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Positive Definiteness. ..

1. Positive Definiteness of Multivariate Forms

Recently, | defined eigenvalues and eigenvectors of a real supersymmetric ten
sor, and explored their practical applications in determining positive definiteness
of an even degree multivariate form, and finding the best rank-one approxima-
tion to a supersymmetric tensor. This work extended the classical concept of
eigenvalues of square matrices, and has potential applications in mechanics an

physics as well as the classification of hypersurfaces and the study of hyper-:

graphs.

Eigenvalues of Tensors
Z-eigenvalue Methods. ..
More Study on E-...
Lim’s Exploration

Further Discussion

Home Page

Title Page |

- »

]
Page 3 of 27 |

d Go Back |
Full Screen |

Close |

Quit |


http://math.suda.edu.cn

Positive Definiteness. ..

Eigenvalues of Tensors

1 . 1 . Quad ratlc Forms Z-eigenvalue Methods.. . .
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Consider a quadratic form Lins Exploration

Further Discussion
n

f(z) =2l Az = Z g,

i,j=1
wherez = (21, ,2,)" € R", A = (ay;) is @ symmetric matrix. Iff (z) > 0 i
forallz € R",xz # 0, then f and A are called positive definite. A complex e Page |
number\ is called an eigenvalue of the matrtikif there is a nonzero complex « | » |
vectorz such that
Ax = A\x. Ll v
Page 4 of 27 |

A complex number is an eigenvalue dfif it is a root of the characteristic
polynomial of A. An n x n real symmetric matrix has real eigenvalues. It is _ cosax |
positive definite if and only if all of its eigenvalues are positive. These are some' | gisceen |
basic knowledge of linear algebra.

Can these be extended to higher orders? Is there a need from practice for suchLI

an extension? it |
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1.2. Homogeneous Polynomial Form

Lim’s Exploration

An n-dimensional homogeneous polynomial form of degreef(z), where Further Discussion
x € R", is equivalent to the tensor product ad@persymmetricn-dimensional
tensorA of orderm, and the rank-one tensof”:

n Home Page |

f(.fE) = Axm = Z a’ila"’ aimxil T Iim' Title Page |
) ,o " =1

" " 44 | »» I

The tensorA is called supersymmetric as its entrigs... ; are invariant un-
der any permutation of their indices. The tengbis called positive definite
(semidefinite) iff(x) > 0 (f(x) > 0) for all x € R, x # 0. Whenm is even, Page 5 of 21
the positive definiteness of such a homogeneous polynomial férnplays an ——
important role in the stability study of nonlinear autonomous systems via Lia-
punov’s direct method in automatic control. For> 3 andm > 4, this issue is

a hard problem in mathematics. Close
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1.3. Study on the Positive Definiteness
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314.
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nomial positivity with control applications”JEEE Trans. Automat. Contr.
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McGraw-Hill, New York, 1968. Home Page |
[8]. E.l. Jury and M. Mansour, “Positivity and nonnegativity conditions of a e |
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(1981) 444-451. _ ] |
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form”, IEEE Trans. Autom. Contr. 10 (1965) 372-373.
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2. Eigenvalues of Tensors

L. Qi, “Eigenvalues of a real supersymmetric tensdoiirnal of Symbolic Com-
putation 40 (2005) 1302-1324,

plored their practical applications in determining positive definiteness of an even Fa ]
degree multivariate form.
By the tensor productdz™ ! for a vectorr € R" denotes a vector iit", whose

ith component is

n

m—1\ _—_ § :
(ALL’ )z = Qi gy, i Lig = Ly, -

12y im=1
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We call a numben € C aneigenvalueof A if it and a nonzero vectar € C"
are solutions of the following homogeneous polynomial equation:

(A:Cm_l)l. = Axgn_l, Vie=1,---,n. (1)

and call the solutiorr an eigenvectorof A associated with the eigenvalue
We call an eigenvalue oft anH-eigenvalueof A if it has a real eigenvectat.
An eigenvalue which is not an H-eigenvalue is called\aaigenvalue A real
eigenvector associated with an H-eigenvalue is calleld-amgenvector.

Theresultant of (1) is a one-dimensional polynomial af We call it thechar-
acteristic polynomial of A.
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2.1. Theorem on Eigenvalues

Theorem 21(Q| 2005) Z-eigenvalue Methods. ..
We have the following conclusions on eigenvalues ofnath order n- More Study on E-...
dimensional supersymmetric tensér Lim's Exploration
(@). A numberh € C'is an eigenvalue ofl if and only if it is a root of the Further Discussion

characteristic polynomiab.
(b). The number of eigenvaluesis d = n(m —1)". Their product is equal
to det A), the resultant ofAz™ ! = 0.

(c). The sum of all the eigenvalues4is s ]

) Title Page |

(m —1)"""tr(A), « | » |

where ti( A) denotes the sum of the diagonal elementd.of ||

(d). If m is even, the always has H-eigenvalues! is positive definite (pos- page 100127 |
itive semidefinite) if and only if all of its H-eigenvalues are positive (nonnega-

tlve) Go Back |

(e). The eigenvalues of lie in the followingn disks: FullScreen |

Close |

|)\_ai7i,"'7i‘ S Z{‘ai,iz,m,im‘ : i27"' 7im — 17 , 1L, {i27"' 7Zm} 7é {7’7 7i}}7 LI

fori=1,---,n.
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2 . 2 . E N E | g e nval U eS Further Discussion

In the same paper, | defined another kind of eigenvalues for tensors. Their struc-
ture is different from the structure described by Theofein Their characteris-

tic polynomial has a lower degree. Home Page |
Suppose thatl is anmth ordern-dimensional supersymmetric tensor. We say Tie Page |
a complex numbek is anE-eigenvalueof A if there exists a complex vectar —T
such that o e
RN — AT
{ A 2)
r~ITr = 1 Page 11 of 27

In this case, we say thatis an E-eigenvector of the tensdrassociated with
the E-eigenvalue. If an E-eigenvalue has a real E-eigenvector, then we call it
aZ-eigenvalueand call the real E-eigenvectoZaeigenvector.
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2.3. The E-Characteristic Polynomial and Orthogonal Similarity

Whenm Is even, theesultant of
Ag™ — )\(ZL‘TLL’)mT_zx =0

Is a one dimensional polynomial afand is called th&-characteristic poly-
nomial of A. We say thatA is regular if the following system has no nonzero
complex solutions:

xTr = 0.

{ Axm1 =0,

Let P = (p;;) be ann x n real matrix. DefineB = P A as anothemth order
n-dimensional tensor with entries

n

bilﬂim'“ Bim E : PiijiPisgo " * " Pinjim Qv joy e i
J1:J2, Jm=1

If P is an orthogonal matrix, then we say ttleand B areorthogonally similar .
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Theorem 2.2(Qi 2009 Lims Exploraton
We have the following conclusions on E-eigenvalues ofrah order n- Further Discussion
dimensional supersymmetric tensér

(a). WhenA is regular, a complex number is an E-eigenvaluelaf and only if

2.4. Theorem on E-eigenvalues

it is a root of its E-characteristic polynomial. Home Page
(b). Z-eigenvalues always exist. An even order supersymmetric tensor is positive
definite if and only if all of its Z-eigenvalues are positive. I

(c). If A and B are orthogonally similar, then they have the same E-eigenvalues | <« | » |
and Z-eigenvalues.

(d). If X is the Z-eigenvalue oft with the largest absolute value andis a Z-
eigenvector associated with it, then™ is the best rank-one approximation of
A, i.e., Go Back

Page 13 of 27

Full Screen
JA=2a|r = /I A% — 2 = min{ | A—ou™|[5 : o € R,u € R, [Jullo = 1},

Close
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where|| - || ¢ is the Frobenius norm. ot
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3. Z-eigenvalue Methods and Best Rank-One
Approximation

If we may find the smallest Z-eigenvalue and the Z-eigenvector, then we have
a way to solve the best rank-one approximation problem and the positive defi
niteness problem. Z-eigenvalue methods have been developed in the following
paper:

L. Qi, F. Wang and Y. Wang, “Z-eigenvalue methods for a global polynomial
optimization problem”, June 2006.
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3.1. The Best Rank-One Approximation
The best rank-one approximation of higher order tensors has extensive engineer-
ing and statistical applications. The following are some papers on this topic: vomerage |

[1]. L. De Lathauwer, B. De Moor and J. Vandwalle, “On the best rank-1 and e rege |
rank-(R1, Ro, - - - , R,,) approximation of higher order tensorSTAM J. Matrix

Anal. Appl, 21 (2000) 1324-1342. Kl Y
[2]. E. Kofidies and Ph.A. Regalia, “On the best rank-1 approximation of higher R N
order supersymmetric tensorSTAM J. Matrix Anal. Appl, 23(2002) 863-884. Page 150127 |

[3]. T. Zhang and G.H. Golub, “Rank-1 approximation to higher order tensors”, Gosack |
SIAM J. Matrix Anal. Appl, 23 (2001) 534-550.
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3.2. The Pseudo-Canonical Form Z-eigenvalue Method

More Study on E-...

The problem for finding the smallest Z-eigenvalue of a supersymmetric tédnsSor | vims exploration
IS equivalent to solving the following global polynomial optimization problem = ruerpiscussion

min f(z) = Az™

subject to 2Tz = 1.

(3)

Home Page

N
Whenn = 2, we may use definition2) to find all the Z-eigenvalues. When i poge |
n = 3, we may use a pseudo-canonical formAfor help to find all the Z-

eigenvalues. e »
An m-th ordern-dimensional supersymmetric tensBrs said to be a pseudo-
canonical form of anothenth ordern-dimensional supersymmetric tensbif Page 16 of 27

A andB are orthogonally similar and

Go Back

bi,-" ,i,j — O (4) Full Screen

Close

forall1 <i < 5 <n. Inthis case, we say that is a pseudo-canonical form. If
m = 2, then a pseudo-canonical form is a diagonal matrix. Quit
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3.3. Find A Pseudo-Canonical Form

We may use a conventional optimization method to find a local minimized) of (
Then we find a Z-eigenvalue and a Z-eigenvectoAofSuppose thak is a Z-
eigenvalue ofd with a Z-eigenvectog. Let P be an orthogonal matrix with as
its first row vector. LetB = P™A. Then we see that = Pz = (1,0,---,0).
By (2), we see that

bi..1=A
and

bl’...71,¢ = 0, (5)
fori = 2,--- ,n. Repeating this procedure to some principal subtensors of

we may find a pseudo-canonical form_4f
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3.4. The Third Order Pseudo-Canonical Form

More Study on E-...

Whenn > 4, we developed two heuristic Z-eigenvalue methods for finding an
approximate global minimizer of}j.

The first heuristic Z-eigenvalue method is based upon finding a third order
pseudo-canonical form oAf.

Lim’s Exploration

Further Discussion

An mth order n-dimensional supersymmetric tenssér is called a first or- —
der pseudo-canonical form of anotheth ordern-dimensional supersymmet-
.

ric tensor A if it is a pseudo-canonical form off and b;..; < b;..; for LR
I1<i<y<n. « | » |
Letl < j <k <l <n.WeuseB(j, k,l)to denote then-th order three dimen- <| |
sional supersymmetric tensor whose entriedare... ; , wherei, s, - -« i, =
0 Page 18 of 27
4, k.1, and us€B(j, k,1)]mi to denote the smallest Z-eigenvalue®(;j, k, 1). IR
An mth ordern-dimensional supersymmetric tensBris called a third order Gogack |
pseudo-canonical form of anotheith ordern-dimensional supersymmetric Fut s |
tensorA if it is a first order pseudo-canonical form dfand
Close |
bl,--- 1 = 1§jglk}£ll§n[B(]7 k7 l)]min- (6) Quit |
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We may describe this method foet = 3. Certainly, the global minimum of More Study on E-...
(3) is negative unlessl is a zero tensor. Suppose that we have found a local | timsExporaton
minimizery = y of (3) with a negative objective function value. We may find = | Futerbiscussin
n — 1 unit vectorsy® of R for i = 2,---  nsuch that{y® : i = 1,--- n}

constitute an orthogonal basis ®#f. Now, for: = 2,--- ,n, restrict problem

(3) on the plane spanned Ipjyandy(?). Certainly, this is a two-dimensional form omepage_|
of problem (8) and the current local minimizerof (3) is also a local minimizer

of the restricted problem. This two dimensional problem has at most two local _ erese |
minimizers with negative objective function values. Then we may use the low = "« |[[» |

3.5. A Heuristic Cross-Hill Z-Eigenvalue Method

dimensional method mentioned earlier to fied, the other local minimizer |
of the two-dimensional problem with a negative objective function value for

i =2,---,n. Sincez(” may not be a local minimizer o83}, andy andz(") are ETHE
separated by a “hill” of the objective function value in two dimensional case, cosack |
if we use a conventional descent optimization method withas the starting e |

point, we will find a local minimizerw” of (3), which has a negative objective

function value and is different from. We may continue this process until no e |
new local minimizers can be found. Comparing the objective function values of ui |
these local minimizers of3}, we may have a better solution.
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3.6. Numerical Results

Positive Definiteness. ..

We did numerical results for = 3. They show that our heuristic Z-eigenvalue  Soenateserienos
methods are efficient and promising.

More Study on E-...

To construct the testing problems in our numerical experiments, we take two sets
of three order supersymmetric tensors of different dimensions. The elements of
tensors in one set are generated by a uniform distribution in the interval (-1,1);
while the elements of tensors in another set are generated by a standard normal
distribution. In the following, these two sets of testing problems are labeled as

TPl and TPII, respectively. _ tomepage |
To analyze the numerical results of our algorithms, we compute the global min- = e |
imizers of the testing problems by the uniform grid method combining with the

Lim’'s Exploration

Further Discussion

descent solution method. L i ]
Tables 1 and 2 show the perf f Algorithm 1 ird- L.
performance of Algorithm 1 (The Third-Order Pseudo

Canonical Form Z-eigenvalue Method) and Algorithm 2 (The Cross-Hill Z- Page 200127 |
eigenvalue Method) for problems TPI and TPII, whBien denotes the dimen- cosack |
sion of the tensod, Num denotes the number of tests for each dimenshbgl

andAlg2 denote Algorithms 1 and 2 respectivelRS denotes the success ratio [ risaeen |
of finding the global minimizersAT denotes the average time for each sample, cose |
andAN denotes the average number of local minimizers found by Algorithm 2 o |

for each sample.
Numerical results show that Algorithm 2 has higher success ratios, while Algo-
rithm 1 uses less computational time.


http://math.suda.edu.cn

Positive Definiteness. ..

Table 1: Results of TPI

Eigenvalues of Tensors

Dim | Ny S g
RS(%) | AT(s) | RS(%) [ AT(s) [ AN
3 11000 | 100.0 | 0.013 | 99.4 |0.038 | 2.9
4 11000| 96.6 |0.031| 99.5 |0.103 | 3.6
6 |1000| 91.6 | 0.089 | 99.7 |0.335 | 4.6
8 | 100 | 88 |0.196| 99.0 |0.728 | 5.6
10 | 100 | 89 |0.379| 99.0 |1.359 | 6.4 =
L »
vl 2 Results of TPII R
Dim | Num Algl Alg2 Page 210127 |
RS(%) | AT(s)| RS(%) | AT(s) | AN ook |
3 11000 | 100.0 | 0.014 | 99.2 |0.042 | 2.9 s |
4 11000| 96.5 |0.031| 99.3 |0.097 | 3.6
6 |1000| 92.2 | 0.085| 99.8 |0.265 | 4.5 o= |
8 | 100 | 88 |0.178| 99.0 |0.521 |5.3 e
10 | 100 | 87 |0.331| 99.0 | 0.933 6.2
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4. More Study on E-eigenvalues and Z-

eigenvalues o |

Tensors are practical physical quantities in relativity theory, fluid dynamics, Tite Page |
solid mechanics and electromagnetism, etc. The concept of tensors was in- R
troduced by Gauss, Riemann and Christoffel, etc., in the 19th century in the

study of differential geometry. In the very beginning of the 20th century, Ricci, I
Levi-Civita, etc., further developed tensor analysis as a mathematical discipline. [ Pase2oter |
But it wasEinstein who applied tensor analysis in his study of general relativ-
ity in 1916. This made tensor analysis an important tool in theoretical physics,
continuum mechanics and many other areas of science and engineering.

The tensors in theoretical physics and continuum mechanics are physical quan- | cese |
tities which are invariant under co-ordinate system changes. S

Go Back

Full Screen
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4.1. Tensors in Physics and Mechanics

In the study of tensors in physics and mechanics, an important concigpt is | froeroeessen
variant. A scalar associated with a tensor is an invariant of that tensor. It does
not change under co-ordinate system changes.
A first order tensor, i.e., a vector, has one invariant, which is its magnitude. A | hanerae |
second orden-dimensional tensor haseigenvalues, which are roots of its char- :

0 0 0 0o 0 0 0 Title Page |
acteristic polynomial. Then, the coefficients of the characteristic polynomial are

principal invariants of that tensor. They have important physical meanings. L »
L. Qi, “Eigenvalues and invariants of tensors”, to appeat/inirnal of Mathe- ||
matical Analysis and Applications, page 230127 |

considered E-eigenvalues of general (not necessarily symmetric) tensors and
showed that E-eigenvalues and the coefficients of the E-characteristic polyno-
mial are invariants. Thus, they may have potential applications in mechanics [ riseeen |
and physics, and deserve further exploration. cose |

Quit |
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4.2. The Classification of Hypersurfaces

The classification of algebraic hypersurfaces is important and IiNediton’s
classification of cubic curvesin the late 1600s was the first great success of
analytic geometry apart from its role in calculus.

L. Qi, “Rank and eigenvalues of a supersymmetric tensor, the multivariate ho-

mogeneous polynomial and the algebraic hypersurface it defines”, to appear in:

Journal of Symbolic Computation,

deals with the orthogonal classification problem of real hypersurfaces given by
an equation of the form

S={zxeR": f(z) = Ax™ = ¢},

where A is a supersymmetric tensor, through the rank, the Z-eigenvalues and
the asymptotic directions.
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4.3. The Rank of a Supersymmetric Tensor

Let A be anmth ordern-dimensional real supersymmetric tensor. We call a real
n-dimensional vectot arecession vectoof A if

Ax = 0.

All the recession vectors oft form a linear subspace at”. We call it the
recession spacef A and denote it byz. We call

r=n— dim Vg

therank of A. Clearly,0 < r < n. If »r < n, then we may use a linear
transformatiory = Lz to transformf(z) = Ax™ to g(y) = f(Lx) such that
y € R andg is anr-dimensional homogeneous polynomial form of degree
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5. Lim’s Exploration

Independently, Lek-Heng Lim also defined eigenvalues for tensors in his paper:

L-H. Lim, “Singular values and eigenvalues of tensors: A variational approach”, p—
Proceedings of the 1st IEEE International Workshop on Computational Ad-
vances in Multi-Sensor Adaptive Processing (CAMSAP), December 13-15, _ ersse |

2005, pp. 129-132. “« | »

Lim (2005) defined eigenvalues for general real tensors in the real fieldi*The = [« [[» |
eigenvalues of tensors defined by Lim (2005) are Z-eigenvalues of Qi (2005), oo |
while the [* eigenvalues of tensors defined by Lim (2005) are H-eigenvalues
in Qi (2005). Notably, Lim (2005) proposed a multilinear generalization of
the Perron-Frobenius theorem based upon the notioit @igenvalues (H- Full Screen |
eigenvalues) of tensors. extended his definition in his report and cited my pa- cose |
per. In particular, Lim mentionedmultilinear generalization of the Perron- _
Frobenius theorembased upon the notion of H-eigenvalues of tensors. T

Go Back
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Further Discussion

5.1. Multi-Linear Data Analysis and Hypergraphs

Lek-Heng visited me in January 2006. He pointed out that another potential ap-
plication of eigenvalues of tensors is ypergraphs. A graph can be described

by its adjacency matrix. The properties of eigenvalues of the adjacency matrix
of a graph are related to the properties of the graph. This is the topic of spectral | Tierae |
graph theory. A hypergraph can be described by a (0, 1)- supersymmetric tensotr, L] ]
which is called its adjacency tensor. Are the properties of the eigenvalues of the
adjacency tensor of a hypergraph related to the properties of the hypergraph? SR
This can be investigated. Page 27 of27 |

A more important motivation of Lek-Heng is tlsatistical analysis of multi- Goack |
way data. This is the main theme of this workshop. Futsocen |
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