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Sparsification

Approximate any graph G by a sparse
graph H.

G

— Nontrivial statement about G
— H is faster to compute with than G



Cut Sparsifiers [Benczur-Karger'g6]

H approximates G if

for every cut S%2V
sum of weights of edges leaving S is preserved
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Can find H with O(nlogn/e?) edges in O(m)time



The Laplacian (quick review)

Quadratic form
rz.:V —- R

:BTLGaC — Z cuv(x(u) — 37(7)))2
uvekl
Positive semidefinite

Ker(Lc)=span(a) if G is connected



Cuts and the Quadratic Form

For characteristic vector s € {0,1}* of SCV

JJELGzCS = Z cuv(z(u) — 37(7)))2
uvel

= 2. Cw

wve(S,S)
= witg (S, 5)

<1l4e€¢ Vze{O1}"



A Stronger Notion

For characteristic vector *s € {0,1}"*, S CV

JJELGzCS = Z cuv(z(u) — 37(7)))2
uvel

= 2. Cw

wve(S,S)
= witg (S, 5)




Why?



1. All eigenvalues are preserved

By Courant-Fischer,
(1 —e)X(G) < Ai(H) < (14 €)Ai(G)

G and H have similar eigenvalues.

For spectral purposes, G and H are equivalent.



1. All eigenvalues are preserved

By Courant-Fischer,

(1 = e)Ai(G) < A(H) < (1 +e)A(G)

G and H have similﬁmhelues.

For spectral purpc

\_

cf. matrix sparsifiers
[AMoz1,FKVos, AHK05]
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2. Linear System Solvers

Conj. Gradientsolves Ax = b in

Vr(A)mlog(1/e)

71\

max(z'Az)  nnz(A) ignore
min(xz! Ax)

(time to
mult. by A)



2. Preconditioning

Find easy B that approximates A .
Solve B~1 Ax = B~ 1p instead.

VE(B™LA)(m + solve(B)) log(1/e)

w1 Ag Time to solve

Max 08
xz* Bx Byzc

Y Ay
min . (mult.by B~1)




2. Preconditioning

4 )
Find easy [ A .

Solve B~ 1 Use B=L,? 1stead.

_ y
VE(B™LA)(m + solve(B)) log(1/e)

/ AN
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2. Preconditioning

. )
Find easy B( Spielman-Teng A

Solve B—1 [STOC ‘04] stead.
Nearly linear time.

\_ _J
VE(B™LA)(m + solve(B)) log(1/e)

/ AN

— Iogo(l) n O(m 10g©(1) n)




Examples



Example: Sparsify Complete Graph by
Ramanujan Expander

G is complete on nvertices. A\;(Lg) = n

His d-regular Ramanujan graph. A\i(Lg) ~ d
Ni(gLlu) ~n



Example: Sparsify Complete Graph by
Ramanujan Expander

G is complete on nvertices. A\;(Lg) = n

His d-regular Ramanujan graph. A\i(Lg) ~ d
Ai(gLg) ~n
azT(%LH)a: 1
vl Lox

— Each edge has weight (n/d)
So, - H isagood sparsifier for G.




Example: Dumbell

d-regular
Ramanujan,
times n/d

d-regular
Ramanujan,
times n/d



Example: Dumbell

d-regular
Ramanujan,
times n/d

d-regular
Ramanujan,
times n/d

G=G1+ Go+ G3
t1'Gr = 21 Gix + 21 Gox + 21 Gz




Example: Dumbell. Must include cut edge

e

X(V) = 0 here T X(V) = 1 here
Only this edge contributes to
XTLgX = Cru:v) (X(U) | X(v))?

(u;v)2E

If eBH: x'Lyx=0



Results



Main Theorem

————————————————————————————————————————————————————————————————

. Every G=(V,E,c) contains H=(V, F,d) with
O(nlogn/e?) edges such that:



Main Theorem

————————————————————————————————————————————————————————————————

. Every G=(V,E,c) contains H=(V, F,d) with
. O(nlogn/e?) edges such that:
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Main Theorem

————————————————————————————————————————————————————————————————

. Every G=(V,E,c) contains H=(V, F,d) with
O(nlogn/e?) edges such that:

Improves [BK'g6]
Improves O(nlog¢ n) sparsifiers [ST'04]



How?

Electrical Flows.



Effective Resistance

Identify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e

o : o

N
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Effective Resistance

Identify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e

1
U, LV
Resistance of 1 1
path is 2 (A,



Effective Resistance

Identify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e

1
U LV
Resistance of 1 1
path is 2 (A, 1
1=2+ 1=1

Resistance from u to v
IS

2=3




Effective Resistance

Identify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e

A@ i(u;v):2:3>0 -1 vV =ir

1/3 -1/3 -
i (u; Q) %AQAV) = 1=3
0




Effective Resistance

Identify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e

O~ -

/ N\ [‘\

/7 T
\ ,‘_\

= potential difference between endpoints when
flow one unit from one endpoint to other

__________________________________________________________________



Effective Resistance

DN YA

Refr(e) =

‘4

/ \
/ \
. \

Q

I‘\\
/
AR

Refr(e) = Pspanning Tle € T

Refr(uv) o

Loy 1

Ly

[Chandra et al. STOC ‘89]



The Algorithm

Sample edges of G with probability

pe < Resr(e)

If chosen, include in H with weight L

Pe

Take g=0(nlogn/e?) samples with replacement

Divide all weights by g.



An algebraic expression for Reff

Orient G arbitrarily.



An algebraic expression for Reff

Orient G arbitrarily.

Signed incidence matrix B, , :

[ 4+1 if v is head of e
B(e,v) =<¢ —1 ifwvis tail ofe
\ 0 otherwise

i.e.,B(uv,-) = xu — Xv.
N\
-\




An algebraic expression for Reff

Orient G arbitrarily.

Signed incidence matrix B, , :

[ 4+1 if v is head of e
B(e,v) =<¢ —1 ifwvis tail ofe
\ 0 otherwise

i.e.,B(”U,’U,-) — Xu — Xv- \
Write Laplacianas L = B! B /‘




An algebraic expression for Reff

'd N\ -
@ @
/ I\\

/N 1y

—————————————————————————————————————————————

Reff(u’l)) = (Xu — X'U)TL_l(Xu — Xv) i
= B(uv, )L 1 B(uv, )’ i



An algebraic expression for Reff

Let M= BL1B!.
Then
Refr(e) = B(e, )L™ B(e, )T
— BL B! (e e).



An algebraic expression for Reff

Let M= BL1B!.

Then
Refr(e) = B(e, )L 1B(e, )T

— BL B! (e e).

1 =1




An algebraic expression for Reff

Let M= BL1B!.

Then
Reff(e) — B(ea ')L_lB(ev ')T
— BL B! (e e).
Reducethm

about I1

| |_| [1 — Lto statement

J




Want




Sampling inI1




Reduction toI1




New Goal




The Algorithm

Sample edges of G with probability

pe < Resr(e)

If chosen, include in H with weight L

Pe

Take g=0(nlogn/e?) samples with replacement

Divide all weights by g.



The Algorithm

Sample|columns of ['1{with probability

pe < Resr(e)

If chosen, include in| [']|{with weight 1

Pe

Take g=0(nlogn/e?) samples with replacement

Divide all weights by g.



The Algorithm

Sample|columns of ['1{with probability

Pe X |—|(€, 6)

If chosen, include in| [ |with weight pl
€

Take g=0(nlogn/e?) samples with replacement

Divide all weights by g.



The Al

Sample|columns of []

gorithm

with probability

pe < N(e,e) =||[N(:, )2

~

If chosen, include in| []

with weight 1

Take g=0(nlogn/e?) samples with replacem

Divide all weights by g.

Pe

-

Nin =n

—————————————————————— \

J




The Algorithm

Sample|columns of ['1{with probability
pe x M(e,e) = [IN(; )%

If chosen, include in| [ |with weight pl
€

Tay—"——"""—xles with replacement
("

J

| cf. low-rank approx.
DI [FKVo4,RV07] NN =

L Y A - J

- J




A Concentration Result

If we sample nlogn/e? cols
of M with pe o ||M(-, e)||?, then




A Concentration Result

————————————————————————————————————

If we sample nlogn/e® cols .
of M with pe  ||M(-,e)]|2, then |
2R — NN|ls < e i
So with prob. ¥2:

H=F | A




A Concentration Result

If we sample nlogn/e? cols
of M with pe o ||M(-, e)||?, then

So with prob. ¥2:

OO0 O
(| O
T o0

T O 'V
O

Lg




Nearly Linear Time



The Algorithm

Sample edges of G with probability

pe < Rggp(e)

If chosen, include in H with weight L

Pe

Take g=0(nlogn/e?) samples with replacement

Divide all weights by g.



The Algorithm

If chosen, include in H with weight L

Pe

Take g=0(nlogn/e?) samples with replacement

Divide all weights by g.



Nearly Linear Time



Nearly Linear Time

So care about distances between cols. of BL2



Nearly Linear Time

So care about distances between cols. of BL2

Johnson-Lindenstrauss! Take random Qy, 4z m
Set Z=QBL™*

(lognxm) (m xn) (logn x n)

o pr-1 Lz




Nearly Linear Time

(logn x n)

____________________________________________



Nearly Linear Time

(logn x n)

Find rows of Z,, . , by _ZJ
Z=QBL-1 T T T T T T T T T T T T T !
ZL=0B ELRefF(’UfU) ~ 1 Z (xu — x0)||? |
zl=@B,




Nearly Linear Time

(logn x n)
Find rows of Z,, . , by _ZJ
Z=QBL-1 T T T T T T T T T T T T T !
zi=oB | Refr(uv) ~ || Z(xu — x0)|I?

Solve O(logn) linear systems in L using
Spielman-Teng ‘o4 solver

which uses combinatorial O(nlog®n) sparsifier.
Can show approximate R, suffice.

[



Main Conjecture

Sparsifiers with O(n) edges.



Example: Another edge to include (k* < m)

® o o
[ e [
. o e [ .
1 o ® o . m_l
o_° * e
o, «®"  kbyxk
complete
bipartite
O (OO0 e DO m
K-by-k
complete
bipartite o® o ® o
o g [
1 o ° .. & .. () * m-l
° ¢ o’
L ¢ 9



The Projection Matrix
Lemma.
1. llisaprojection matrix
M =BT BLTRB!
— BLtrLrtB!
— BL T B!
2. Im({ID)=1im(B)
3. Tr(ll)=n-1
4. I(e,e)=||T1(e,-)|?




Last Steps
NS = ZS(e,e)l_Iel_lg



Last Steps
NS = ZS(e,e)l_Iel_lg

R

(# times e sampled)
dPe

MM




Last Steps
NS = ZS(e,e)l_Iel_lg

R

(# times e sampled)
dPe

MM

Me Nt

1
= — ) (# times e sampled)
q g \/Pe /De

for y;, drawn i.i.d. from

e
v/ Pe

Yy = with prob. pe

1
q

(2

: T
YiY;
=1



Last Steps
NS = ZS(e,e)l_Iel_lg

R

(# times e sampled)
dPe

MM

1 ne N 1
— _Z(# times e sampled)———& ==
q e VPer/Pe 4 ;
for y;, drawn i.i.d. from
[ R
y=—— with prob. pe = efr(e).
v/ Pe n—1

since Y, Resr(e) =Tr(M) =n — 1.

: T
Yiy;
=1



Last Steps

We also have

and

since ||I1,||>=I1(e,e).



Reduction toI1

Goal: 1 — e < v



Reduction toI1

'L
Goal: 1_€§:cT ngl—l-e Ve € R"
xt Lox
Write
Se,e) = de = (# times e is sampled)

qPe
Then L = B1SB.



Reduction toI1

'L
Goal: 1 — ¢ <~ % <14¢ vzeR™
xt Lox
Write
S(e,e) = do = (# times e is sampled)

qPe
Then L = B1SB.

! BT SBx

<1 Ve € R"
I BT By — Te v

Goal: 1 — <




Reduction toI1

! BT SBx
x1' BT By

1 —€e< <1l4e¢ VzxeR"



Reduction toI1

T T’
xt B+ SBx
1 —e< <1 Ve € R"™
€S TpTp, SLtTe V@

Yy Sy

— yly

<1l4e€¢ Vy=Bx,zecR"



Reductionto 11
! BT SBx

1 —e< <1l14e€ VreR"
— xI'BTBy — T
I's
1-e<? Y <14¢ Vy=BazeR"
yly
s —1
<Dy o imB)

yly



Reductionto 11
! BT SBx

1 —e< <1 Ve € R"
£ = xI'BT By — Te
I's
1-e<? Y <14¢ Vy=BazeR"
yly
s —1
—egy(T Y <o wyeim(B)
yly
'ns — D
<Y NS =DlY o im(B) = im ()

yly



Reduction toI1

T T
xt Bt SBx
1 —e< <1 e VxecR"
— xI'BTBy — T
I's
1-e<? Y <14¢ Vy=BazeR"
Yty
I'cg — 1
—egy(T Y <o wyeim(B)
Yty
I'ms — NN
—e<? (T MY o vy e im(B) = im(N)
Yty

__________________________



Reduction toI1

L

1 —e< ngl—l—e Ve € R"

— |IAAY — NNty <e

Proof. ITis the projection onto im(B).
]



