and modi�ab le.

Ef�cient memory use.

Produces fast-running code.

Allows for multiple-component as well as single-component sampling.

Turns every MCMC iteration into a sample-and-rejection step.

Disad vantages:

It is not WINBUGS! (It requires full conditionals as input.)

To use the library, you need to be able to program and debug C++ code
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Why Usethe MCMC Library?

You de�ne the classes to represent the way you want to sample the process (X )
and parameter (� ) values in your model.

The MCMC library stores and maintains all the variables.

It does all the sampling and updates for you.

For example, it will do the thinning ef�ciently while it samples the chains.

It saves its state, so you can restart the MCMC later if you need to run the
chains longer.

It stores only the variables you are interesting in tracing.

It produces a text �le as output.
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BayesianComputation: Summary

Large Bayesian hierarchical models need to be implemented carefully.

The model should be coded up and tested in bite-size pieces.

Since it can be hard to get the MCMC chains to mix, the choice of prior and
parameter updates are critical.

Datasets need to be managed, in a documented fashion.

Sensitivity of the results to the data is often overlooked, but it is important.

Fast, reliable MCMC computation with an extendable, modi�ab le library has been
crucial.
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Multi variate PathwaysAnalysis

We analyze Arsenic (As), Cadmium (Cd), Chromium (Cr) in urine and Lead
(Pb) in blood for the six states that make up the U.S. Environmental Protection
Agency's Region 5 (Illinois, Indiana, Michigan, Minnesota, Ohio, and Wisconsin).
The analysis is on the log scale.

Except for minimal elements in the ADG, assume all precision matrices are
diagonal. Use Wishart and independent-gamma priors for the precision matrices.

Markov Chain Monte Carlo (MCMC) simulation methods were used to �t a
multivariate HBM.

Key parameters of interest are the slope parameter s in the regression models,
which link biomarkers to local environmental exposures.

Slope parameters are declared to exhibit causality if 95% posterior credible
intervals do not contain 0.
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Arsenic in Urine
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Cadmium in Urine
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Chromium in Urine
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Lead in Blood
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Arsenic in Urine
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ClosingRemarks

Results for individual metals borr ow strength from the other metals in the
multivariate pathways model.

Further analysis will include:

inference on pathwa y-de�ned functionals of the slope parameters;

inference on correlation parameter s resulting from non-diagonal precision
matrices;

alternative models for the precision matrices that are based (partly) on
macr o-media (e.g., air, soil, dietary).

What effect does an x% decrease in As at one of the “sources” (i.e., at a minimial
element of the ADG) have on the 4-variate biomarker vector involving As and Cd,
Cr, Pb? Our multiv ariate BHM can be used to answer this and other questions.

Reference for univariate BHM: Cressie, Buxton, Calder, Craigmile, Dong,
McMillan, Morara, Santner, Wang, Young, and Zhang (2007). “From sources to
biomarkers: A Hierarchical Bayesian approach for human exposure modeling”.
Journal of Statistical Planning and Inference, forthcoming.
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