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What is not a tensor, Il

e VWhat is a vector?

— Mathematician: An element of a vector space.

— Physicist: “What kind of physical quantities can be rep-
resented by vectors?”
Answer: Once a basis is chosen, an n-dimensional vector
IS something that is represented by n real numbers only
if those real numbers transform themselves as expected
(ie. according to the change-of-basis theorem) when one
changes the basis

e What is a tensor?

— Mathematician: An element of a tensor product of vector
spaces.

— Physicist: “What kind of physical quantities can be rep-
resented by tensors?” Answer: Slide 7.



What is not a tensor, II|

By a tensor, physicists and geometers often mean a tensor field
(roughly, these are tensor-valued functions on manifolds):

e stress tensor

e moment-of-intertia tensor
e gravitational field tensor
e Mmetric tensor

e Curvature tensor



Tensor product of vector spacesl

U,V, W vector spaces. Think of UQV ® W as the vector space
of all formal linear combinations of terms of the form u@ v ® w,

Zau@v@w,
where a e RueU,veV,weW.

One condition: ® decreed to have the multilinear property

(cu] + ) VRAW=au] QVRIOW+ Bur Q VR Ww,
u® (avi+8vo) QW =au®vi QW+ fu®R vo @ W,
U v (awy 4+ Bwr) = au@®R®vRw] +0u®RVv R wo.



Tensors and multiway arraysl

Up to a choice of bases on U,VW, A € UV ® W can be
represented by a 3-way array A = [[%jk]]f;’%ll e RIXmXn on which
the following algebraic operations are defined:

1. Addition/Scalar Multiplication: for [[bz-jk]] c RIXmXn » R
[aijid+[biji] := [agrtbie]  and  Aage] = [Aay] € RP™X"

2. Multilinear Matrix Multiplication: for matrices L = [\;,] €
Rle,M pu— [/’l’]/]] E qum,N pm— [Vk:/k] E R’I"XTL’
(L,M,N)-A .= [[Ci’j’k’]] c RPXaxT

where

[l m n
Cil k! - = DS At Vi ik
i=1j=1k=1




Change-of-basis theorem for tensorsl

Two representations A, A’ of A in different bases are related by
(L,M,N)- A=A

with L, M, N respective change-of-basis matrices (non-singular).

Henceforth, we will not distinguish between an order-k tensor and

a k-way array that represents it (with respect to some implicit
choice of basis).



Segre outer productl

fU=R!, V=R" W=R" RIR™®R" may be identified with
RIXmX7 if we define ® by

I mn
UX VYW = [[uivjwk]]i,j,kzr

A tensor A € RIXMX7" is said to be decomposable if it can be
written in the form

A=UuRVRIW

for some u € R, v e R™ w € R™.
The set of all decomposable tensors is known as the Segre variety

in algebraic geometry. It is a closed set (in both the Euclidean
and Zariski sense) as it can be described algebraically:

Seg(R, R™,R™) = {A € R" ™™ | 0 1,0.0,50js = Qhskoks@sbols> Lias Ja} = {kasla}}



Tensor ranksl

Matrix rank. A € R™Mxn

rank(A) = dim(spang{Aei,---,Aen}) (column rank)
= dim(spang{Aie,---,Ame}) (row rank)
=min{r | A=3"_,u;v]} (outer product rank).

Multilinear rank. A € R>*™Xn rankg(A) = (r1(A4),r2(A),r3(A))
where

r1(A) = dim(spang{Aiee; - > Alee})
ro(A) = dim(spanp{Aeie;- -, Aeme})
7“3(A) = dim(spanR{A“l, . ,Aoon})

Outer product rank. A ¢ Rixmxn,

rankg(A) = min{r | A=3!_,u; ®v; ® w;}

In general, rankg(A) #= r1(A) #= ro(A) #= rz3(A).



Creditl

Both notions of tensor rank (also the corresponding decomposi-
tion) due to Frank L. Hitchcock in 1927. Multilinear rank is a
special case (uniplex) of his more general multiplex rank.

F.L. Hitchcock, “The expression of a tensor or a polyadic as a
sum of products,” J. Math. Phys., 6 (1927), no. 1, pp. 164—1809.

F.L. Hitchcock, “Multiple invariants and generalized rank of a
p-way matrix or tensor,” J. Math. Phys., 7 (1927), no. 1, pp.
39—-709.

Often wrongly attributed. Predates CANDECOMP/PARAFAC
or Tucker by 40 years.
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Outer product rankI

Theorem (Hastad). Computing rankg(A) for A € RIX™mX7 js gn
NP-hard problem.

Matrix: A € R™*" c C™*" rank(A) is the same whether we
regard it as a real matrix or a complex matrix.

Theorem (Bergman). For A € RIXmXn — ClxXmxn rankg (A) is
base field dependent.

Example. x,y € R” linearly independent and let z = x 4 2y.
XRQXQIX—XQYQYy +yQRXxQy+yQy®x
1 _
=§(z®z®z—|—z®z®z)
rankg(A) is 3 over R and is 2 over C.
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Fundamental problem of multiway data analysisl

Let A be a tensor, symmetric tensor, or nonnegative tensor.
Solve

argminrank(B)ngA — Bj|

where rank may be outer product rank, multilinear rank, sym-
metric rank (for symmetric tensors), or nonnegative rank (non-
negative tensors).

Example. Given A € R91%d2xd3 find w,, v;,w;, i = 1,...,r, that
minimizes
|A—U1{ @ VIOW] — U R Vo Q@ Wo — -+ — Uy Q Vy Q Zp||.

or C € R"1Xm2X73 gnd L, € R%*"i that minimizes

|A = (L1, Lo, L3) - C.

Example. Given A € SF(C™), find w;, s = 1,...,r, that minimizes
k k k
||A—u(i§ —ug) — . —u®,
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Harmonic analytic approach to data analysisl

More generally, F = C, R, R4, Rmax (max-plus algebra), R[z, ..., zn]
(polynomial rings), etc.

Dictionary, D C FY, not contained in any hyperplane. Let Dy =
union of bisecants to D, D3 = union of trisecants to D, ...,
D, = union of r-secants to D.

Define D-rank of A € FN to be min{r | A € D,}.
If o : FN x FN — R is some measure of ‘nearness’ between pairs

of points (eg. norms, Bregman divergences, etc), we want to
find a best low-rank approximation to A:

argmin{p(A, B) | D-rank(B) < r}.

14



Feature revelation |

Get low-rank approximation

A%(Xl'Bl"‘”"l‘O&fr‘BreDr.
B; € D reveal features of the dataset A.

Note that another way to say ‘best low-rank’ is ‘sparsest possi-
ble’.

Example. D = {A | rankg(A) < 1}, ¢(A,B) = ||A - B||p — get
usual CANDECOMP /PARAFAC.

Example. D = {A | rankg(A) < (r1,72,73)} (an algebraic set),
0(A,B) = ||A — B||p — 9et De Lathauwer decomposition.
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Simple Iemmal

Lemma (de-Silva, L.). Let r > 2 and k > 3. Given the norm-
topology on RA1XXd  the following statements are equivalent:

(@) The set §,(dq1,...,d;) ;= {A | rankg(A) < r} is not closed.

(b) There exists a sequence A,, rankg(An) <r, n € N, converg-
ing to B with rankg(B) > r.

(c) There exists B, rankg(B) > r, that may be approximated
arbitrarily closely by tensors of strictly lower rank, ie.

inf{||B — Al| | rankg(A) <r} =0.
(d) There exists C, rankg(C) > r, that does not have a best

rank-r approximation, ie.

inf{||C — A||l | rankg(A) < r}
is not attained (by any A with rankg(A) <r).

16



Non-existence of best low-rank approximationl

D. Bini, M. Capovani, F. Romani, and G. Lotti, “O(n%7799)
complexity for n x n approximate matrix multiplication,” Inform.
Process. Lett., 8 (1979), no. 5, pp. 234—235.

Let x,y,z,w be linearly independent. Define

A =XQXQX+XQYyRz+yQRzRX+YyRWRZ+ZRXRQY +Z2RQYy W
and, for € > 0O,
B =(y4+ex)@(y4+ew)@ce lz4 4+ ex) e 1x® (x + ey)

—5_1y®y®(x—|—z—|—ew)—5_1z®(x—|—y—|—sz)®x
—I-e_l(y—l—z)@)(y-l—ez)@(x-l-aw).

Then rankg(B:) < 5, rankg(A) =6 and ||B: — A|| — 0 as ¢ — 0.

A has no optimal approximation by tensors of rank < 5.

17



Simpler examplel

Let x;,y; € R%, 4 =1,2,3. Let

A=X10X2Q0YyY3+ X1 ®Yy2®X3+Yy1 ®Xp QX3
and for n € N,

1 1
Ap i =x1 @%x0 ® (y3 — nx3) + (Xl + EY1) ® (Xz + EYQ> ® nX3.

Lemma (de Silva, L). rankg(A) = 3 iff x;,y; linearly indepen-
dent, ¢« = 1,2,3. Furthermore, it is clear that rankg(An) < 2
and

n—aoeo

[Inspired by an exercise in D. Knuth, The art of computer pro-
gramming, 2, 3rd Ed., Addison-Wesley, Reading, MA, 1997.]

18



Furthermore |

Such phenomenon can and will happen for all orders > 2, all
norms, and many ranks:

Theorem 1 (de Silva, L). Let k>3 and dy,...,d;, > 2. For any
s such that 2 < s < min{dy,...,dr} — 1, there exist A € Rd1xXdy
with rankg(A) = s such that A has no best rank-r approximation
for some r < s. The result is independent of the choice of norms.

For matrices, the quantity min{di,d>} will be the maximal pos-
sible rank in R91%Xd2_ In general, a tensor in R%1XXdx can have
rank exceeding min{di,...,ds}.

19



Furthermore |

Tensor rank can jump over an arbitrarily large gap:
Theorem 2 (de Silva, L). Let £ > 3. Given any s € N, there

exists a sequence of order-k tensor A, such that rankg(An) < r
and limp—c0 An = A with rankg(A) = r + s.

20



Furthermore |

Tensors that fail to have best low-rank approximations are not
rare — they occur with non-zero probability:

Theorem 3 (de Silva, L). Let u be a measure that is positive or
infinite on Euclidean open sets in R91XXdk There exists some
r € N such that

uw({A | A does not have a best rank-r approximation}) > 0.

21



Messagel

That the best rank-r approximation problem for tensors has no
solution poses serious difficulties.

It is incorrect to think that if we just want an ‘approximate
solution’, then this doesn’t matter.

If there is no solution in the first place, then what is it that are

we trying to approximate? ie. what is the ‘approximate solution’
an approximate of?

22



Weak solutionsl

For a tensor A that has no best rank-r approximation, we will
call a C € {A | rankg(A) < r} attaining

inf{[|C — Al | rankg(A) < r}

a weak solution. In particular, we must have rankg(C) > r.

It is perhaps surprising that one may completely parameterize all
limit points of order-3 rank-2 tensors:

Theorem 4 (de Silva, L.) Let dy,dp,d3 > 2. Let Ay, € RI1xd2xd3
be a sequence of tensors with rankg(An) <2 and

n—aoo
where the limit is taken in any norm topology. If the limiting

tensor A has rank higher than 2, then rankg(A) must be exactly 3

23



and there exist pairs of linearly independent vectors x1,y1 € Rdl,
X2,¥Yo € R42, X3,y3 € R93 such that

A=X1®XR®Yy3+X1Qy2Q0x3+y1 ®Xo® X3.

In particular, a sequence of order-3 rank-2 tensors cannot ‘jump
rank’ by more than 1.



Symmetric tensorsl

Write TE(R?) = R*" ® --- @ R? = R X7 the set of all order-k
dimension-n cubical tensors.

An order-k cubical tensor [a;,..;,] € TE(R™) is called symmetric
if
aia(l)"'ia(k) = Qjq.oips 11y -, € {1, e ,n},

for all permutations o € G;..

These are order-k generalization of symmetric matrices. They
are often mistakenly called ‘supersymmetric tensors’.

Write SF(R™) for the set of all order-k symmetric tensors. Write

kcgpies

Examples. higher order derivatives of smooth functions, mo-

ments and cumulants of random vectors.
24



Cumulantsl

X1,...,Xpn random variables. Moments and cumulants of X =
(X1,...,Xp) are

mp(X) = [E(zizi, 23], = [//fﬂzl% cee g, dp(ws,) - "du(fﬁik)]'

L1geeey ’I,k=1

For n =1, ki (X) for k= 1,2,3,4 are the expectation, variance,
skewness, and kurtosis of the random variable X respectively.

Symmetric tensors, in the form of cumulants, are of particular
importance in Independent Component Analysis. Good read:

L. De Lathauwer, B. De Moor, and J. Vandewalle, “An intro-
duction to independent component analysis,” J. Chemometrics,

14 (2000), no. 3, pp. 123-1409.
25



Symmetric ® decomposition and symmetric rankl

Let A € SK(R"). Define the symmetric rank of A as
rankg(A) = min{r ‘ A= Z:_ azy?k}.
T he definition is never vacuous because of the following:

Lemma (Comon, Golub, L, Mourrain). Let A € S¥(R™). Then
there exist y1,...,ys € R" such that

A= Zz_ azyz

Question: given A € SF(R™), is rankg(A) = rankg (A)?
Partial answer: yes in many instances (cf. [CGLM2]).

26



Non-existence of best low-symmetric-rank approximationl

Example (Comon, Golub, L, Mourrain). Let x,y € R" be
linearly independent. Define for n € N,

1 Xk
Api=mn (X + —y) — nx®F
n
and

Then rankg(Ap) < 2, rankg(A) =k, and

n—aoeo

ie. symmetric rank can jump over an arbitrarily large gap too.

27



Nonnegative tensors and nonnegative rankI

Let 0 < A € RA1XXdk - The nonnegative rank of A is

ranky (A) 1= min{ | Z T WLOVi® Q2 Wiy, 2 > O}

Clearly, such a decomposition exists for any A > 0.

Theorem (Golub, L). Let A = [aj,..;] € R4* X% be non-
negative. Then

inf{HA—

‘ui,...,ziEO}

r

is attained.

Corollary. The set {A | ranky(A) <r} is closed.

28



NMD as an El-SVDI

A e Rm™*" The SVD of A is, in particular, an expression
A= Zz’:l oiu; Q V;
r = rank(A) is the minimal number where such a decomposition is possible,
r 1/2
loll= (3" Jeil?) " =lAlr,  and Juillz = lvill2 = 1,
fore.=1,...,r.
Lemma (Golub, L). Let 0 < A € R™*", there exist u;,v; > 0 such that
T
A= Zi:l Ail; ® v;
r = rank4+(A) is the minimal number where such a decomposition is possible,
[All = Zi=1|/\i| = [[Alle, and |lwlls = [[vil][1 = 1,
fore=1,...,r. The G-norm of A,
m n
[Alle = Zz‘:l ijllaz‘jh

is the ¢l-equivalent of the F-norm

m n 1/2
JAlle = (3" > layl?)

The NMD, viewed in the light of an ¢1-SVD, will be called an ¢1-NMD.
29




El-nonnegative tensor decompositionl

The SVD of a matrix does not generalize to tensors in any ob-
vious way. The El—NI\/ID, however, generalizes to nonnegative
tensors easily.

Lemma (Golub, L). Let 0 < A € R%1*Xdy Then there exist
u;,v;,...,z; > 0 such that
A:Z:::[)‘iui@)"i@"'(gzi

r = rank4.(A) is the minimal number where such a decomposition
IS possible,

Al = [lAllg,  and  fluifls = [lvills = - =[lz][1 =1
for. =1,...,r. Here
n
”AHG = Zil,...,ikZIICLil"'ik -

30



Naive Bayes model l

Let X4, Xo,..., X, H be finitely supported discrete random vari-
ables be such that

X1,Xo,..., X are statistically independent conditional on H

or, in notation, (X7 L Xo 1L --- 1 X.) || H. In other words, the
probability densities satisfy

PF(X1=£U1,X2=CC2,...,Xk=£Ck|H=h)=
15, Pr(Xi=a; | H=h).

1=

This is called the Naive Bayes conditional independence assump-
tion.
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¢I-NTD and Naive Bayes modeII

For 8 = 1,...,k, let support of Xz be {x@,.. (5)} and support of H be
{h1,...,h}. Marginal probability density is then

r k
Pr(Xy =aj’,.... Xp=a) =) Pr(=h) [I,_,PrXs= =7 | H = hy).

Y

Ai = Pr(H = h;). We get
§ : MC)
a]l Je p=1 Hﬁ—l D,Js"

Set A = [aj,...;,] € R&>xds, ugﬁ) = [ufﬁ), L (5)]T ceR%, B3=1,...,k, to get
R UG RN ()
A= Zi:1 a7 ® @u; .

Note that the quantities A, A, u@“), being probability densities values, must
satisfy

Let aj.;, = Pr(X1 = a$P,... X, = o), uf? = Pr(Xxy = 27 | H = ),

(Al = [[Alle = |lwilly = [[vills = - = ||zl = 1.
By earlier lemma, this is always possible for any non-negative tensor, provided
that we first normalize A by ||A]|q.
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¢1-NTD as a graphical model/Bayesian networkI

Corollary (Golub, L). Given 0 < A € R%xxdy there exist
X1,Xo,..., X, H finitely supported discrete random variables in
a Naive Bayes model, (X7 L X 1L --- L X.) || H, such that
its marginal-conditional decomposition is precisely the NTD of
A/l|A|lq. Furthermore. the support of H is minimal over all such
admissible models.

Remark. This is prompted by a more high-brow algebraic ge-
ometric approach relating the Naive Bayes model with secant
varieties of Segre variety in projective spaces:

L.D. Garcia, M. Stillman and B. Sturmfels, “Algebraic geometry
of Bayesian networks,” J. Symbolic Comp., 39 (2005), no. 3—4,
pp. 331—-355.
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Variational approach to eigen/singular values/vectorsl

A symmetric matrix. Eigenvalues/vectors are critical values/points of Rayleigh
quotient, xTAx/|\x|§, or equivalently, the critical values/points of quadratic
form xTAx constrained to vectors with unit I°-norm, {x | ||x|][2 = 1}. Associ-
ated Lagrangian,

L(x,A) = xTAx — A(|)x]|5 — 1).
Vanishing of VL at a critical point (x¢ A:) € R® x R yields the familiar

Ax,. = AXe.
A € R™*"_ Singular values/vectors may likewise be obtained with xTAy/||x|5||¥ll»

playing the role of the Rayleigh quotient. Associated Lagrangian function now

L(x,y,0) = xTAy — o(||x|l2]|y]l2 — 1).
At a critical point (x¢,ye,00.) € R™ x R" x R,

Aye/llyellz = oexe/l[%ell2,  ATXc/[[Xell2 = aeye/|[yell2-
Write u. = x./||Xc||]2 and v. = y./||yc|[2 to get the familiar

Ave. = ou., ATu. = o.ve.
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Multilinear spectral theory I

May extend the variational approach to tensors to obtain a theory
of eigen/singular values/vectors for tensors (cf. [L] for details).

For x = [z1,...,x2n]T € R™, write
xP = [a},...,2P]T.
We also define the ‘¢ -norm’

x|k = (&% + -+ k) VE,

Define ¢2- and ¢k-eigenvalues/vectors of A € S¥(R") as the critical

values/points of the multilinear Rayleigh quotient A(x,... ,x)/||x||’1§.
Differentiating the Lagrangian

L(X1,. -y Xpy 0) = A(x1, .- xg) — o (%1 llpy - Xl — 1)-
vields

A(lp,X,...,X) = XX
35



and
A(lp,Xx,...,x) = Axh—1

respectively. Note that for a symmetric tensor A,

Allp,x,x,...,x) = Ax, In,x,...,x) = --- = AX,X,...,X,Ip).

This doesn’t hold for nonsymmetric cubical tensors A &€ S’“(R”)
and we get different eigenpair for different modes (this is to be
expected: even for matrices, a nonsymmetric matrix will have
different left/right eigenvectors).

These equations have also been obtained by L. Qi independently
using a different approach.



Perron-Frobenius theorem for nonnegative tensorsl

An order-k cubical tensor A € TF(R™) is reducible if there exist a
permutation o € G, such that the permuted tensor

163y -3 ] = lac (1) (ip)]
has the property that for some m € {1,...,n — 1}, b;,..;, = 0 for
all i1 € {1,...,n—m} and all ip,...,i € {1,...,m}. We say that
A is irreducible if it is not reducible. In particular, if A > 0, then
it is irreducible.

Theorem (L). Let 0 < A = [aj,..;,] € T*(R™) be irreducible.
Then A has a positive real l¥-eigenvalue w with an lk-eigenvector
x that may be chosen to have all entries non-negative. Further-
more, u is simple, ie. x is unigue modulo scalar multiplication.
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Hypergraphs l

For notational simplicity, the following is stated for a 3-hypergraph
but it generalizes to k-hypergraphs for any k.

G = (V, FE) be a 3-hypergraph. V is the finite set of vertices and
E is the subset of hyperedges, ie. 3-element subsets of V. We
write the elements of F as [z,vy, 2] (z,y,z € V).

G is undirected, so [x,vy,z] = [y,z,2] = --- = [z,y,x]. A hyper-
edge is said to degenerate if it is of the form [z, x,y] or [x,x, x]
(hyperloop at ). We do not exclude degenerate hyperedges.

G is m-regular if every v € V is adjacent to exactly m hyper-
edges. We can 'regularize’ a non-regular hypergraph by adding
hyperloops.
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Adjacency tensor of a hypergraphl

Define the order-3 adjacency tensor A by

A — 1 if [x,y,2] € E,
Y2710 otherwise.

Note that A is |V|-by-|V|-by-|V| nonnegative symmetric tensor.

Consider cubic form A(f, f, f) = >4y Azy2f(x) f(y)f(2) (note
that f is a vector of dimension |V]).

Call critical values and critical points of A(f, f, f) constrained
to the set Y. f(z)3 = 1 (like the ¢3-norm except we do not
take absolute value) the /3-ecigenvalues and ¢3-eigenvectors of A

respectively.
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Very basic spectral hypergraph theory II

As in the case of spectral graph theory, combinatorial /topological
properties of a k-hypergraph may be deduced from Ek-eigenvalues

of its adjacency tensor (henceforth, in the context of a k-hypergraph,
an eigenvalue will always mean an E’“—eigenvalue).

Straightforward generalization of a basic result in spectral graph
theory:

Theorem (Drineas, L). Let G be an m-regular 3-hypergraph
and A be its adjacency tensor. Then

(a) m is an eigenvalue of A;
(b) if u is an eigenvalue of A, then |u| < m;

(c) p has multiplicity 1 if and only if G is connected.
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Very basic spectral hypergraph theory III

A hypergraph G = (V, F) is said to be k-partite or k-colorable if
there exists a partition of the vertices V = V; U-.-UV},. such that
for any k vertices u,v,...,z with Ayy.... # 0, u,v,...,z must each
lie in a distinct V; (1 =1,...,k).

Lemma (Drineas, L). Let G be a connected m-regular k-partite
k-hypergraph on n vertices. Then

(a) If k is odd, then every eigenvalue of G occurs with multiplicity
a multiple of k.

(b) If k is even, then the spectrum of G is symmetric (ie. if u
is an eigenvalue, then so is —u). Furthermore, every eigen-
value of G occurs with multiplicity a multiple of k/2. If pu
is an eigenvalue of G, then y and —u occurs with the same
multiplicity.
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