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Generalized Waring problem (1770)

Given a homogeneous polynomial T of degree d in the variables
X = (X0, X1, -+, Xn):

T(x) = Z T X%,

|a|=d

find a minimal decomposition of T of the form
r
T(x) = Z Yi(Cioxo + Ciaxt + -+ Cinxn)?
i=1

for ¢; = (Cio,City---,Cin) €C™L 45 € C.

The minimal r in such a decomposition is called the rank of T.
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Geometric point of view

Definition (Veronese variety)

vy :P(E) — P(SY(E))
v = [v(x)]

lts image is the Veronese variety, denoted X1(S9(E)).

Definition (Secant of the Veronese variety)

T={[T1€P(5%) | Fwy,...,w, € X1(Sg(E)) st. T =37, w;}
3 = 3"

1w r(T) =smallest rst. T € x%? called the rank of T.
w r,(T) = smallest r s.t. T € X9, called the border rank of T.

Example: T.:= & ((xo +ex1)? — x§), To:= X x.

r(T.) = r,(To) = 2 but r(To) =d.
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Algebraic point of view
Apolar product: For f =37, fa (i) X%, & = Y |a/=d 8o (g) x* € §9,

(f.g) =) futa (Z)

|a|=d

For homogeneous polynomials g(xo, . .., x,) of degree d and
k(x) = koxg + -+ + knxp,

(8(x),k(x)?) = g(ko, -, kn) = g(k).
w If T=ki(x)9+--+k(x)? and g(kj) =0 for i=1,...,r, then
Vh with deg(h) = d — deg(g)
(gh, T)=0.

1= Find the polynomials apolar to T and compute their roots.
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Algebraic point of view

S:=K[x,...,xn); S¢:={f € S;deg(f) = d};

Definition (Apolar ideal)

(TJ_) ={geS|VYhe Sd—deg(g), (gh, T) =0} D gd+1.

Problem: find an ideal /| C S such that
> [ C(TH);
» | is saturated zero dimensional;

» | defines a minimal number r of simple points.

1= necessary and sufficient conditions that T is of rank r.
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Sylvester approach (1886)

The binary form T(xg,x1) = Z:'j:o t,-(‘f)xg ~ixi can be decomposed as a
sum of r distinct powers of linear forms

T = Z Me(xo + Brxa)?
k=1

iff there exists a polynomial q such that

to t1 ce li- fels}

t tr+1 q1

) : . =0
tg—r ... td—1 tg qr

and of the form

q(x0,x1) := HZ:l(ﬁkXo — x1).

o
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Interpolation point of view

For T = T(X) =) acwn, Tox* €T, let
la| <6
T*(d) = Y e, (°) 7 Tad® € R* = K[[d]] such that VT’ € R,

|| <8

(TIT") = T(T").

Property: Given T € Ry, find v; #£0,(; € K", i =1,...,r, such that

T=> 7Gx’
i=1
iff .
T = Z Yi ]‘Ci'
i=1

on R(;.
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Flat extension point of view
Flattening map ¢: For x* C R, B, B’ C A with B- B’ C A, and
Ni=T e (XM :p=3,caPaX® = D 1caPa Ta, we define

HEB . (xB') = (xB)*

p=> px’ = p- T
BeB’

with p-A: g€ <B> = T*(pq) =(T,pq) € K.
lts matrix is H2 % .= [Tp 1 5lp e pes.
Problem: leen T* € R;, find A € R* such that

Hi R — R*
p — p-A
» extends H?;B/
» has minimal rank and

> I/~\ = ker H/~\ is a radical ideal.
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Flat extension

BT =BNxiBN---Nx,B. B connected to 1 if b € B is either 1 or x;;b’, b’ € B.

Theorem (LM’09, BCMT’10, BBCM’11)

Let B, B’ be connected to 1 of size r, E, E' connected to 1 with B* C E,
Bt C E' and \ € (E - E')*. The following conditions are equivalent:

© there exists a unique element A € R* which extends A and such that
B and B’ are basis of An = R/Ip.

Q ranka’El = rankH/“\B’B/ =r.
(8] HE’B/ is invertible and the matrices M; := HE’X’B/(HE’B/)_l satisfy
M,'OMJ':MJ'OM,' (1§I,_j§n)

In this case,

> Iy = (ker HEE),

» A is supported on the points V}(\j =VC(I\) ={C1,..., ¢} with ' < r.
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Recovering the decomposition
If the flat extension problem has a solution A, then:

» r =rankH; = dim R/(ker Hx) where r = |B| = |B'|;

!
» Let B, B’ be maximal sets of monomials C R s.t. H;\g B invertible,
then
B'.B . _ B xB/ 4B By—1
M; = Hy (H/~\ )

is the matrix of multiplication by x; in Az = R/(ker Hy).

v

If the decomposition is of size r, the eigenvectors of the operators
(Mf); are simple and equal (up to scalar) to {1¢,,...,1¢}.

ker Hx = (ker H5/+’B+) where Bt = BUx; BU -+ x,,B;

For each x® € 9B = B™ \ B, there exists a unique

v

v

fo, = x% — Zﬁzaﬂ x” € ker H/?/+’B+.

The (fy)acos form a border basis of I; = ker H; with respect to B.
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Example in X4(S*(K3))

The tensor:

T =79 x0x] + 56 x§x22 + 49 X2x3 + 4 xox1 x5 + 57 ngl.

The 15 x 15 Hankel matrix:

ha30
h1ao
h33o
haao
h1so
hazo
h3ao
haso
h160
hs30
haao
h3so
haeo

h1ao
hoso
ha40
hiso
hoso
h3ao0
haso
hi60
horo
haao
h3s0
h260
hiro

1 X1 X0 xf X1X0 x2 x3 x2x2 X1 X2 x3 P x3 X x2x2 X1 x3 3

1 0 . 0 0 0 L? 7745 0 4%1 0 0 0 75‘69 0 0
x1 st 0 0 2 0 1 0 0 2 0  hsoo  hao  hxo
x2 0 0 % 0 1 0 0 - 0 0 hato hao  hozo
x3 0 2 0 0 0 9 hsgo  hazo hso  haso heoo  hsio hazo
x1X2 0 0 1 0 - 0 haio h3o 3o hao hsio haxo h3zo
3 ?? 1 0 “ 0 0 h3o  h2zo  huao hoso  hazo Pz hoao
X 2 0 0 hsoo  hato hs20  heoo  hsio  ha2o  h3zo  hro0  heio  hs2o
xix | 0 0 % hao  himo  hso hsio hao hsso hoao hewo  hso  haso
x1x3 1 2 0 h32o0  hp30  hao  hao  h3zo haao hiso hsoo hazo hsao
X% 0 0 0 hazo  hiao hoso  hszo  hoao hiso hoeo  hazo  hzao  haso
x{ 0 hsoo  haro  heoo  hsio  hazo  h7o0  heio  hsoo  hazo  hgoo  h7i0 heo
XiX% :; hato  hso  hsio hazo  hszo  heio  hsoo  haso hzao hrio he2o  hs3o
XXy | §  hao 3o hao  h3zo hao hs2o  hazo hzao hoso heo  hsso haao
x1x3 0 h3o  Mao  h3zo  haao hiso haso  hsao hso hieo  hsso haso hsso
x5 0 hiao  hoso  hoao  hiso  hoeo  h3ao  haso  hieo  horo  haso  h3so  hoeo
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Extract a (6 x 6) principal minor of full rank:

cwkr ouwR o o
O Oolf Owrw|

2=

>Wm

Il
Wpo o oslgo
oo o ordo
ool owr— o ©

wr o sd o oY

The cqumns (and the rows) of the matrix correspond to the monomials
{1 X17X27X17X1X27 }
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The shifted matrix H /\ is

- 57 79 1 -
om0 6 o &
tl s 0
yB:B _ gBxB _ o 0o 3 0 F 0
xh A 20 0 hsoo hato h3o
0 0 % hyo hso hoso
1% 0 hao hso huo |

The columns of the matrix correspond to the monomials

2 3,2 21 _ 2 2
{X17X17X1X27X1>X1X21X1X2} - {17X1>X2>X1>X1X27X2} X X1.
Similarly,

ro 0o 2 o I 07
0 0 § o 2 o0
yB:B _ gBrB _ Z 10 %2 o0 0
xeh A 0 0 % hyo hso hoso
T %2 0 hao hso huo
0 0 0 hozo hiao hoso
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We form (all) the possible matrix equations:

-1 -1 -1 -1
MMy, — MMy = Ho A Hy  Hg A Hy D — g a Hy P Hg A Hy D = 0.

Many of the resulting equations are trivial. We have 6 unknonws:
h500, h410, h320, h23o, h140, h050 and 15 non-trivial equations.

A solution of the system is:

hsoo = 1, ha10 = 2, h3pg = 3, ha3g = 1.5060, h149 = 4.960, hgsg = 0.056.

B. Mourrain Tensor decomposition and applications 14 / 23



We subsitute these values to Hy,.A and solve the generalized eigenvalue

problem (H,,.A — (Ha) v = 0.The normalized eigenvectors are

As the coordinates of the eigenvectors correspond to the evaluations of

{1,x1, %2, x2, x1x2, X3 }, we can recover the values of (x1, x2).
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1 1 17 1
—0.830 + 1.593 —0.830 — 1.503 1.142
—0.326 — 0.0501 —0.326 + 0.050 0.836
—1.849 — 2,645/ |’ | —1.849+2.645/ | | 1.305
0.350 — 0.478 i 0.350 + 0.478 i 0.955
0.103 + 0.0327 i 0.103—0.032/ | | 0.699
1 7T 1 1T 1
0.956 —0.838 +0.130/ ~0.838 —0.130/
~0.713 0.060 + 0.736 0.060 — 0.736 i
0.914 0.686 — 0.219/ |’ | 0.686+0.219;
—0.682 —0.147 — 0.610/ —0.147 + 0.610
| 0509 | | —0.539+0.089i | | —0.539—0.089 |
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After solving the over-constrained linear system obtained by expansion and
looking coefficient-wise, we deduce the decomposition:

(0.517 + 0.044 i) (xo — (0.830 — 1.593 /)x; — (0.326 + 0.050 /)x»)*
+(0.517 — 0.044 /) (xo — (0.830 4 1.593 i)x; — (0.326 — 0.050 /)x2)*
+2.958 (xo + (1.142)x; + 0.836x,)*

+4.583 (xo + (0.956)x; — 0.713x,)*

—(4.288 4+ 1.119 /) (xo — (0.838 — 0.130 /)x1 + (0.060 + 0.736 i)x2)*
—(4.288 — 1.119/) (xo — (0.838 + 0.130 /)x; + (0.060 — 0.736 /)x»)*
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Recovering branching structures

» At points, perform directional measurements (of water diffusion):

| 4 4

» Approximate the set of measurements on the sphere by a (symmetric)
tensor T = (Tjj k).
» Decompose/approximate it as a minimal sum of tensors of rank 1:
T=>"0 v
to identify the main directions of diffusion.
» From the decomposmon of tensors, deduce the geometrlc structure:

o.-.-.nmwsv.n\

cf. [T. Schultz, H.P. Seidel'08], [A. Ghosh, R. Deriche, ..."09]
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Concluding remarks/questions

» What about nearest r-decomposition(s) and SVD-like properties 7

» Applies to multi-symmetric tensors. Can we extend it to
anti-symmetric tensors ?

» Can we extend it to minimal decomposition over the real ? to
minimal positive decomposition ?

Collaborators: A. Bernardi, J. Brachat, P. Comon, M. Dien, E. Tsigaridas.
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Thanks for your attention
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