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Summary. This paper concerns the analysis of approximations of transport equations in diffusive media.
Firstly, we consider a variational formulation for the first-order transport equation that has the correct diffusive
behavior in the limit of small mean free paths. The associated bilinear form is shown to be coercive on a
classical Hilbert space in transport theory with a constant of coercivity independent of the mean free path.
This allows us to obtain the diffusion approximation of transport as an orthogonal projection onto a subspace of
functions that are independent of the angular variable. Similarly, projections onto functions that are independent
of the angular variable only in subsets of the full domain can be interpreted as a transport-diffusion coupling
method. Convergence results based on averaging lemmas and error estimates are presented. Secondly, we address
the problem of extended non-scattering layers or filaments surrounded by highly scattering media and derive
generalized diffusion equations to model transport in such geometries.

1 Introduction

The solution of linear transport equations of Boltzmann type describing the phase-space density of par-
ticles, is of interest in many applications ranging from neutron transport in nuclear reactor physics [14]
and photon transport in human tissues to wave propagation in highly heterogeneous media [10, 18, 31].
Among the many deterministic methods available [23], several numerical schemes have been obtained
recently by using a variational framework. Variational methods have a long history in transport theory,
both in the analytical and numerical approaches of source term and eigenvalue transport problems.
A very short and incomplete list of bibliographical references includes [8, 11, 14, 30, 32]. Although
variational methods that involve symmetric positive definite forms have been known for a long time
in the even-parity formulation of transport (see e.g. [1, 23, 27]), their derivations for the first-order
Boltzmann equation are more recent [7, 24, 25, 26].

Among the variational formulations involving a symmetric positive definite form over a Hilbert
space defined in [7, 25], some enjoy the property that the constant of coercivity is independent of the
transport mean free path, which measures (locally) the main distance between successive interactions
of the particles with the underlying media. This property ensures that discretizations of solutions of the
variational problem are accurate in the transport regime, characterized by mean free paths comparable
to the typical length of variation of the geometrical components of the transport equation, as well as in
the diffusive regime, characterized by much smaller mean free paths. For references on the approximation
of transport by diffusion, see e.g. [12, 19].

We consider in this paper the SAAF (Self-adjoint angular flux) method presented in [26] and char-
acterized explicitly in [7] as a variational method equivalent to the solution of the first-order transport
equation. We show that the symmetric bilinear form associated to the variational problem has indeed
a constant of coercivity independent of the mean free path over a Hilbert space that is also defined
independently of the mean free path.

One of the main advantages of symmetric variational formulations is that approximations of the
solutions can be obtained by orthogonal projection (with respect to the bilinear form and onto a
subspace of the considered Hilbert space). This is analyzed in detail in [24, 25] in the framework of
first-order system least squares (FOSLS). In this paper we show that the diffusion approximation of
transport may be obtained as such an orthogonal projection (this already appears in [26]) and show
that the error between the transport and the diffusion equations are linear in the mean free path (and
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quadratic in certain circumstances) as expected. The use of the variational formulation in conjunction
with averaging lemmas allows us to obtain that the above error converges to zero in the limit of small
mean free paths even when the limiting solution is not very regular. The advantage of the proposed
method is that there is no need to construct any scaling transformation as in [24] or adding any terms
accounting for boundary conditions as in [25] as both can be deduced directly from the variational
formulation.

In many applications, the mean free path will be small (compared to variations of the geometrical
environment) in certain areas but not necessarily in the whole domain. A possible numerical approach
consists then of solving the diffusion approximation where it is valid and the transport equation else-
where. The main difficulty is then to couple both models at their common interface. Such a coupling was
considered in the even-parity formulation of transport in [5]. See [16, 22, 33, 34] for additional references
on the coupling problem. We consider here the transport-diffusion coupling as the orthogonal projec-
tion of the exact transport solution onto the subspace of the underlying Hilbert space of functions that
depend only on the spatial variable in the diffusive domain but depend on both the spatial and angular
variables in the rest of the domain. We also show the convergence of the coupled transport-diffusion
solution (with appropriate error estimates) to the exact transport solution when diffusion is valid on
the domain treated by the diffusion equation. It is interesting to observe that the first-order transport
equation is not exactly satisfied on the transport area (as opposed to the case where the full domain
is modeled by transport as mentioned earlier; see [7]). Rather the coupling involves a second-order
transport equation in the transport area. This exemplifies the influence of the boundary and interface
conditions in the variational formulation of first-order transport.

Many more details on the full discretization of the transport equation using variational approaches
can be found in [24, 25, 26]. We do not consider the discretization problem here except for a brief
remark in section 2.7.

For general geometries of embedded domains where the diffusion approximation does not hold, the
coupling mentioned above may be a useful alternative to solving the full transport equations. In certain
situations however, a more macroscopic model can be derived. Initiated by the analysis of clear layers
in optical tomography [13], generalized diffusion models have been derived in [4, 6] to account for the
propagation of photons along straight lines in non-scattering clear layers. In this paper we generalize
the analysis to non-scattering filaments in three dimensional geometries and obtain new generalized
diffusion models. Possible applications in which similar models may be useful include 7 ray propagation
in astrophysics and radiation in atmospheric clouds.

The rest of the paper is structured as follows. Section 2 presents the variational formulation of
the first-order transport equation. General symmetric scattering operators are considered in the two-
dimensional model only where the decomposition over spherical harmonics is particularly simple as
shown in section 2.1. The variational formulation in the diffusive regime and its main properties are
presented in section 2.2. The diffusion approximation is derived in section 2.3 and analyzed in the
spherical harmonics expansion in section 2.4. Convergence results and error estimates are given in
sections 2.5 and 2.6. The transport-diffusion coupling is addressed in section 3. Seen as an orthogonal
projection in section 3.1 the resulting local equations are show in section 3.2. Finally error estimates are
given in section 3.3. The derivation of generalized diffusion models to account for thin non-scattering
inclusions is addressed in section 4.

2 Variational formulation for transport

We start with the steady-state transport equation written in the form

w-Vu+ Gu =g, X=0xV (1)
u=yg, I' ={(x,w) €02 xV, w-v(x)<0}.

Here u(x,w) is the particle density in phase space, ¢(x, w) is a volume source term, g(x, w) is a boundary
source term, {2 C R™ for n = 2 or n = 3 is the spatial domain, v(x) is its outward unit normal at
x € 02, and V = S"~! is the unit sphere in the monogroup-approximation of transport. As usual I'_
denotes the set of incoming conditions. The operator G is defined as

Gu(x,w) = o(x)u(x,w) — /an k(x,w' — w)u(x,w)dp(w'). (2)
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The integration measure is the normalized Lebesgue measure so that p(S™~!) = 1. The total absorption
o(x) and the scattering coeflicient k(x, w’—w) are positive bounded functions. The scattering coefficient
satisfies k(x, v) = k(x, —v) and is sufficiently small so that G is a symmetric positive definite operator
on L?(S"~1) with bounded inverse G~1.
We now consider the variational formulation presented in [7] and mentioned in [26]. We first recast
the equation as
G Hw - Vu) +u=G (g, X

u =g, . 3)

We now multiply the first equation above by w - Vv for a smooth test function v(x,w) and integrate
over X to get:

/G‘l(w-Vu)w-Vv dp—/ w - Vuw dp+/ uvw-udq:/ G (q)w - Vv dp.
X X AKXV X

Here, dp = dxdp(w) and dq = do(x)dp(w), where do(x) is the surface measure on 92. Upon using the
transport equation (1) we recast the above equality as finding u € W such that

a(u,v) = L(v), Yo e W, (4)

where

a(u,v) = / (G_l(w -Vu)w - Vo + Guv)dp + / uow - v dq,
X r

L(v) = /X (G_l(q)w - Vo + qv)dp—&-/r gvjw - v| dg (5)
W={uel¥X), w-VuecI*X), up €L*(Is;w-vldg)}.

The set I'y = {(x,w) € 02 x V, w-v(x) > 0}. It is easy to verify that with our assumptions on G,
a(u,v) is a continuous, coercive, and symmetric bilinear form on the Hilbert space W (equipped with
its natural norm) [12] and that L is continuous in the same sense. The above equation (4) thus admits
a unique solution by the Lax-Milgram theory.

2.1 Harmonic decomposition

It is interesting to analyze the above variational formulation using the spherical harmonics decomposi-
tion. We concentrate on the two dimensional case n = 2 so that the velocity space V = S! is the unit
circle. Generalizations to n = 3 using “classical” spherical harmonics are straightforward though more
tedious computationally [25, 26]. In this setting, directions are parameterized by w = (cos,sin @) for
0 < 0 < 27. We identify u(w) = u(0).
Define the harmonic decomposition
1 2w ) )
Fu(n) = i, e Mu(w)dd(w),  Fla0) =u(®) =Y i, (6)

2m 0 neZ
In this basis, the operator G may be written as a (diagonal) Fourier multiplier:
G=Fo—kn)F, (7)

where the coefficients o and k,, are such that |k,| < kg < o for |n| > 1. Also, since G is a real-
valued operator, we verify that k_,, = k,, where the upper bar denotes complex conjugation. Because
G is symmetric, we have here k_,, = k,, real-valued. The above decomposition means that Ge™’
(0 — ky)e'™ and implies that

G '=Fo—kn) ' F. (8)
We also verify the following convenient expression for the differential operator
. - 1,0 0 = 1,0 0
. :19 —10 _ (2 _ ;2 N . Y
w-V=e%0+e"0, 0 2(895 Z@y)’ 0 2(8x+18y)' (9)
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This implies that (m)n = O0p_1 + O0py1. We finally identify x = (x,%) with 2z = 2 + 4y in the

complex plane.
With this notation, we verify that the transport equation is equivalent to

(ei‘)a + e_wé)u +Gu=gq (10)
with appropriate boundary conditions. In the Fourier domain this is nothing but
Qi1 + Oliny1 + (0 — kp)ly, = Gn, 2x7Z. (11)

Recall the Parseval relation | guuvdp = Y o, Unn = > nez Un®_p since v and v are real-valued
functions. The variational formulation (4) still holds with a(u,v) and L(v) recast as:

1 . ) - o
alu, v) = /Q 3 (a —— Dt + it 1) (D1 + Do) + (0 = kn)unv_n)du(z)
nez n

—|—/ uow - v dg, (12)
ry .
L(v) = / Z( - qn(a@,nfl+5mn+1>+@n@,n)du(z>+ / gulw - v| dg.
QneZ a = Fn I_

The above formulae prove very useful in the analysis of the transport solution in the diffusive regime.

2.2 Variational formulation in the diffusive regime

We now consider the regime of high collisions and small absorption. This regime is characterized by
replacing G, ¢ and g by [12]
1
G.ou(x,w) = f/ k(x,w' — w)(u(x,w) — u(x,w))dp(w’) + coqu,
g Jgn-1
e = £4, ge = £9.

(13)

Here g. is of order ¢ to avoid the presence of boundary layers at the leading order [12] (we will see
below that a term of order /2 rather than ¢ would have been sufficient). We recast G = e7tQ + 0y,
where o, is uniformly bounded from below by a positive constant so that GZ! is bounded on L?(X)
though not uniformly in e. The local first-order transport equation (1) reads in this regime:

w - Vue + Goue = eq. (14)
We recast (4) in this regime as finding u € W such that
ac(u,v) = Le(v), VYo eW, (15)

where

ac(u,v) = /X ((6G5)_1(w -Vu)w - Vv + 6_1G6(u)v)dp + i/nr ww - v dg, »
L.(v) = /X (G;l(q)w Vv + qv)dp + /

gu|w - V| dg.
r

We now derive some properties of the above variational formulation and the above bilinear form
that make them attractive theoretically and computationally. We first assume that G, is invertible (in
L?(V)) with inverse given by

1
€0q

G lu=

- u+eH.u, H.u =0, (17)
where H.u is a symmetric and bounded operator in L?(X) with norm bounded by a~! < oo, and
U = [g.1 u(w)dp(w) is the angular average of u. This property holds when G. is decomposed over
spherical harmonics; see for instance (37) and (41) below. This allows us to recast (16) as
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| . 1
ac(u,v) = ( w-Vuw~Vv—|—HE(w-Vu)w-Vv—&—G—uv)dp—kf uww - v dq
x\e20, € eJr, (18)

1
LE(U):/X(EU w-Vv+5H€(w-Vv)+v)q dp+/ngw-udq.

Let us assume that Q and H. are coercive on L?(X) with coercivity constants a and oy ! respec-
tively, in the sense that:

1
(Qu,u) > allul?,  (Heu,u) > ;0||U||2~ (19)

Here ||f|| is the L?(X) norm of f. These are reasonable assumptions when G. can be diagonalized
in the basis of spherical harmonics; see (37) and (41) below. Let us also assume that the absorption
0 < 041 < 04(x) < 00 on 2. We then verify that

1 _— o 1
;0”‘-‘-’ : VUEHZ + 2040 ||w : VUEHQ + 67““6 - 775”2 + UaIHUEH2 + g||us\I‘+Hg < ac(ue, ue). (20)
Here || f||» denotes the L?(I'y; |w - v|dg) norm of f defined on I'y. This implies that a. is coercive on W
with constant of coercivity independent of €. The constant of coercivity also depends on the scattering
kernel only through the constants o and o L

It is also straightforward to observe that a.(u,v) is continuous on W x W, though with a continuity
constant that depends on €. In order to obtain a constant of continuity independent of ¢, the Hilbert
space may be equipped with a norm || - ||w. defined as the (square root of the) left-hand side of (20);
this is in essence the norm introduced in [24]. On W, (i.e., W equipped with | - |w.) the form a. is
coercive and continuous with constants of coercivity and continuity independent of € (see also section
2.7). The source term is also bounded on W, with a constant independent of &, and bounded on W

with a constant that depends on e:

€ )
|Le(ue)l S ~llw - Vaelllgll + - lallllw - Vuell + llgllfluell + [lue ry llollgllb- (21)
a

eo
The notation a < b stands for a < Cb for some constant C independent of €. We deduce from the
constraints on a. and L. that the unique solution u. of the variational formulation (15) satisfies the (a
priori) estimate

1 -
loo - Ve | + Zllw - Ve || + lluell S llall + vellgllo- (22)
This implies that
|Le(ue)] < Nlall® +ellgll? (23)
so that from (20),
lue = ell2x) S Valellall + 22 [lglls)- (24)

To summarize we have the following result:

Lemma 1. Provided that (19) holds, the unique solution u. of (15) verifies that
1l — 1 _ 1 <
oo - Vuell + lluell + Zllw - Vel + Zue = fellizco + Zzlluer o S llall + Vellgly — (25)

provided that ¢ € L>(X) and g € L*(I'_; |w - v|dq). We recognize the above left-hand side as ||u.||w. -
Least-Square formulation.

Let us introduce the operator
Lo =(eG)V?(w-V+GL). (26)

Using the divergence theorem on V - (vvw) = (w - Vu)v + uw - Vo, we verify that

ac(u,v) = (Lou, Lov) + %(u,v}7 (27)
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where (-, -) is the usual inner product on L?(X) and (-,-) is the inner product on L?(I'_, |w - v|dq). We
also have
Le(v) = (¢ Lov) +{g,0), ¢ =2G2(g). (28)

Since G, whence a., is symmetric, the variational formulation (15) is equivalent to minimizing the
functional:

1
arg min 5%(1}’ v) — Lc(v), (29)

which is also equivalent to minimizing the following least-square problem

1 , 1 ,
arg min §||£5u = 4ellz2x) + 2*5”“ —e9llz2(r_ijw-vidg) (30)

as can easily be verified.

We have thus recast solving the transport solution as minimizing the least-square problem associated
to a variational form a. that is W-coercive with constant of coercivity independent of e. The boundary
conditions are also accounted for in a variational sense as the functions in the space W need not satisfy
the boundary conditions exactly. These very important properties are a central element in the numerical
methods developed in [24, 25], which are based on Galerkin projections; see also section 2.7. Note that
the scaling operator S used in the above references is replaced in our analysis by (EGE)_l/ 2. The method
developed in this paper may thus be seen as a case of first-order system least-squares (FOSLS) [24, 25].

Because of (20), Galerkin methods, which are orthogonal projections onto subspaces of W with
respect to the bilinear form a., provide lower-dimensional approximations that are expected to be valid
both in the transport regime (¢ ~ 1) and the diffusive regime (¢ < 1) as in [24, 25]. We now consider
two Galerkin methods, which are not discretizations of the transport solution, but rather projections
onto smaller subsets of W that are physically relevant in the diffusive regime. The first method consists
of projecting the transport solution onto functions that only depend on space and not on the angular
variable. The resulting diffusion approximation is analyzed in the rest of this section. In the next section
we project the transport solution onto functions that depend on the spatial variable only in parts of the
domain. This allows us to couple the diffusion approximation to the full transport solution in regions
where diffusion may not be valid.

2.3 Diffusion by orthogonal projection

We want to use the above variational formulation to deduce the limit of the transport solution in
the diffusion limit. Diffusion is characterized by high scattering and small absorption. High scattering
implies that the initial directional content of the particles is quickly lost through interactions. It is
therefore reasonable to assume that u(x,w) does not depend on w in a first approximation. Such a
condition is easy to implement in a variational setting: we orthogonally (with respect to a.(,-)) project
the solution u of (4) onto functions that depend only on x. Let us define

Wp={feW f=Ffx)}=H(R2), Wh ={feW, al(f,v)=0vweWp}. (31)

We verify that W = Wp @ W3, since ac(-,-) is an inner product on W [5]. Then the orthogonal
projection II. of W to Wp for the inner product a.(u,u) allows us to define the “diffusion” solution

U: = .u., (32)
where u. is the solution to (15). By definition, we have that U, is the solution in Wp of
a:(Ue,v) = L. (v), v e Wp. (33)
We may recast the above equation as
/ (DEVU : VV+aaUV>dx+/ en LUV do(x)
Q on &

= /Q [( s G;l(q)wdu(w)) -VV + qV} dx + /11 gVw - v| dg,
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for all V' € Wp, where

D. - / (cGo)H(w) ® wdp(w)
{575 (34)

cn = f/ |w - v|du(w).
2 Sn—1

We verify that ¢, = % and that c3 = % After classical integrations by parts, this means that U, is the
solution of the following diffusion equation:

YV -D.VU. +0,U.=q—V- ( G;l(q)wdu(w))

c Sn—1 (35)
v-D.VU. + —U.=J(x) = / g(x, w)|w - v|du(w).

€ w- V<0

Here we assume that ¢ vanishes at the domain boundary 0f2 to simplify. This is consistent with our
choice of incoming conditions of size eg as O(1) source terms at the domain boundary result in boundary
layer analyses that we do not want to dwell into here; see [12].

It remains to understand whether the solution U, which is obviously uniquely defined, is uniformly
bounded in H'(§2) and to obtain an error estimate for u. — U, and for similar diffusion approximations
of u..

Let us first consider the simpler case where scattering is isotropic, which implies that

Geu ?(u — ) + eoqu, (36)

where @ = [g,_, u(w)du(w) and where ko(x) = k(x,w — w’). In this context we verify that

1 k
Glu=-""g+ iu, 0. = ko + £20,,. (37)

€ € 040e o

Assuming that ¢ = ¢ and that ¢ = 0 to simplify, this implies that the transport equation takes the form

1 1 -
/ [(—w-Vu—i—— ko w~Vu)w-Vv+g(u—ﬂ)v+oauv dp
X

o €2 0,0,

1 w - Vv (38)
+7/ ww - v dqg = / q( +v>dp.
eJry X E0q
Upon choosing v and v in Wp in the above equation, we find the variational formulation for U.:
1 1
/ ( VU -VV + aaUV)dx + fcn/ UVdo = / qV dx. (39)
0 \N0e € an 2

This is nothing but the variational formulation of (35) with the diffusion coefficient given by D, =
(no.)~! as usual and the right-hand side given by q(x). We thus obtain the classical diffusion equation
[19].

2.4 Harmonic decomposition and diffusion approximation

The generalization of the derivation of the above diffusion solution to arbitrary scattering kernels is
relatively straightforward as long as G- can be explicitly characterized. We restrict ourselves here to
the two-dimensional case with scattering kernel of convolution type and use explicitly the variational
form written in the harmonic basis. Within this context and in the diffusive regime, G is given by

G.=F! (M + 5aa)}'. (40)

€
We recall that the Fourier transform is considered in the angular variable only. The inverse of G, is
then

€ Fogp1_©

G—l _ —1
€ 7 ko — ky, + €20, o — ky,

F (41)
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where 0. = ko + £20,, This yields (37) when k,, = 0 for |n| > 1 and (17) in general, where H.u is a
bounded operator in L?(X). Let us introduce the spectral gap of Q:

o= min_(ko(x) — kn(x)) >, (42)
and the minimum of o,:
oo = rrélg oe(x) > 0. (43)

We then verify that the coercivity constraints (19) are verified.
With this explicit form for G, the terms of the variational equation (15) now take the form

ac(u,v) = /Q Z {m(m)n(m)_n + (ko ;kn + aa>ﬁn@,n} dx

+6_1/ ww - v dg, (44)

sqn w - Vv A
Z [ +qnv_n]dx+ gv|w - v| dg.

The generalization of (39) to more general scattering terms may easily be carried out thanks to the
above formulae. Indeed, U and V belong to Wp if and only if all their Fourier coefficients U,, and V,,
vanish for [n| > 1. As a result, U is the unique solution to the following variational problem

UV + DUV o .
/Q ( ko — kl + 52O.a + UGUO%)dX + ? UVdo

GOV + G_10V, o (45)
_ 10V 10V o _
= / (E—k‘o Sy + qo‘/b>dx—|— /BQ V(~/w~1/<o g(x,w)|w V|d,u(w)>do.

We have used here the symmetry of G implying that k_; = k1. We denote by ¢§_; = %(qL + igy) and
identify it with the vector q = (gs,¢,) in Cartesian coordinates. The above variational formulation
shows that U is the (weak) solution in Wp of the following diffusion equation:

-V -D.VU +0,U=G—¢V-De.q, R

46
Dzﬂ+ —U =/, o012 (46)

The diffusion coefficient is given by

1 1
2(0’5 — kl) o 2(]{70 — kl +€20'a) '

D. = (47)

This is the usual expression for the diffusion coefficient.

Remark 1. The property that the constant of coercivity of a. is independent of the mean free path ¢
is very important to obtain the diffusion solution by orthogonal projection. Consider for instance the
transport problem

1 1
T.u. = —w-Vu: + —G.ue = ¢(x)  in X, us=0 onI_, (48)
€ €
and the variational formulation: find u. such that
e (ue,v) = (W Teue, Tev) = (¢ wTev), Yv e W. (49)

Here w,(x) is a weight function that could take the value 1 as in the introduction in [24] or o= as in [7].
The above problem is equivalent to (48) for w, uniformly bounded from above and below by positive
constants as is shown in [7]. This results from the fact that a.(ue,v) is coercive on W. However the
constant of coercivity is not independent of €. The equivalence between (48) and (49) thus somewhat
degrades as ¢ — 0. The consequence is that (49) becomes inaccurate in the diffusive regime with dire
consequences when it comes to discretizations as pointed out in [24]. The same consequence arises when
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the natural orthogonal projection II. of ue onto Wp is considered. Assuming that G. is isotropic as in
(36) to simplify, we obtain that U, = IT.u. solves the equation

_v . %VUE —+ wEJgUE = W:044, in .Q (50)

Here n = 2,3 is the spatial dimension. Although the local equilibrium U, ~ o, Lq is verified in the limit
of very strong absorption and sources, the diffusion tensor is not correct, independently of the choice
of the weight w.. This indicates that variational formulations of the form (49) should not be used in
the diffusive regime and should be replaced by (4) or by rescaled formulations as in [24].

2.5 Convergence result and error estimates

Let u.(x,w) be the solution of the transport equation (15) and U, = II.u,. the diffusion approximation
solution of (33). Define du, = u. — U.. We first show that du. converges to 0 in W as € — 0. The proof
is similar to that in [5].

Thanks to the orthogonal projection, we first obtain that du. € Wﬁa. Consequently, we have

ae(due, due ) = ac(ue, due) = L (duy).

We then deduce from (20) and (21) that

1 _
16uellw + = lloue — duell S flall + Vellglly-

Since du,. is uniformly bounded in W, which is a Hilbert space with a unit ball compact for the weak
topology, we deduce the existence of a subsequence of du. converging to w. However the subsequence
of du. converges to the same limit so that w = w € Wp. This implies that

ac(due, w) = 0.

Upon passing to the limit in the above expression, we find that

/( (@ V) ‘2+a|w|2)dx:0
o Vko — k1 ! ¢

and that w)po = 0. This implies that w = 0, whence that du. converges to 0. Note that all we have
used to get this convergence result is that ||¢|| and ||g||, are bounded (in the L?—sense).

In order to obtain error estimates for du., additional regularity of the solutions and source terms is
required. Let us recall (18):

1 i 1
ag(u,v):/( 5 w-Vuw-Vv—l—HE(w-Vu)w-Vv—i—G—uv)dp—&—f/uvw-l/dq,
x\e20, € €

. rr (51)
Le(v):/ (q—w-V —5w-VHE(q))v dp#—/ng-l/alq7
X €0q I
assuming that ¢ vanishes on 92 to simplify. We split the source term as
L.=1Lo+ Ly,

Lo(v) = / qu dp —/ ew - VH.(q)v dp+/ guw - v dq, (52)
X Jx i

Ll(v):/ —w-vL v dp.
X €0q

The term appearing in L;(v) is of order e~! and cannot be estimated from the variational formulation.
In order to estimate it explicitly, we define W; as the subspace of W of functions u(x,w) such that
@, (x) = 0 for |n| # 1. This is thus the Hilbert space of functions linear in w. Let IT;. be the orthogonal
projection of W onto W; with respect to ac(-,). We define Uy, = Iy ue, i.e.,

ae(UlE’ Vl) = LE(Vl), vV, € Wy. (53)
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2in a. in (51), we verify that

Thanks to the two terms of order e~
U]l + llw - VUL S ellallw +€*2lg]lb- (54)

In what follows, we need a similar estimate for the following solution:
ac(Ure, V1) = Ly (V1), YV e W, (55)

We verify as above that ~ R
101l + llw - VU S el Vall + %2l g]]o- (56)

In order to estimate the error coming from the source term Lg(v), we define 1o, as

((6G5)1/}25,’U) = Lo(v) — ac(Ug, v), Yo e W

57
1/125 =0. ( )
Here (-, ) is the usual inner product of L?(X). We verify that 1. is well-posed and is given by
o (x,w) = H. (w VH.(w)-VU. -~V - D.VU.
(58)

+ew - VH.(q) — 2DV - q).

The term within brackets in the above expression is mean zero by construction so that all equalities in
(57) are verified. Let us now decompose the exact solution as

Ue = Uge T Ule, as(uksvv) = Lk(v)v VoeW, k=0,1. (59)
We introduce the following decompositions:
e = Us + %1hae + b, we = Uye + 61, (60)

and estimate both terms . for k = 0,1. We start with & = 0 and obtain from the transport equation
Qe (u()sa 605) — Ly (505) = 0 that

1
as(505,505) = —¢? (as(¢2s,505) - ?((EGE)'IZJQ.& 606))
- —52(/ ( V@ Voo 4 He(w - Vi ) - v505)dp+ 1
X 3

20,

Yacdoetw - v dg).
Iy

By the Cauchy-Schwarz inequality, this implies that
ac (80, 80=) S [lw - Vo || [[w - Voe || + €|lw - Vipae ||| w - Voe|| + ell¥oae |y [16]|Goc , [lo-

We verify that |w - Viba.|| < e thanks to its expression in (58). This shows that provided that ¢ and
U., whence 1y, are sufficiently regular, we obtain that

al/?(80c, 60c) S ellaeir o + % (| w - Vo || + &7 |w - Vhoc]]). (61)

This implies for instance that
HUOE_UEHW ,66. (62)

It remains to address the term uy. = U + d1.. We verify that

0eO1es01) = [ (G V01 07 V00 + Hfeo - VU1 Vo1, + Z2 0161, )y
X \&€%0q 3

1 ~ -
+*/ U15515w -V dq = L1(61s) + / He(w . VULS)L«J . V(Slgdp
€Jr, X

= ae(ulsa 615) + / Hs(w : vUlzs)“‘-’ : V515dp7
X

because w - Vv depends only on 94y and U6y = I11.(U101.). Now however, ||H.(w - VU.)| < e
thanks to (56). This implies that
az(012,012) Selldicllw < €% (63)

In summary we have proved using a variational approach that:
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Theorem 1. Let u. and U, be the transport and diffusion solutions. Then we have
lue = Uellw S e, (64)
provided that the source term q and the solution U are sufficiently regular.

How regular the solution U and source term ¢ need to be can be explicitly read off the previous formulae.
We do not dwell on the details.

2.6 Better error estimates in infinite domains

The accuracy of order O(g) cannot be improved in general; see e.g. [12]. Indeed, we know that in
the presence of boundaries, boundary layer terms need be accounted for by other means than vol-
ume asymptotic expansions and diffusion-like approximations. We refer e.g. to [3] for two-dimensional
numerical simulations quantifying the role of the boundary layers.

In the absence of boundaries however, i.e., when 2 = R2, the above method provides more accurate
approximations of the transport solution than O(e). Indeed we verify from (61) that

luge — Uellw < €. (65)

The same type of variational arguments (based on explicit test functions similar to 1s.) allows us to
show that _
|ute = Urellw < e

as well, which accounts for the source term —(eo,) 'w - Vq. This type of estimates hinges on the fact
that ug. only involves polynomials that are even in  (in the sense that upe,, = 0 for n odd) whereas
u1e only involves odd polynomials in 6 as can been seen from the variational formulations (12) and
(44). We finally observe, as is done in the Appendix, that

Uls(x,w) = —eH.(w) - VU (x), (66)

up to terms that can be estimated to be of order O(g?). In the absence of boundaries, whence of
boundary layers, we therefore obtain the following classical result:

e (%, w) = U (x) — eH.(w) - VU.(x) + O(£?), (67)

which can be shown to be equivalent to the expression

B 3
ko — k1

Ue (%, w) = Ug(x) w - VU.(x) + O(e?). (68)

Here the error terms are O(g?) for the || - ||y norm for instance.

2.7 A remark on discretizations in the diffusive regime

The variational formulation (15) for transport allows us to easily construct discretizations of the trans-
port solution u. by Galerkin approximation. Indeed let W}, be a discrete subspace of W. We may then
define I}, as the orthogonal projection onto W}, for the inner product a.(-,-). Denoting by u, = ITju.,
we have the equivalent characterization:

ac(up,v) = L. (v), Yv € Wy, (69)

Let us equip W with the norm || - ||y, whose square is defined on the left-hand side of (20). For this
norm, a. is not only coercive but also continuous with constants independent of € as we noted earlier.
Céa’s lemma [9] then implies that

e = unllw. < C i e = vl (70)

where C' is independent of €. The error estimate then becomes an approximation theory problem as
in [24, 25], where the main difficulty arises because the W, norm depends on e. Although it was more
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convenient to equip W with its natural norm in the analysis of diffusion approximations, it is natural
to introduce the norm || - ||w. in the analysis of discretizations (as in [24, 25]).

In the numerical solution of transport problems, it is very often useful to obtain discretizations that
behave well in the diffusive regime. This is not always satisfied and is usually characterized by ensuring
that the diffusive limit of the discretized transport equation is indeed a consistent discretization of the
diffusion equation [15, 20, 21]. We note here the following corollary of orthogonal projections:

11, = I1.11,. (71)

This asserts that discretizing and taking the diffusive limit are commuting operations so that indeed
the discretization of the diffusion limit is indeed the same as the ¢ — 0 limit of the discretized transport
equation.

3 Transport-diffusion coupling

We want to generalize the results obtained in the preceding section to the physical situation where the
diffusive regime is valid in large parts of the domain but not everywhere. We refer to [5] for possible
applications, which typically include large domains compared to the mean free path so that the diffusion
approximation holds everywhere except for localized areas where the scattering or absorption coefficients
may vary too fast.

3.1 Orthogonal projection

A plausible solution to this issue consists of solving the diffusion equation where it is valid and the
transport equation elsewhere. It thus remains to find a method that couples both equations at the
interface separating their domains of definition. As was shown in [5] in the simplified setting of the
even-parity formulation of the transport equation, orthogonal projection is a natural approach when a
variational formulation is available.

Let §2 be the physical domain and (24; and (2, a non-overlapping partition of 2. We denote by ~
the common interface shared by {24; and (2, and assume that it does not overlap with 9f2. We denote
by vq4i(x) the outward normal to (24; at x € v. Since the diffusion approximation is valid on £24; by
assumption, we expect the transport solution u(x,w) to depend only on x on 24, but to depend on
the full phase-space variables x,w on {%,. This justifies the introduction of the following spaces

We={feW, f=f(x)on2q}, Wa.={f€eW, a(f,v)=0VYveWc}. (72)

Let now I, be the orthogonal (for a.) projector onto the Hilbert subspace W of W. For u. the
solution of the transport solution of (15) we then define the coupled transport-diffusion solution as

UCe = Hcsue. (73)

Variationally, this means that
ac(uce,v) = Le(v) Yo € We. (74)

Because a. is an inner product on W, whence on W, the above solution is uniquely defined.

3.2 Local equations

The solution of (74) can directly be estimated numerically by Galerkin (orthogonal) projection onto
finite dimensional subspaces. This is one of the main advantages of variational formulations [24, 25, 26].
It turns out that (74) does not seem to admit any simple “local” representation involving first-order
and diffusion equations. In order to better exhibit the nature of the coupling at the interface v, we
introduce the notation

Uty (wa X) = UCe| 24 (wa X)’ udi(x) = UCE|Qdi(X) (75)
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for the solution uce of (74). Because uc. € W, we directly obtain the continuity relation g, (w,x) =
ugi(x) for x € ~. The other relations are obtained as follows. We first observe that we may recast
ae(u,v) — Le(v) as

ac(u,v) — / (w-Vu+G. u—aq) (I+G'w-V)udp
e
+ (g — —)vw - vdg
. I
7/ (I —w- VG ) (w-Vu+ Gou — eq)vdp (76)
€ J(Q2a:URe)xV
+/ (EGE) (w -V + GE) (uai — utr))vw - vgidg
yXV

1
+,/ (w-Vu—l—Ggu—sq)w-uvdq—&—/ (g—g)qu/dq.
€ Jox r_ €

Upon restricting the support of v on {2, and 24;, we find that u¢, and ug; satisfy the following equations

(I —w- VG (w-Vug + Geugy —eq) =0, 2y XV

7
—V - D Vug; +ouqi = q— €V - D.q, 4. (")

Once the volume source terms in (76) have vanished, we obtain the following boundary conditions on
o012

(w- Vg + Geugy —£q) + (g —ugy) =0, T-N (2 x V)

w - Vug + Geugy —eq =0, Iy N0, xV) (78)

vgi - DeVug; + %Udi = J(X), 02N Ofy;.

We observe that G¢(ug; — uqi) = 0 on + since u.c € W. The coupling condition on + is then equivalent
to:

/ w - Vuyw - vaidp(w) = v - DeVug;  on 7. (79)
v

In the absence of coupling, i.e., when (2, = 2, the above equations may be somewhat simplified
on §2, as follows (see also [7]). Let ¢ € L?*(£2, x V) be an arbitrary test function and let us define
v € W({2;) as the solution to

w-Vo+Gv=G 1o, 2y, xV

v=0, I (2y), (80)

where 'L (£2;;) and W (§2,) are defined as I'x and W with {2 replaced by (2,. Classical transport theories
[12] show that v is uniquely defined and belongs to W ({2,). Upon multiplying the first equation in (77)
by v and integrating by parts, we obtain using the second equation in (78) that

/ (w - Vug + Geugr — €q)pdp + G (w - Vg + Geugy — £q)vw - vgidg = 0. (81)
Qi XV

XV

When (2, = 2 so that v = (), the above formulation implies that
w - Vg + Geugr —eq = 0, 2 X V. (82)

The above equality holds in the L?(§2;, x V)-sense, which implies that it holds almost everywhere.
However, the variational formulation does not allow us to obtain that it also holds at the boundary of
the domain, so that the first equation in (78) does not simplify. Only when regularity of the solution can
be obtained, so that (82) holds in a stronger sense implying that it still holds at the domain boundary
can one conclude that u =gon I'_.

In the transport-diffusion coupling, the situation is more complicated as w - Vuy, + G uyy — €q
has no reason to vanish on I'y ({2,). The first-order transport equation (82) then no longer holds and
needs to be replaced by the equation for w, in (77). As in the even-parity formulation considered in
[5], we obtain the coupling of the diffusion equation with the second-order transport equation, not
the first-order transport equation. This further exemplifies the importance of the boundary conditions
(or of the interface conditions in the transport-diffusion coupling) when using second-order variational
formulations of first-order transport equations (see also [25, 26]).
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3.3 Convergence and error estimates

The convergence results and error estimates are very similar to those for the diffusion approximation
and the even-parity formulation developed in [5]. We outline the differences. Let u. be the transport
solution, uc. the coupled transport-diffusion solution, and du. = u. — uc.. We obtain as before that
Su. € W, so that

ae(Oug, due) = ac(ue, due) = Lo(du).

From (20) and (21), we still obtain that

1 _
16uellw + = 10ue — duell S flall + Vellglly-

This implies the convergence of du. to w (after possible extraction of a subsequence) and w = W so
that w € We; whence a.(due, w) = 0. Passing to the limit ¢ — 0 in the above variational formulation
yields that w = 0.

In order to obtain convergence results, we still split L. as in (52). The contribution coming from L
is of order O(e) as before and we thus concentrate on the contribution from Lg. Let us define 15, as

((EGE)’l/JQE, v) = Lo(v) — ac(uce, v), Yve W
,(/)28 =0.

(83)

We verify that 1o, is given by

Poe (%, w) = Yai(x) [H (w VH.(w) - Vuce — V- D.Vuce

(84)
+ew - VH.(q) — 2DeV - q)}
This is the main difference with respect to the diffusion case. Because the (second-order) transport
solution is calculated on f(2,, the correction term only involves errors made on (24;. So when the
coefficients o, and k, wildly oscillate or do not have the correct behavior to justify the diffusion
approximation on (2;,, they will generate errors only through the behavior of uc., whence 5., on 2g;,
where the validity of the diffusion approximation renders these errors much smaller.

The rest of the derivation is then as in section 2.5. We obtain that du. is of order € in W provided
that 1o, is sufficiently regular on 2y;. Let us define Wi as the subspace of W of functions u(x,w)
such that @, (x) = 0 for [n| # 1 on 24;. When the boundary conditions are treated with the transport
equation so that ¥o. |, , and the corrector uice given by the orthogonal projection of u. onto Wi is
added to uc., we obtain an approximation of order £2 provided that vy, is sufficiently regular as in [5].

4 Generalized diffusion models

When the diffusion approximation does not hold in an area relatively large compared to the transport
mean free path but still small compared to the overall size of the domain, the transport-diffusion cou-
pling presented above may be the only alternative to the more costly full transport solution. There are
cases however where the area of invalidity of diffusion is sufficiently specific so that more macroscopic
models may be defined. An example is the treatment of clear layers in optical tomography, where diffu-
sion does not hold locally although modified (generalized) diffusion models can still be used efficiently.
We refer to [4, 6] for the derivation of such a model and to [2, 3, 13, 17, 29] for additional references
on the problem.

It is not clear how to derive the generalized diffusion models presented in [6] by purely variational
means and orthogonal projections. Our objective in this section is rather to extend the models developed
in [4, 6] to more general geometries of non-scattering inclusions. From the application’s viewpoint, the
main novelty of the following derivation is the treatment of narrow non-scattering tubes or filaments
in three-dimensional geometry surrounded by highly scattering media. This may have applications in
radiation problems in astrophysics and atmospheric cloud modeling. We consider non-scattering and
non-absorbing inclusions to simplify the presentation although the results can be generalized to weakly
scattering and absorbing media as in [4].
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The framework we consider here is the following. Let {2 be a smooth compact domain in R™ and
(2. a smooth non-scattering subset of 2. We consider the transport problem: find u. € W such that

w - Vue + Goue = eq(x), in A\, xV
w-Vu, =0, in 2. xV (85)
ue = 0, on I_.

It is understood that the jump of u. across X, = 92. vanishes since u. € W. We consider the case where
G, is isotropic and given by (36) to simplify. The diffusion approximation holds in 2\ {2. but not in (2.
Because scattering and absorption are supposed to vanish in (2., the variational formulations defined
in earlier sections need to be regularized (see [26] for more details on this problem). Yet independently
of this issue, we claim that for specific forms of (2., there are simpler methods to approximate u. than
the transport-diffusion coupling introduced in the previous section.

4.1 A non-local diffusion equation

We model (2. as follows. Let X' be a smooth (non self-intersecting) closed (to simplify) surface of co-
dimension d in the n—dimensional domain (2. Then (2. is the subset of {2 of points that are sufficiently
close to X

. ={xe2;, dx,%) <L}, (86)

where d(x, X)) is the Euclidean distance from x to X and L. is a constant that depends on e. We may
thus parameterize (2. as X' x Br_, where By_ is the d— dimensional ball of radius L., at least for
sufficiently small L.

Let T% X be the n — d dimensional vector space of vectors tangent to X at x € X and Ny the d
dimensional vector space of vectors normal to X' at x € Y. The tangent and normal bundles 7% and
N X are as usual the unions of T3 X' and N,X, respectively, where x runs over Y. We also define N as
the subset (x,n(x)) € NX such that |n| = 1 and Ny as the subset n € Ny X such that |n| = 1. The
latter set is isomorphic to the sphere S¢~1. It is the unit circle when X' is a curve in three dimensions
and is restricted to two points when X' is a surface in three dimensions or a curve in two dimensions.
We then realize that 9§2. = X'+ L.N is a smooth co-dimension one surface for sufficiently small L..

When L. is a positive constant independent of ¢, it is shown in [4] that u. converges as ¢ — 0 to
the solution U of a diffusion equation on {2\ 2. (which is in fact independent of €) with the boundary
condition on 0f2. that U is constant on 0f2. and the average of ‘g—g over 0f2. vanishes. This essentially
means that nothing much happens inside (2.. Because no scattering hampers the propagation of particles
within (2., an equilibrium is reached which stipulates that u. is approximately constant in {2..

A more interesting regime may be obtained when L. is allowed to depend on . We assume that
L. converges to 0 with e. If L. converges too slowly to 0, then we are back to the case where the
transport solution equilibrates to a constant inside (2.. If L. converges too fast to 0, then the non-
scattering inclusion is too small to have any effect and the approximate solution U, of u. becomes the
solution of a diffusion equation with no inclusion. There is an intermediate regime where the physics
is richer. Because L. < 1 in the regime of interest, we can assume that U, becomes constant on the
d—dimensional cross-section By = x + 7L-Ny for 0 < 7 < 1 as in [4]. This means that U.(y) on 9f2
depends only on x € X, where |x —y| = L. and generalizes the condition that the jump of U, across a
co-dimension one surface vanishes as in [4].

Let us now consider the response operator R. on the non-scattering inclusion (2., which maps
u|r_(990.) 10 u|r, (90.) solution of w-Vu = 0 in 2. Here, I'1(062.) = {(x,w) € 062 xV, fw-v(x) > 0}.
We also define I'y (x) = {w € V,2w - v(x) > 0} for x € 92, and note that 9By for x € X is the
subset of 92, at a distance L. from x. We decompose the response operator applied to functions U,
as R. = Ro + R, where Ry maps U (x) on I'_(92.) to Uz(x) on I'; (92.). The correction Ry will
be of order O(g) provided that L. is suitably chosen.

Following the same procedure as in [4], we obtain that an approximation U, of order O(e) of u.
satisfies the following equation
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V- D.VU. + o,U. = q, O\
oU. n
D. % L vy —, 00
Us(x+7Len) = Us(x), (7,m) € (0,1) x Ny, xeX
oU.
D, do = w-v(RU.)dpu(w)do, xe€X.
OBy on 9By JI'y (x)

The first two equations are the usual diffusion equation with boundary conditions on 2\{2. where
the diffusion approximation is valid. The third equation indicates that the solution U, is constant on
By for all x € ¥. The fourth equation, which is necessary to evaluate the latter constant, ensures
the conservation of the particle current through the interface 0By for each x € X. The left-hand side
models e ! times the current coming into the non-scattering inclusion, while the right-hand side is e !
times the current going out of the non-scattering inclusion:

/ w - vudq = / / w-vU.dqg + / / w-VvR.U.dq,
OBy XV OBy _(x) OBx J 't (x)

where v, solves w - Vv, = 0 in 2. and v. = U, on I'_(9f2.). Because Ry is the identity operator on
functions of the form U.(x), ¢! times the transport current takes the form given on the right-hand
side of the fourth equation in (87).

We thus obtain an equation for U.(x), which is much less expensive to solve numerically than the
full transport solution u.. Note however that the boundary conditions in the fourth equation of (87) are
non-local and require us to estimate R4 explicitly. In the case where X' is a co-dimension one surface,
then 0Bx and Ny reduce to two points for x € X and it is shown in [4] that (87) admits a unique
solution for e sufficiently small.

4.2 Generalized diffusion equation

It remains to find the value of L. for which R; is indeed an O(1) operator and to see whether the
non-local conditions in (87) can be localized. Both questions are answered by the same asymptotic
expansions as follows.

We first need to evaluate R1U.(x + L.n,w). For each (x + L.n,w) € I'{(x), we have a unique
y(x,n,w) € 02 \{x + Lcn} such that x + L.n —y = |x + L.n — y|w, by following the characteristics
of the operator w - V. Let us define X(x,n,w) as the closest point to y on Y. Then we have

RiU.(x+ L.n,w) = E(Us (x(x,n,w)) — UE(X)). (88)
Assuming to simplify that X' has positive curvature (in the sense that each curve in X has positive
curvature), then |x — X| < 1 when L. < 1. Let us define the tangent vector 7(w) € Tx X such that X
is on the (unique) geodesic starting at x with direction 7(w), and let d(x,X) be the geodesic distance
(on X) between x and X. Geodesics are meant here with respect to the induced metric on X seen as a
submanifold of R™ equipped with the Euclidean metric. Then we verify by Taylor expansion that

d?(x,%)

Uo(%) = Ue(x) = 7(@) - Vi (=5

T(w) - VUL ) (x) + O(d*(x, %)). (89)
Here Vy is the restriction (projection) of V to T X. We also define Vf as the restriction of V to NyX.
Neglecting the smaller-order term O(d3(x, X)), we see that the operator Ry is now local in x. Moreover,
it will be of order O(1) provided L. is chosen so that

1 d?(x,%)
- /an /Mx)w'VT(w) ~Vz(Tr(w)-VEUE)(x)du(w)do = Vs Dx(x)VxU.(x) = O(1). (90)

In other words, we want the (positive definite) second-order tensor Dx(x), defined explicitly in (90)
for a given geometry, to be of order O(1).

Tedious calculations similar to those in [4] show that for an interface X of co-dimension d > 1 in a
n = 2,3 dimensional domain (2, the domain (2. must be characterized by a radius L. such that
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L In Lo| = O(e). (91)

The result probably holds for larger values of n although this was not considered in detail. In the
physically interesting case n = 3, we therefore obtain that clear layers (where d = 1) of thickness
L. =~ /¢ (neglecting logarithmic terms) and tubes (where d = 2) of radius L. ~ ¢'/3 will have an
order O(1) effect on the diffusion solution. The case of clear layers is treated in [4, 6]. In the case of a
non-scattering tube, the limiting equation for U, as the thickness of the tube tends to 0 is thus given
by the local generalized diffusion model:

=V D VU + o,Uc = q, Q\E
ou ¢
D.— 4+ "y — N
gy = Un=0, 9 (92)
De(x) lim | 6 ViU.(x 4+ 10)du(0) = —Vx - De(x)VsU., X.
n— Nx

It may be easier to understand the solution of the above equation by recasting it in a variational form:
Find the unique solution U € HL(£2) such that for all V € Hi(£2), we have:

/ (D8VU-VV+UGUV)dx+%" UVdo(x) + / DsVsUVVdl(x) = / Vgdx.  (93)
2 X 2

a0

When n = 3 and d = 2, then I(x) is the (one-dimensional) arclength along the curve X and Vy is
nothing but %. The Hilbert space HL(£2) is defined as the completion of the pre-Hilbert space of
functions of class C! on £2 such that (U,U)s < oo, where the inner product (-, )y is defined as:

v, V}g:/Q(VU~VV+UV)dx+/ZVEUVngl(x). (94)

We know that Hi(£2) is a Hilbert space [28] and that thanks to the uniform positiveness of D, oq,
and Dy on their domains of definition, the variational formulation (93) admits a unique solution by
the Lax Milgram theory.

Note that functions in H'({2), defined in (31) as the natural space for the classical diffusion approx-
imation, do not necessarily admit traces on one-dimensional curves (though functions in H'*9(£2) do
for all 6 > 0). This renders the use of the above completion argument necessary to construct H(£2).
This issue does not arise for (co-dimension one) surfaces as functions in H'({2) indeed admit traces
on surfaces. In any event, from the numerical viewpoint, we observe that the non-scattering filament
is simply modeled by one additional integration over X in the variational formulation (93). This ren-
ders its numerical simulation rather straightforward and much less costly computationally than the full
transport equation or the non-local diffusion model (87).
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A Local second-order equation and linear corrector

This appendix provides some useful calculations related to the variational formulations introduced in
the text and sketches the derivation of the expression for the corrector of order €. We first verify that
by choosing a test function with support in {2 and by integrations by parts that the solution u. of (15)
also solves

(I -w-VG ) (w-Vu+Gu—eq) =0. (95)

Let us introduce the shift operators
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Sy =F 'S, F, (S40)p = Gintr. (96)

We then verify that -
w-V=05_4054.

Thanks to (40) and the above equalities, we deduce that (95) is equivalent to:

6An_ a 6An 5An 3 5An _knA
_[a Un-2 5 DUn 5 GUn | 5 FUnt2 }+UE iy
O¢ — kn:l Oe — knj»l Oe — knfl O¢g — kTLJrl € (97)
~ dn—1 a dn+1
=qn—¢|0 0 .
4 E{ O — kn_1 * Us*kn—&-l}

Let u be the transport solution. The equation for its orthogonal projection over linear functions in
the angular variable ITu is thus

Ot ~ Ol diy oc—ki .. do = 02
—10 0 0 =g —¢l|0 0 .
[ 0’57]90_'_ asfkg—i— Ue—ko}—’— 2 T a c Usfko—i_ O'sfkg:l

Up to terms of smaller order that can be estimated, this is

do
3 1=—0 .
€ E0,

+0

Us_kO UE_kO

—{3 O0l_1 Aty }+057k1ﬁ

We check that this is also the equation verified by
Uy = -G w-VU.),
up to smaller-order terms, which may be written in the Fourier domain as

(G- (w vU), =2

o — k1 ’
where U, is the diffusion approximation. Therefore, the expression for the corrector is:
Ui(x,w) = —eH(w) - VU (x). (98)

This is the usual expression for the first-order corrector to the transport solution in the absence of
boundaries.
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