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Abstract

We study the stability of the reconstruction of the scattering and absorption
coefficients in a stationary linear transport equation from knowledge of the full
albedo operator in dimension n > 3. The albedo operator is defined as the map-
ping from the incoming boundary conditions to the outgoing transport solution
at the boundary of a compact and convex domain. The uniqueness of the recon-
struction was proved in [3, 4] and partial stability estimates were obtained in [13]
for spatially independent scattering coefficients. We generalize these results and
prove an L!-stability estimate for spatially dependent scattering coefficients.

1 Introduction

Let the spatial domain X C R", n > 2, be a convex, open bounded subset with C!
boundary X, and let the velocity domain V' be S"! or an open subset of R™ which
satisfies inf ey [v| > 0. Let I'y = {(x,v) € 0X xV;£n(z)v > 0} where n(x) denotes the
outward normal vector to 0X at x € dX. The set I'_ is the set of incoming boundary
condition while I'y is the set where we measure the outgoing solution to the following
stationary linear Boltzmann transport equation in X x V:

vaf(x,v)%—a(x,v)f(x,v)—/k(w,v',v)f(x,v')dv':() in X xV, (1.1)
v
Jir_ = f-.

Here, f(z,v) models the density of particles at position x € X with velocity v € V.
The albedo operator A is then defined by

A:fo— fir,, (1.2)
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where f(x,v) is the solution to (1.1). The inverse transport problem consists of re-
constructing the absorption coefficient o(x,v) and the scattering coefficient k(z,v’,v)
from knowledge of A. Stability estimates aim at controlling the variations in the recon-
structed coefficients o(x,v) and k(x,v’,v) from variations in A in suitable metrics.

The forward transport equation has been analyzed in e.g. [5, 6, 8]. The inverse
transport problem has been addressed in e.g. [3, 4, 9, 10] with stability estimates
obtained in [9, 13]. For the two-dimensional case, in which proofs of uniqueness of the
scattering coefficient are available only when it is sufficiently small or independent of
the spatial variable, we refer the reader to e.g. [1, 11, 12].

To obtain our stability estimates, we follow a methodology based on the decompo-
sition of the albedo operator into singular components [3, 4] and the use of appropriate
functions on I'y with decreasing support [13]. In dimensions n > 3 the contribution
due to single scattering is more singular than the contribution due to higher orders of
scattering. As a consequence, the single scattering in a direction v’ generated by a delta
function f_ = d,,(x)d(v — vg) is a one-dimensional curve on dX. In order to obtain
general stability estimates for the scattering coefficient, one way to proceed is to con-
struct test functions whose support converges to that specific curve. It turns out that
it is simpler to work in a geometry in which this curve becomes a straight line.

We now briefly introduce that geometry and refer the reader to section 2 below for
a formal presentation. Let R be a positive real constant such that X is included in
the ball B(R) of radius R centered at x = 0. On (B(R)\X) x V, the absorption and
scattering coefficients vanish and we may solve the equation vV, f = 0. This allows us
to map back the incoming conditions f_ on I'_ as incoming conditions, which we shall
still denote by f_, on F_ and map forward the outgoing solution fjr, to an outgoing
solution f, on F, where we have defined

Fy :={(z £ Ro,v) e R" x V for (z,v) € R" x V s.t. vz =0, |z| < R}. (1.3)

In other words, F. is the union for each v € V' of the spatial points on a disc of radius
R in a plane orthogonal to v and tangent to the sphere of radius R.

The incoming boundary condition is thus now defined on F_ while measurements
occur on F, and we may define the albedo operator still called A as an operator mapping
f— defined on F_ to the outgoing solution f, on F.. We may now verify that the single
scattering in a direction v' generated by a delta function f_ = é(x — x¢)d(v — vy) for
(zo,v0) € F_ is a one-dimensional segment in F' ; see Fig. 1. Note also that the geometry
we consider here may be more practical than the geometry based on I'y. Indeed, we
assume that the incoming conditions are generated on a plane for each direction of
incidence, and, more importantly, that our measurements are acquired on a plane for
each outgoing direction. This is how the collimators used in Computerized Tomography
[7] are currently set up.

Under appropriate assumptions on the coefficients, we aim to show that A is a
well posed operator from L'(F_) to L'(F,). We shall then obtain a stability esti-



Figure 1: Geometry of the ballistic and single scattering components in dimension n = 3.
The source term is non-zero in the vicinity (in F_) of zy — Rvy in Py = —Rug + 1, (R).
The ballistic part is non-zero in the vicinity (in F) of z + Ruy in Py = Rug + 11, (R).
The thick “line” represents the support of the single scattering contribution in the
vicinity (in £} ) of the segment {x( — svj+t(s)v;s € (=R, R)} C P = Ru+11,(R). See
text for the notation.

mate for the reconstruction o(x) (or o(z, |v|)) and k(z,v,v") with respect to the norm
L(LY(F_),L*(Fy)) of A.

The rest of the paper is structured as follows. Because our geometry is not stan-
dard, we present a detailed analysis of the linear transport equation and of the singular
decomposition of the albedo operator in section 2. Most of the material in that section
is similar to that in [4]. One of the main physical constraints in the existence of solu-
tions to (1.1) is that the system be “subcritical”, in the sense that the “production” of
particles by the scattering term involving the scattering coefficient k(z,v,v’) has to be
compensated by the absorption of particles and the leakage of particles at the domain’s
boundary. Although this may be seen implicitly in [4], we state explicitly that the de-
composition of the albedo operator used in the stability estimates holds as soon as the
forward transport problem is well-posed in a reasonable way.

The stability results are stated in section 3. Under additional continuity assumptions
on the absorption and scattering coefficients, we obtain that (i) the exponential of line
integrals of the absorption coefficient and (ii) the scattering coefficient multiplied by the
exponential of the integral of the absorption coefficient on a broken line are both stably
determined by A in L(L'(F_), L*(Fy)); see Theorem 3.2. Under additional regularity
hypotheses on the absorption coefficient, we obtain a stability result for the absorption



coefficient in some Sobolev space H* and for the scattering coefficient in the L' norm.
The stability results in the geometry of (1.1) are presented in section 4. The proof of the
stability results and the construction of the appropriate test functions are presented in
section 5. Several proofs on the decomposition of the albedo operator and the uniqueness
of the transport equation have been postponed to sections 6 and 7, respectively.

2 Transport equation and albedo operator

We now state our main results on the stationary linear transport equation and the
corresponding albedo operator.

Let R be a positive real constant and let n € N, n > 2. Let VV be S*! or an open
subset of R™ which satisfies vy := inf,cy [v| > 0. For v € V| we define v := |Z—| Then,
we consider the open subset O of R™ x V' defined by

O :={(x,v) e R" x V | |z0| < R, |z — (z0)0| < R}, (2.1)
and let I’ be the set
F:={(z,v) e R"xV |z ell,(R)}, (2.2)
where
II,(R) :={z € R" | zv =0, |z| < R}, (2.3)

for all v € V. For all v € V we also consider
RO+ 1I,(R) :={Ro+z | x € TI,(R)}. (2.4)

When V' = S"~! then F is an open subset of TS"™! := {(z,v) € R"xS""! | vz = 0},
the tangent space to the unit sphere. When V' is an open subset of R™ (which satisfies
vo = inf,ey |v| > 0) then F is an open subset of the 2n — 1 dimensional manifold
{(z,v) € R" x V | vz = 0}. We also define F by

Fy :={(x £ Ro,v) € R" x V|(z,v) € F}, (2.5)

and recall that F_ is the set of incoming conditions for the transport equation while F,
is the set in which measurements are performed.
We consider the space L!'(O) with the usual norm

Ifllo = /0 |f(z,v)|dzdv, for f € L*(O). (2.6)

We also consider the space L'(F) defined as the completed Banach space of the vector
space of compactly supported continuous functions on F' for the norm

R 1
1 lle = / / s, § e D) (2.7)
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and similarly the spaces L'(F.) defined as the completed Banach space of the vector
space of compactly supported continuous functions on F. for the norm

I fellpe == /V/H " |v|| fe(x & RO, v)|dzdv, fr € L*'(FL). (2.8)

We assume that:

0<oe L®R"x V),

k(z,v',v) is a measurable function on R” x V' x V|

o(z,v) = k(z,v,v) =0 for (z,v,v) e R" x V x V| |z| > R, (2.9)
0 < k(z,0',.) € LYV) for a.e. (x,v') € R" x V and

op(z,0') = [, k(z,v',v)dv belongs to L®(R" x V).

Under these conditions, we consider the stationary linear Boltzmann transport equation

oV f(z,v) + o(x,v) f(z,v) — / k(z, o' v)f(x,0")dv' =0 in O, (2.10)
v
Sire = /-

Throughout the paper, for m € N and for any subset U of R™ we denote by xy the
characteristic function defined by xy(z) =0if x € U and yy(z) =1if z € U.

We now analyze the well-posedness of (2.10). The following change of variables is
useful.

Lemma 2.1. For f € L'(O), we have:

/Of(x,v)dxdv = /V/U o /_I;f(y + tv, v)dtdydv. (2.11)

Proof. First using (2.1) we have

/fxvdxdv—//)(oxv (z,v)dzdv.

Then for a.e. v € V using the change of variables {x € R" | |[0.2| < R, |z — (0x)0| <
R} - T,(R) X (=R, R), © — (x — (0x)0, +0x), we obtain (2.11). O

We introduce the following notation:
Tof = —vV,f in the distributional sense, A;f = —of, (2.12)
Azf = / k(x,v',v)f(x,v’)dv/, Tl = TO + Al: T = TO + Al + AQ = T1 + AQ,
1%

and the Banach spaces

W= {f € LYO,vldedv); Tof € L'O)}, [Iflw = Tofllo+ llvlfllo,
{f € LY0); Tof € L'(0)}, Iflhy = NTofllo + [ fllo-



We consider the space L(FL) defined as the completed Banach space of the vector space
of compactly supported continuous functions on F4 for the norm

I fell o) = / / |f+ (2 + Ro,v)|dx'dv, for fi € L(Fy). (2.13)
V JII,(R)

Note that W € W and L'(Fy) C L(Fy). The spaces W and L(FL) are used only to
define the unbounded operators T and T; below. We obtain the following trace result.

Lemma 2.2. We have

[ fipsllre < Clliflw, (2.14)
for f €W, where C = max((2R)™*,1) and
117 sy < CHIfhas (2.15)

for f € W, where C" = max((2R)™",vy1).

Proof. Let f be a C' function in R™ x V' with compact support. Then from (2.11), it
follows that

R
HfHWZ/v/U(R) /R(|v||%f(x'iw,v)|+|v||f(x'it@,v)|)dtdx'dv. (2.16)

Let v € V and 2’ € R"™ such that va = 0. Note that f(z’ F Ro,v) = f(a' £ t0,v) —
ffR 4 f(a' £ sb,v)ds for all t € (=R, R). Hence |f(z/ F Ro,v)| < |f(2/ +td,v)] +

ffR |% f(x' £ s0,v)|ds. Upon integrating the latter equality, we obtain

R R

|f (2" F Ro,v)| < % /R |f(2x' £ to,v)|dt + /R |di8f(x' + s0,v)|ds. (2.17)
Combining (2.16) et (2.17), we obtain (2.14). The proof of (2.15) is similar. O
For a continuous function f_ on F_, we define the following extension of f_ in O:
Jf_(x,v) = el ole=stbvlds ¢ (1 (20 4+ R)0,v), (x,v) € O. (2.18)
Lemma 2.3. For f_ € L'(F_) with C = 2R(1 + v {|0]|s0), we have:
1T f-llw < Cllf-IlF-- (2.19)

Proof. Let f_ be a compactly supported continous function on F_. From (2.11) and
(2.18) it follows that

R
_ T > ¥ —|v\_1fi o(x'+sd,v)ds /
— - — 9 -~ —||F_- .
ol 77-llo /1ﬁmu*m van[z . dida’'dv < 2R\ f_|lx . (2.20)
Vv v(R) —R

One can check that Jf_ satisfies ToJ f- = —A;J f_ in the distributional sense. Therefore
using also (2.20) we obtain [T/ f_[lo + o]0 < (1+ | Aol ) <[[[ol7f-]lo =
2R(1 + v t|o|lso)|l f-|| 7., which proves the lemma. O



2.1 Existence theory for the albedo operator
We consider the following unbounded operators:
Tif =Tif, Tf =Tf, D(T1) = D(T) = {f € W; fir. =0}.  (221)
The operator Ty : D(Ty) — L'(O) is close, one-to-one, onto, and its inverse Ty~ ' is
given for all f € L'(O) by
R+xv Lt .
T, ' f(z,v) = —|v|_1/ eI o olw=stn)ds £(0 45 0)dt, (x,v) € O. (2.22)
0

Lemma 2.4. The following statements hold:

i. The bounded operator |v|T1~' in L*(O) has norm less or equal to 2R and the
bounded operator As|v|™' in L'(O) has norm less than |||v| ™ o,(z,v)|| (0.

1. Under the hypothesis
o—o,>0, (2.23)

the bounded operator AsT1™" in LY(O) has norm less than 1 — =280 lovll
iii. Assume either condition (2.23) or
2R|||v| " oy (@, )| L0y < 1. (2.24)
Then I + AyTy 7" is invertible in L'(O).
Lemma 2.4 is proved in section 7. We denote by K the bounded operator in
LY(O, |v|dzdv) defined by K = Ty ' Ay:
R+axv L A
Kf(x,v)= —|v|_1/ eI o ole=so)ds (A £Y(z — 15, 0)dt, (z,0) € X x V,
0

for all f € L'(O,|v|dzdv). The operator K also defines a bounded operator in L'(O).
This allows us to recast the stationary linear Boltzmann transport equation as the
following integral equation:

I+K)f=Jf_. (2.25)
The existence theory for the above integral equation is addressed in the following result.
Proposition 2.5. The following statements hold:
i. The conditions (2.26) and (2.27) below are equivalent.

The bounded operator I + K in L*(O) admits a bounded

inverse in L*(O). (2.26)
The bounded operator I + Ay Ty~ in L'(O) admits a bounded
inverse in L*(O). (2.27)



ii. Assume either (2.23) or (2.24). Then condition (2.26) is satisfied.
iii. If (2.26) is satisfied then

the bounded operator I + K in L*(O, |v|dzdv)
admits a bounded inverse in L*(O, |v|dzdv). (2.28)

Proposition 2.5 is proved in Section 7. The following proposition deals with the
existence of the albedo operator.
Proposition 2.6. Assume (2.28). Then

i. the integral equation (2.25) is uniquely solvable for all f- € L) (F_) and f € W ;

i. the albedo operator A : f_ w— fi. = fip, is a bounded operator A : L*(F_) —
LA(F,).

Proposition 2.6 is proved in Section 7.

2.2 Singular decomposition of the albedo operator

We assume that condition (2.28) is satisfied. Let us consider the operator
R : LY(O, |v|dzdv) — L*(F,), defined by

P — R = (K%)lF+ , (2.29)

for ¢» € LY(O, |v|dzdv). Using the equality (in the distributional sense) ToK f = —A; f —
Aof for f € LY(O,|v|drdv) and the boundedness of the operators A; and A, from
LY (O, |v|dzdv) to L' (O, dzdv) and using (2.14), we obtain that R is a well defined and
bounded operator from L'(O, |v|dzdv) to L*(F). We shall use the following lemma for
the kernel distribution of R.

Lemma 2.7. We have the following decomposition:

Ri(a,v) = [ flav o' o)l i (2.30)
o
for a.e. (z,v) € Fy and for any ¢ € L'(O,|v|dxdv), where
0 < |8 e L>®(0, L (Fy)). (2.31)

In addition if k € L®°(R™ x V x V), then for any e’ > 0,5 >0, and any 1 < p <
1+ ﬁ there exists some nonnegative constant C(e',6,p) such that

v)f(x, v, 2" 0" vldrdy

V J Ro+11,(R) L (O 1)

S

6 5p (// |¢ L5 v ‘P dxdv) +5/||¢”L°°(F+)> (2.32)
Ro+11,(R)
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for any continuous compactly supported function ¢ on Fy such that suppe C {(x,v) €
Fy | |v| <67}, and where p'™ " +p~1 = 1.

Lemma 2.7 is proved in Section 6. The last inequality shows that the kernel of
the second scattering operator R is more regular than is indicated in (2.31). When
V' is bounded, then we can choose ¢ = 0 in (2.32), in which case we obtain that
W78 € L>(0,LP(Fy)) for 1 < p < 2. This regularity is sufficient (while that
described in (2.31) is not) to show that multiple scattering contributions do not interfere
with our stability estimates. Taking account of Lemma 2.7, we have the following

decomposition for the albedo operator.

Lemma 2.8. Under condition (2.28), the following equality in the distributional sense
15 valid

Ap_(z,v) = // oz, v, 2, v)p_(z' — Rv',v')da'dv'
v JI,,(R)

(2.33)
+ /ﬁ(:ﬂ,v,x',v')((l+K)_ngb_)(x',v')d:B’dv',
)

for a.e. (xz,v) € Fy and for any C' compactly supported function ¢_ on F_, where

alz,v, 2’0 = ay(z,v,2,0) + as(z,v, 2", 0), (2.34)
Oél(I, v, {L‘/, ?}/) _ €—|q)|*1 ']-021{ a(x—s@,v)ds(sv(Ul)(sxi(m;/)&/ (IE/), (235)
2R -
042($ v. 1 ’U/) _ |,U|—1/ 6—|v|*1 f(f o(z—st,v)ds—|v' |1 fORjL(sz)vlU(a:—tﬁ—sﬂ’,v’)ds
y Uy
0

xk(z —to,v',v)d o (@')dt, (2.36)

z—t0—((x—t0)v
for a.e. (x,v) € Fy and (',v") € F, and where (3 is given by (2.30).

Lemma 2.8 is proved in Section 6. The above decomposition is similar to that
obtained in [3, 4] except that the multiple scattering contribution is written here in
terms of the distribution kernel of R rather than that of R(I + K)~'J.

3 Stability estimates

In this section, we give stability estimates for the reconstruction of the absorption and
scattering coefficient from the albedo operator following the approach in [13].

We assume that conditions (2.9) and (2.28) are satisfied and that there exists a
convex open subset X of R® with C' boundary X such that X C B(0,R) := {z €
R™ | |z| < R} and

the function 0 < o|xy is continous and bounded in X x V,
the function 0 < kjxxv v is continous and bounded in X x V x V, (3.1)
o(r,v) =k(z,v,v)=0forz &€ X, (v,0) €V x V.
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Let (&, /:;) be a pair of absorption and scattering coeflicients that also satisfy (2.9),
(2.28), and (3.1). We denote by a superscript ~any object (such as the albedo operator
A or the distribution kernels &;, i = 1,2) associated to (&, k).

Let (z{,v{) € F such that the intersection of X and the straight line {tvy+xj | t € R}
is not empty. The point (z, — Rv}, v}) € F_ models the incoming condition and is fixed
in the analysis that follows. For ¢ > 0 let f. € C{°(F-) such that ||f]|r. =1, f. >0
and suppf. C {(z/ — Rv',v') € F_ | |/ —vj| + |2’ — x| < €}. Hence |[v/|f. is a smooth
approximation of the delta function on F_ at () — Rul, v}) as € — 0" and is thus an

admissible incoming condition in L'(F_). The support of f. is represented in Fig. 1.
For a.e. (x,v) € F,;t € Rand v € V let E(x,t,v,v") > 0 be defined by

/-1 f0R+(z—tf;)ﬁ’

E((L’, t v, Ul) — 6—|v|*1 fiRU(a:—sﬁ,v)ds—\v a(x—tﬁ—st’,v’)ds' (32)

Replacing ¢ by & in (3.2) we also define E(x,t,v,v') for a.e. (z,v) € F, t € R and
v eV.
Let 6 > 0 and let ¢ be any compactly supported continuous function on F; such
that |||l <1 and
suppo  {(z,v) € Fy | ol < 671}, (3.3)

Then using (2.33) and (3.2) we obtain for £ > 0 that

/V/R#H/ | v|d(z,v) (A — A) fo(2,v)dzdv = L,($,€) + (¢, €) + I3(p,€),  (3.4)

where
e = [ [ elote + Reo) (e st
v JIL,(R)
P &(1*3”5’”)“’) fe(x — RO, v)dxdv (3.5)
R
o) = [ [ swrriw [ -0 B )
VxV R) —-R
—k(z — t@,v',v)E(m,t,v,v’)) (3.6)
fo(z —t0 — (x — td)v' — Rv',v")dtdzdvdy’,
Li(g,e) = L(¢,e) — I3(o,e), (3.7)
and where
L(p,e) = / lv|o(z /ﬁ z, 0,0 0) (I + K) ' Jf) (2, v)de'dv'dedv,  (3.8)
Ro+11, (R

I5(¢p,¢) //R|v|¢ /ﬂx v, 2’ V) (I 4+ K)"VJf) (2,0 de' dv'dedv.  (3.9)

O+11, (R
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In addition using the estimate ||¢||o < 1, item ii of Proposition 2.6 and the definition
of f., we obtain

[o]¢(z, v)(A = A) fe(z, v)dedv| < [|(A— A)fe]lr,

v J Ro+11,(R)
< A= Allerrr el ol = A = All e y,oi e,y (3.10)

3.1 First stability estimate

We now prove a stability estimate under conditions (2.9), (2.28), and (3.1). Taking
(3.5)—(3.7) into account, we obtain the following preparatory lemma:

Lemma 3.1. Assume that (o, k) and (5,k) satisfy conditions (2.9), (2.28), and (3.1).
Then the following limits and estimate hold:

Li(e) — olah+ Rup,vp) (3.11)

e—0

Y

h(6.e) — 1}6)+ (0, (3.12)

_1 (R = 5
( —lvol™ 1f_ o(zy— svo vy)ds _e—\v{)| 1f_Ra(16—svg,v(’))ds)

for any compactly supported continuous function ¢ on F, where

2 = // (k — k a;o—i—tvo,vo,) (3.13)

|vp]
X [p(x + RO, v)E(x,t,v,0))] 1=y vy 1.0y dt'dv,

= 1(16 ’L)(/) t! 'U)

2 - ‘/U‘// $0+tU0,U0, ) (314)
0

x 6o + Ro,0)(E — B)(a,t,v,v)) dt'dv,

t:t(zé,vé,t’,v)

:c:ac(:c(),v(’),t’,v)

where E and E are defined by (3.2) and
(t(zh, vt 0), w(zh, v, 1 v)) = (—(.rg +H0p)0, w4t — ((xh + tu}g)@)@) . (3.15)
fort" € R. In addition, for all e’ >0, 6 > 0 and for all 1 <p <1+ ﬁ there exists

some nonnegative real valued constant C'(g',9,p) such that

e>0

sup |I3(¢,e)| < C (C’(s 0,p) (/ / Xsuppe (T + RO v)dwdv)ll —|—€’> ,  (3.16)

11



for any compactly supported continuous function ¢ on F, which satisfies ||¢||cc < 1 and
(3.3) for 6 >0, where ' +p~' =1 and

C:= QRH(] + K)_IHL(Ll(OJv\da:dv)) + 2R||(] + K>_1||L(L1(O,|v\dxdv))' (317)

Lemma 3.1 is proved in Section 5.

Taking account of Lemma 3.1 and (3.10), and choosing an appropriate sequence of
functions “¢”, we obtain the main result of the paper:

Theorem 3.2. Assume that n > 3 and that (0, k) and (5,k) satisfy conditions (2.9),
(2.28), and (3.1). Then the following estimates are valid:

_ "R “ — "R~ “
o167 [ o —svhup)ds _ =l [ 5wl —sv,04)ds

< A= Allgrrypiry;  (3.18)

R
il [ = R+ 0| LB 0, g
VJ-R z=x(z(),v(),t' v)
< ORI 5y wh + 105,05 iy sup [(B — B)at,0,4h)
(z,v)EF
teR

A = All e m .20 2, (3.19)

where E and E are defined by (3.2), and where (t(zg, v, t' v), x(xh, v, t',v)) is defined
by (3.15) fort' e R andv € V.

Theorem 3.2 is proved in Section 5.

Remark 3.3. Under condition (2.26), we can obtain similar estimates to those in The-
orem 3.2 for the albedo operator defined on L(F_) with values in L(F). Note that
L(Fy) = LY(Fy) when V is bounded.

3.2 Stability results under additional regularity assumptions

The second inequality in Theorem 3.2 provides an L' stability result for k(z, v, v) pro-
vided that o(x,v) is known. The first inequality in Theorem 3.2 shows that the Radon
transform of o(z,v) is stably determined by the albedo operator. Because the inverse
Radon transform is an unbounded operation, additional constraints, including regular-
ity constraints, on o are necessary to obtain a stable reconstruction. We assume here
that v

{m lveV}=8"" Vy:=sup|v| < o0, (3.20)

veV
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and that the absorption coefficient ¢ does not depend on the velocity variable, i.e.
o(z,v) = o(x), z € R"; see also remark 3.5 below. Then let

= {(o(z), k(z,v",v)) € L(R") x L®(R" x V x V) | (0, k) satisfies (3.1),

(2.9) and (2.28), and ox € H2™(X), loll 3y < M, llopllee < M}, (3.21)

for some 7 > 0 and M > 0. Using Theorem 3.2 for any (z{,v;) € F such that the
intersection of X and the straight line {tv{ + z, | ¢ € R} is not empty, we obtain the
following theorem.

Theorem 3.4. Assume that n > 3. Under condition (3.20), for any (o,k) € M and
(6,k) € M the following stability estimates are valid:

lo = o llx) < CullA - AH%(Ll(F,),Ll(FJr))a (3.22)

where —% <s<g+7T,0= 2= ond Cy = Cy(R, X, vy, Vo, M, s,7);

n+14+27 7

R
/ / ’k(xg + t'vl, v, v) — k(g + t'v, vg, v)‘ dt'dv
vJ-R

< CQHA_AH%(D(F_),D(E_) (1+ [ AHL LU(F_),L\(Fs ))) (3.23)
for (zg,v)) € F such that xy + t'v), € X for some t' € R, and where = #J:Q)T,
0<r<r7, and Cy = Cy(R, X, vy, Vo, M,r,7); in addition,
Hk - IN{HLl(R"xVxV)
< Gl A= Albugy gy (LH 1A= Al oy ) (3:20)

where 6 = J(r1+2)r,0<7°<7" and C3 = C3(R, X, vo, Vo, M, 7, 7).

Theorem 3.4 is proved in Section 5.

Remark 3.5. Theorem 3.4 can be extended to the case 0 = o(x,|v]) and V = {v €
R™ | 0 < A <|v| <Ay <oo}. In this case the class M is replaced by the class

N = {(o( Jk(z,v' v) € LR x V) x L®(R" x V x V) |
(0, k) satzsﬁes (3 1), (2.9) and (2.28), ||oplle < M and for any X € (A1, \2),

oix(,A) € Het(X ), sup |lo(., < M}. (3.25)

M g+
et HE7(x)

Then the left-hand side of (3.22) is replaced by supye(y, 1y (-, )\)”H%+'F(X)

whereas the right-hand side of (3.22) and estimates (3.23)—(3.24) remain unchanged
(see the proof of Theorem 3.4).
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4 Stability in I';

We now come back to the original geometry in (1.1) and present a similar stability result
(Theorem 4.3 below) to Theorem 3.4. The case of a scattering coefficient k(x,v',v) =
k(v',v) that does not depend of the space variable x was studied in [13]. We now
introduce the notation we need to state our stability result.

Recall that X C R™, n > 2, is an open bounded subset with C! boundary 90X, and
that V is S"~! or an open subset of R™ which satisfies vq := inf,cy [v| > 0, and that the
linear stationary Boltzmann transport equation in X x V takes the form

oV f(z,v) + o(z,v) f(z,v) — / k(x,v',v)f(x,0)dv'=01in X x V,  (4.1)
v
Jr_ = /-

We assume that (o, k) is admissible if
0<oel™XxV),
k(x,v',v) is a measurable function on X x V' x V, and
0 < k(z,0',.) € LYV) for ae. (x,v') € X xV
op(z,v') = [, k(z,v',v)dv belongs to L>®(X x V).
For (z,v) € (X xV)UI'g, let 7o (x, v) be the real number defined by 74 (x,v) = sup{t >
0|x+sve X forall s € (0,t)}. For (z,v) € X x V, let 7(x,v) be defined by

(4.2)

T(x,v) = 74 (2,0) + 7_ (2, V).

For (xz,v) € I'yz, we put 7(z,v) = 7(z,v). We consider the measure dé(z,v) =
|n(x)v|du(z)dv on I'y. We still use the notation Ty, T, T, A;, and Ay as in (2.12)
and introduce the following Banach space

W:={fe LlNX xV);Tof €c L"(X xV), 7' fe L'(X x V)},
I fllw = ITof |l x xvy + ||T_1fHL1(X><V)-
We recall the following trace formula (see Theorem 2.1 of [4])
I firellori.ae) < | fllw, for feW. (4.3)

Estimate (4.3) is the analog of the estimate (2.14) in the previous measurement setting.
For a continuous function f_ on I'_, we define J f_ as the extension of f_ in X x V
given by :
T_(z,v)
T f(x,v) =e Jo ole—svv)ds ¢ (3 7 (z,0)v,0), (z,v) € X x V. (4.4)
Note that J has the following trace property (see Proposition 2.1 of [4]):
N\ T f-llw < Cll f=|ler_ ae)s (4.5)

for f- € LY(T'_,d¢), where C = 1 + diam(X)vy ' ||o|lec and where diam(X) :=
Sup, yex |2 — y|. Estimate (4.5) is the analog of estimate (2.19) in the previous mea-
surement setting.
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4.1 Existence theory for the albedo operator
We denote by K the bounded operator of L'(X x V, 77 'dzdv) defined by

7 (z,v) g
Kf(z,v) = —/ e~ Jo ”(x_sv’”)ds/ k(z, v v)f(x —tv,o")dv'dt, (x,v) € X x V.
0 v

for all f € L'(X xV, 77 dzdv). We transform the stationary linear Boltzmann transport
equation (4.1) into the following integral equation

I+K)f=Tf- (4.6)
We have the following proposition, which is the analog of Proposition 2.6.
Proposition 4.1. Assume that

the bounded operator I + K in L' (X x V, 77 'dzdv) admits a bounded inverse
in LN X x V, 77 dxdv). (4.7)

Then
i. the integral equation (4.6) is uniquely solvable for all f— € LY(T'_, d§), and f € W,

i. the operator A : LYT'_,d¢) — LY(T'y,d€), f- — fir,, is a bounded operator. This
operator is called the albedo operator A for (4.1).

The above proposition can be proved by slightly modifying the proofs of Propositions
2.3 and 2.4 of [4].

Remark 4.2. i Assume that X is also conver. Let f € LY(Fy) be such that
suppf C {(z,v) € Fy | x +tv € X for somet € R}, where Fy is defined by
(2.5) and R > diam(X). Then we obtain that:

/ / f(z £ Ro,v)|v|dedv = f(yz(z,v),v)dE(z,v), (4.8)
v JI,(R) Iy

where vy (z,v) = x—(x0)0£ RO for any (x,v) € T'x. Therefore, considering results
on ezistence of the albedo operator A obtained in [4] and our assumptions (2.9),
equality (4.8) leads us to define the albedo operator A from L*(F_) to L*(F,).

ii. The condition (4.7) is satisfied under either of the following constraints:

ITopllee < 1, (4.9)
oc—o, > 0. (4.10)
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195. Assume that

the bounded operator I + K in L*(X x V') admits a bounded inverse
in LY(X x V). (4.11)
Then we can define the albedo operator from LY(I'_,d€) to L*(I', d€) where df =

min(7, A)d¢ and where X is a positive constant. To prove this latter statement, we

need trace results for the functions f € W := {f € LN X xV) | Tof € L"(X xV)}.

w. Under (4.9) and the condition ||To| < oo, the existence of the albedo operator
A LYT_,d¢) — LYTy, d€) is proved in [4] (Proposition 2.3) when V is an open
subset of R™ (the condition inf,cy |v] > 0 is not required).

v. Under the condition o — o, > v > 0, the existence of the albedo operator A :
LYT_,d§) — LNy, d€) is proved in [4] (Proposition 2.4) when V is an open
subset of R™ (the condition inf,cy [v] > 0 is not required).

Finally under (4.7), we also obtain a decomposition of the albedo operator A similar
to that of A given in Lemma 2.8.

4.2 Stability estimates

We assume that X is convex and

the function 0 < ¢ is continous and bounded on X x V,

the function 0 < £ is continous and bounded on X x V x V. (4.12)

Let (5, k) be a pair of absorption and scattering coefficients that also satisfy (4.12),
(4.2) and (4.7). Let A be the albedo operator from L'(I'_, d¢) to L' (T, d¢) associated to
(5 k). We can now obtain stability results similar to those in Lemma 3.1 and Theorem

. Consider

M = {(o(),k(z,v',v) € H2(X) x C(X x V x V) |
(0, k) satisfies (4.12), (4.7), o]l y347 ) < M, [|op]loo < M} (4.13)
for some 7 > 0 and M > 0. We obtain the following theorem.

Theorem 4.3. Assume n > 3. Under conditions (3.20), for any (o,k) € M and
(6,k) € M, the following stability estimates are valid:

Hs(X) S ClHA - AH%(Ll(r,,dg),Ll(FJr,dg))7 (4-14)

where —1 < s < 2 +7F, 0= n+20-9) ond Oy = C1(X,vo, Vo, M, s,7);

n+1+27
// (zvp)

< OollA = Alla o aeonryae) <1 + 1A = Al e ae),o0rs, df)))

lo —al

k(2 4 o), vh, v) — k(xh + 0, v}, "U)’ dt'dv (4.15)
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for (xg,v)) € '~ and where 6 = Qiqu ,0<r <7, and Cy = Co(X,vo, Vo, M, 1, 7). As
a consequence, we have

||k_l~€||L1 (XxVxV)
< CollA = Mgy ey (1+ 18 = Al aoineyaey)» (416)

where 6 = J(FHZ)T, 0<r<r7, and C3 = C3(X, vy, Vo, M,r,T).
The proof of Theorem 4.3 is similar to that of Theorem 3.4.

Remark 4.4. Theorem 4.3 can also be extended to the case o = o(x,|v|) and V = {v €
R™ | 0 < A < |v| <Ay <oo}. In this case the class M is replaced by the class

N = {(o(z,|v]),k(z,v,0)) e C(X x V) x C(X x V x V) |
(0, k) satisfies (4.12), (4.7), |lopllec < M, and for any A € (A1, A2),
oix(,A) € H2(X), sup lo (. Ml g3+ < M- (4.17)

)\E()\l)\g)

Then the left-hand side of (4.14) is replaced by supyg(y, 1y (-, /\)||H%+;(X)
whereas the right-hand side of (4.14) and estimates (4.15)—(4.16) remain
unchanged.

5 Proof of the stability results

We now prove Lemma 3.1 and Theorems 3.1 and 3.2.

Proof of Lemma 3.1. Using the fact that X is a convex subset of R” with C'! boundary
and using (3.1), we obtain that

the function R x R" x V' 3 (t,z,v) — / o(x — sv,v)ds is continous
at any point (¢,Z,0) such that Z 4+ nv € X for some real 7. (5.1)

The same statement holds by replacing o by . From (3.5), it follows that

// (x,v) fe(x — RO, v)|v|dzdv, (5.2)

|z|<R

where ®; is the bounded function on F' defined for (z,v) € F by

®y(z,v) = ¢(z + Ri, v) (e_‘”rl JTrotwsowds _ o=lol™* [Ty 5’”‘”’”‘“) . (5.3)
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From (5.1) and the continuity of ¢, it follows that ®; is continuous at the point
(xg,v)) in F. Therefore using (5.2) and the definition of the functions f., we obtain
lim. .o+ [1(¢,e) = ®1(xp, v)), which implies (3.11). Performing the change of variables
T —th = 2’ + t'v' with 20/ = 0 (“dtde = dt’dz"") in formula (3.6) and using (3.1), we

obtain
LI(¢,¢) / / (// By (', 0) fola’ — R0 |0 |da’ dv) dvdt’, (5.4)

Dy po(a’,v) = 0if ' +t'0 & X, (5.5)

where

and

1 . 5
Dy 1 y(2',0) = o] (k(x’ + ', v ) [¢(z + RO, v)E(2, t, 0, 0")] imear o 4709

z=xz(z/ vt/ v)

— k(' +t'0 0", v) [gb(x + Ro,v)E(z,t,v,v )] t—t(z’,v’,t’,v)) (5.6)

z=z(z/ vt/ v)
if o' 4+ t' € X,
for (t',v) € (=R, R) x V, where
(t(x' V' ), (2 W v)) = <—(x’ + )0, Y — (2 t’ﬁ’)ﬁ) , (5.7)

for ' € R", v,v" € V, ' € R. Let ' € (=R, R) such that x(, + t'vj € X, and let v € V.
Then from (5.1), (3.1)-(3.2) and (5.6)—(5.7) it follows that ®5 , is continuous at the
point (zf,v}). Hence

// By (2! V) fo(z — RO |da! dv' — By pr (), 0)), as e — 0. (5.8)
z/v!=0

|z’ |<R

Moreover using (5.5)—(5.6) and using the estimate o > 0 (and (3.2)) and the equality
| f-]|7~ = 1 we obtain

k ];; 00 e su
/ (1)2 e ([L’ v )fa(x o RU LV )|U |d /d H + H |’¢HL (F+)X ppvqﬁ(v)’ (59)
vl Yo
for (t,v) € (=R, R) x V, where suppy¢ = {veV | Iz e R, 20 =R, ¢(z,v) # 0}.

From (5.8), (5.9), (5.4) it follows that lim. .o+ I5(¢,¢) f Jo ®opr v (2, vh)dv" dt,
which implies (3.12).

It remains to prove (3.16). We first estimate sup.., |l3(¢,€)|. Using (2.28), the
estimate ||.J fc|| 21 (0, jv|dear) < 2R||f||F. and the equality || f.||r. = 1, we obtain

I(1 + E) 7T fell o folawany < 2RI + K) 7|21 foldzany)s € > 0. (5.10)
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Let &/ >0and 1 <p <1+ -5 and p* +p/~' = 1. Using (2.31), (3.8), (2.32) and

the estimate ||¢||Lo(r,) < 1 we obtain

I3(¢,€)] =

((I+K) YT (2! / o(x,v) ﬁ(:v,v,x’,v')|v|dmdvdw'dv'
R'L)JrHv

< NI 4+ K)~" T fell 210, oldadn)

1
¢z, v)\v\mﬁ(ﬂc, v, &', v')dwdy

V J Ro+11,(R) L>(0)

< —Cl (C(e d,p) (/ / Xsuppqs(:z? v)dxdv) —|—5’) , (5.11)
Vo Ro+11y (R

where C(¢', 9, p) is the constant from (2.32), and
= 2R||(I + K)_1||£(L1(O,|v|drdv))‘ (5.12)

Replacing K, J, o and by K, J, & and 3 in (5.11)—(5.12), we obtain an estimate for
Sup,. [2(¢, ). Combining these estimates with (3.7), we obtain (3.16). O

Proof of Theorem 3.2. Let €1 > 0 and let ¢., be any compactly supported continuous
function on F, which satisfies 0 < ¢, <1 and

be,(x + RO, v) =1 for (z,v) € F, |z — x| + |[v —vp| < %, (5.13)
suppde, C {(z,v) € Fy, |v — Ro — x| + |[v — vp] < &1} (5.14)
From (3.11) and (5.13) it follows that
lim lim ]1(8 gbel) —@7‘U0| 1f_ o (x(— st vh)ds f\v0| lf_ &(zy— svo 'L}O)ds (515)
e1—0t e—=0*
From (3.16) and (5.14) it follows that
lim limsup|/3(e, ¢c, )| = 0. (5.16)
e1—0t o+
From (3.13), (3.14), it follows that
[12(¢,) + 15(e,) < (HkHoo+HkHoo)/szuppV%(v)dv, (5.17)

where suppy ¢, = {veV | Jzx € R", 20 =R, ¢, (x,v) # 0}. Note that using (5.14),
we obtain

/ Xsuppy ¢e, (V)dxdv < / dv— 0, ase; — 0T, (5.18)
174 veV

\v—v6\<€1
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From (5.18) and (5.17) it follows that
12(¢=,) + I3(9e,)] — 0, as er — 07 (5.19)
Note also that from (3.4) and (3.10), it follows that

11(¢21, )| < M = All ey, + 13 (0er,€) + I3(92y, )| + 1 3(620,€)], - (5.20)

for ¢ > 0 and £, > 0. Combining (5.20) (with “¢”= ¢.,), (5.15), (5.16) and (5.19), we
obtain (3.18). This provides us with a stability result for the absorption coefficient.

It remains to obtain a stability result for the scattering coefficient. We first construct
an appropriate set of functions “¢” (see (5.28) below). The objective is to construct a
sequence of such (smooth) functions whose support converges to the line in F, where
single scattering is restricted; see Fig.1. Moreover, we want these functions to be good
approximations of the sign of k — k on that support. This is the main new ingredient
that allows us to obtain stability for spatially dependent scattering coefficients. More
precisely, let U := {(t,v) € R x V | 2, + t'v} € X and (k — k)(z}, + t'0), v),v) > 0}.
Using (3.1), it follows that U is an open subset of R x V. Let (K,) a sequence of
compact sets such that UmGN =U and K,, C K,,;1 for m € N. For m € N let
Xm € C®(R x V,R) such that xg,, < xm < xv, and let

P = 2Xm — L. (5.21)
Thus using (3.1) we obtain

lim (k — k) () + t'vh, vh, v) pm(t',v) = |k — k| (2 + "0}, v}, v), (5.22)

m—-+00

for v € V and #' € R such that ) + t'v) € X U (R"\X). For (z,v) € F, such that v
and v}, are linearly independent, we define

d(z,v) == | —zy — ((x — 24)0)0 — ((z — x7) (5.23)

For (z,v) € Fy such that v and v are linearly independent, we verify that d(x,v) =
inf; yer |z + t0 — (2 + t'v})| and the infimum is reached at

Y

) = (=0 = (E)) (o= i) b k)0 520

1 — (iv))? 1 — (iv))?
Consider
. .o, 1 1
Vs = {(x,v) € F | |lt—R0| < R—0, |0 ——5vg| > 9, |v] < 5 d(z,v) < 7}, (5.25)
U

0
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~ 1 “ay/ 1
Var = {(w,v) € Py |lo—Ri| <SR-~ 7. b — | >0+ 7,
Yo
1
o] <6 =171 d(z,v) < 2_l}’ (5.26)

for 0 < 6 < min(R,vy') andl € N, I > (R—6)"' 4+ 4. For 0 < § < min(R,v,") and
leN, 1> (R—08)""+4,let x5; € C5°(Fy) be such that

Xf}&l g X3, S XV(;J' (527)

Finally, for 0 < § < min(R,v;"') and m,l € N, I > (R — )71 + 4, let ¢s,n1 € CF(Fy)
be defined by

¢5,m,l('r7 U) = X(S,l(x7 U)pm (t,7 U) (528)

(z—al)) (vh—(0v}))0)
1—(0v)))2
(See (5.22), (5.24) and (5.37)—(5.38) given below.) Note that from (5.28) and (5.27) it

follows that

=

Supp@smi < Vs (5.29)
Using (3.11), (5.29) and (5.25), it follows that

lim 1y(Psmi, ) =0, (5.30)

e—0t

for 0 < § < min(R,vy') and m,l € N, [ > (R — )1 +§ (we used that (z} + R}, v)) &
V(SJ).
Note that using (5.25) we obtain

v, (2,0) < xelz,v) <1, 1EN, I > (R-0)"" 49, (5.31)

llililo X Vs, <I7 U) = XVs (I7 U)? (532)

for (x,v) € Fy and 0 < § < min(R, v,'), where G is the compact subset of F, given by
G ={(r,v) € Fy | o~ Ril < R—0, [0~ Fhof| >, Jol <671} and
Yo
oo
Vs = {(z,v) € Fy | |t — Ri| < R—0, \@—%vél > 5, Jo < 67", d(z,v) = 0}. (5.33)
v,

0

Note also that, as n > 3, we obtain

/ / xv; (2 + Ro,v)drdv =0, 0 < § < min(R,vy"). (5.34)
|4 v(R)

From (3.16), (5.29), (5.31)—(5.34), it follows that

lim sup lim sup |I5(¢smy, €)| < € for any €' > 0. (5.35)

l—o00 e—0t
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Hence
lim lim sup | I3(¢sm, €)| = 0. (5.36)

I=0o oo+

Let 0 < § < min(R,vy"') and m € N. Using (5.28), (5.24) and (3.13), we obtain

R
Bosni) = [ [ famalt 0)itde, (5.37)
vJ-Rr
for | > (R —6)"" + 6 where
Jomi(t' 0) = " |(k k)( UO,Ué,U)pm(t/,U)
Yo
[X(S,l(x + R@,U)E(C(Z,t, v, U(I))] t=t(zf),v),t v) (538)

r= m(xo UO St v)

for ¥ € R and v € V such that v and v are linearly independent, where ((x{),vy,
' v), x(xy, vh, t',v)) is defined by (3.15) for v € V and ' € R.
Using the estimates o > 0, o]} <vy', 0 < X5 < 1, we obtain

ot 0)] < Vio(k )@ + £, 0l 0), (5.39)

for | > (R—6)"'+4,¢ € R and v € V such that v and v}, are linearly independent.
Using (2.9) and (3.1), we obtain that the function arising on the right-hand side of
(5.39) is integrable on V' x (=R, R). In addition from (5.25)—(5.27), (5.32) and (5.33),
it follows that

Joami(t',0) = fom(t',v) as l — +o0, (5.40)

for t € R and v € V such that v and v, are linearly independent, where

fsm(t',0) ‘ 0| (k — k) (y + t'vh, v, 0) pn(t', 0) (5.41)

X [xvs(x + R0, v) E(2,t,0,00)] imi(af w709
/

z:z(z’o,vo St )

for ' € R and v € V such that v and v} are linearly independent. Therefore we obtain
by the Lebesgue dominated convergence theorem that

im Iy (¢smi) = // Jsm(t',v)dt'dv. (5.42)

l—+oc0

Let 0 < 0 < min(R, vi'). We also have fsm(t',v) < v (k + k)(a} + t'v}, v}, v)), for
m € N. From (5.42), (5.41) and (5.22), it follows that

ml—lg-loolllinooj (Psmi) = // |Uo||k k| (2 + "0, v, v) (5.43)

[xvs (z + RO, v)E(z,t,v,v])] dt'dv.

t=—(:c6+t6v6213
il gl ]
T tv710+t ’UO
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From (5.43), we deduce

JE%Ierl—IH—loolll?oo[ (98m1) //R‘ 0|‘k ki :C0+tv0,vo, ) (544

/
X E(x,v,t,v) (e reryo A V.

z:z’o+t/vA6—((z/O+t/vA/O)'D)ﬁ
From (3.14), it follows that

2R . -
|13 (@5.ma)] < . 155 (2 + 05, vo) | 2o v, ) Sup (B — E)(x,t,v,v)|, (5.45)
x,v)E
teER

for 0 < 6 < min(R,vy'), m € Nandl € N, [ > (R —6)~' + 6. Using (3.4) and (3.10),

we obtain

| L2 (Psmi,€)| < || A— A||£(L1(F,),L1(F+)) + [ L1 (o,mus €)] + [ L3(Do,mus €)], (5.46)

for 0 < 6 <min(R,vy'), m € Nand [ € N, [ > (R — §)~' + 6. From (5.46), (3.11) and
(3.12), it follows that

13 (¢5mi)| < A=Al oy + 3 (Gsmi)| + |Elgél+ L (¢psmi, €)|
+ lim sup [13(Ps.m.i, €)|, (5.47)

e—0t

for 0 < § < min(R,vy'), m € Nand [ € N, [ > (R —6)"' + 6. Estimate (3.19) follows
from (5.47), (5.30), (5.36), (3.12), (5.44) and (5.45). O

Proof of Theorem 8.4. The method we use to prove (3.22) is the same as in [13]. Let
(0,k), (6,k) € M. Let f = 0 — & and consider Pf the X-ray transform of f = 0 — &
defined by Pf(x,0) := [ f(t0 + x)dt for ae. (v,0) € TS",

From (3.1) and f‘X € H>+(X), it follows that

1£1ly3 i < Dalo, OIIPA (5.48)

IPfll. - (/S /H P f(z,0) dmd&)

and D;(n, X) is a real constant which does not depend on f and Iy := {z € R" | 20 = 0}
for # € S*~'. Using (3.1) (and (o,k), (7,k) € M), it follows that Pf(x,0) = 0 for
(z,0) € TS"! and |z| > R. Therefore using also (5.48) we obtain

where

1113y < Dol P rsns, (5.49)
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where Dy(n, X) is a real constant which does not depend on o.
We also use the following interpolation inequality:

n+27

n+1427 n+1427
[ fll s ) < ||f||H2+T LA (5.50)
for % <s< g5 +7. Aso € M, it follows that
lollee < Ds(n, 7)[lo| 3+ < Ds(n,7)M. (5.51)
Therefore,
R A
/ o(zg — svy)ds < 2RDs(n, )M, (5.52)
-R
for a.e. (z),v}) € TS From (5.52) it follows that
)67‘%'_1 ffR a(:péfszf(’),vé)ds i \v0| 1 f_ &(zy— svo vh)ds
e—2v ' RDs(n,/)M R
> |P(o — ) (g, vp)l, (5.53)

Vo

for a.e. (xp,v)) € R* x V, xpu), = 0 (we used the equality et — e2 = e(ty — t1) for
t; <ty € R and for some c € [ty,t5] which depends on t; and t,). (In fact, the estimate
(5.53) is valid for any (z(,v)) € R™ x V', zqui = 0, such that {zy+tv) |t e R}NX £ ()
or {wh +tv) |t € R}y N X =().) Combining (5.53), (5.49), and (3.18), we obtain

—2vy ' RDs(n,7F)M

(& ~
—0 1 < — 1 1 ) 54
Ds(n, X)V, lo UHH—Q(X) <A = All e oy, ) (5.54)

Combining (5.54) and (5.50), we obtain (3.22).
We now prove (3.23). Using |vh|~! > V! for v € V, (3.2), and (5.51), we obtain
that

R
// ‘k(mé#—t’v(’),v()m) —k’(:vo—{—tvo,vo, V)| E(x,v,t,v)) ol why .0) dt' dv
vJ-Rr

= a:(cco vO )

e—4vy ' RDs(n,/)M R ~ .
> v / / |k — Ek|(zg + v}, vy, v)|dt dv, (5.55)
vJ-R

for any (z(,v)) € R* x V, zpv), = 0, such that zf, + svj € X for some s € R, and where
(t(xg, vy, t',v), x(xf, v), t',v)) is defined by (3.15) for v € V and t' € (=R, R).

|vol’
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As (5,k) € M we have ||6,]| < M. Using the latter estimate, (3.2), and |v| ™" < vg*
for all v € V, we obtain

6, (g + t/66,U6)||L°°(Rt,) sup |E — E|(x, v, t,vp) < Metvo BDs(n)M
(z,v)EF
teR

1 t 1 R+(I7tﬁ)UAO ~
X sup m/\a —0|(z — sv,v)ds + ‘U_,|/ |0 — &[(v — 10 — svp, vp)ds
“R ol Jo

(z,v)EF
teR
< ARvg'Me*o BDsmiM || _ 5|l (5.56)

for any (z(, v)) € R*"xV, xyvy = 0, such that z(+t'vj € X for some t’ € R. (We also used
e —e¥| < emax(lublib |y — | where u = —|v| ™" [* , o(x—s0,v)ds—|vh| ! R+(m o o(x—
to— 31;6, vy)ds and @ denotes the real number obtained by replacing o by ¢ on the right-
hand side of the latter equality which defines w; using (5.51) (for o and for &) we obtain
max(|ul, |[@|) < 4Rvy'Ds(n,7)M.) Note that ||o — 7|l < Ds(n, 7)o — ||, 3+ for
0 <r <7 (see (5.51)). Therefore, combining (5.55), (5.56), (3.19) and (3.22), we obtain
(3.23).

Let us finally prove (3.24). Let 0 <7 < 7 and let § = +1+2)~ From (3.23) it follows
that

/ . / / ‘k )+ t'uh, vh, v) — k(zh 4+ t'v), vh, v)’ dvdt' dz;,
(Eov07

‘To‘

< DallA = Al ey sriy (14 A= Al ne,)) (5.57)

where D, = Cy f wuly=0 dzf, and Cy is the constant that appears on the right-hand side
\z6\<R

of (3.23). From (3.1), (5.57) and the change of variables “z = z{ + t'v}”, it follows that

/ ’k(m, vh, v) — k(z, v), v)‘ dvdzx
RrxV
< Dl A= Al ey (LHIA= Al mry) - (5:58)

Integrating on v, € V' both sides of (5.58), we obtain (3.24).

6 Decomposition of the albedo operator

We now prove Lemmas 2.7 and 2.8.
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Proof of Lemma 2.7. Let ¢_ € L*(O, |v|dzdv). Using the definition of K, we obtain

(Ry_)(w,v) = (K*_)p (z,v) (6.1)

1 1 2R R+($*t’f})’f}1
_ - b(x — t0
/va o[ v Jo /o (=10, 1,)

xk(x —t0 — t101, 0", v1) Eo(z, v, 2 — t0, v, 0 — t0 — t101)
Xw, (fﬂ —t0 — tw}, U/)dtldtdvld?)l,

for a.e. (z,v) € F,, where

“ ~ . o=l [t S o | -1t t— otf
EQ(I, v, T — t0, vy, 1 — 1D — tlvl) — e [o|~t [y o(z—stw)ds—|v1| 71 [yt o(x—td svl,vl)ds7 (62)

forx € R" ¢, t; € R and v, v; € V. We recall that R is a bounded operator from
LY (O, |v|dzdv) to L'(F,), i.e.

|IRY||r, < C|l|v]Yb]o, for any ¢ € LYO, |v|dzdv). (6.3)

Hence we obtain, in particular, that the integral in ¢, ¢;, v' and v, on the right-hand
side of (6.1) is absolutely convergent for a.e. (z,v) € F.

Let us assume first that V' = S"!. Performing the changes of variables “a’ =
x —tv—tyv,” (“de’ =t} dtidv,”), we obtain

(R )(,v) = / Bz, v, 2 v ) (2', v )dal v, (6.4)
(@)
where
Bz v, 2" ") =

/2R [k:(x — tv, vy, 0) k(2 v, vp)
0

|x — tv — 2/|n1

(6.5)

Eo(z,v,x — tv, v,z — tv — tyvy)

)
t1=|z—tv—z'|

z—tv—a/

v1= i

for a.e. (z,v) € Fy, (2/,v") € O, where Ej is defined by (6.2).
Now assume that V' is an open subset of R™, which satisfies vo = inf,cy [v] > 0.
From (6.1), it follows that

(R1/)—)($av) = (K2'¢_)|F+<.T,U)

~+o00 2R R+ (z—td)w
= /V . |7f|_1/ 7’”_2XV(7”W)/0 /0 k(z —to,rw,v)
XS~ Vo

xk(x —t0 — tiw, v, rw)Eg(x,v, 2 — 0, rw, v — t0 — tw)

X_(x — t0 — tyw, v")dt dtdrdv dw, (6.6)
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for (z,v) € F,, Where for r > 0 and w € S"!. Performing the changes of variables
“of =1 — o — tw” (“da’ = " 'dt,dw”), we obtain

(R@/)_)(x,v):/Oﬁ(:n,v,ﬁ',v')w_(x',v')dfdv', (6.7)

where

+00 2R o P
Bz, v, 2/ W) = | |/ / [Xv(Tw)k(x |tU77’w,U)I€A(IE,U,Tw)
v

r — ' —to|nt
X Eo(z,v, 2 — t0, 17w, x — t0 — t1w)] ) =jo—s’—eo| dtdr, (6.8)

tjw=z— ! —td

for a.e. (z,v) € Fy, (2/,v") € O, where Ej is defined by (6.2).

From (6.3), (6.4)—(6.5), and (6.7)—(6.8), it follows that for a.e. (2/,v") € O, B(z,v,
2',v') € LYFy). Moreover from (6.3), it follows that the function O > (2/,v') —
B(z,v, 2, v )p(a',v'") € LY(F,) belongs to L' (O, |v|dzdv) for any ¢ € L*(O, [v'|dz'dv").
Therefore

W78 € L®(O, L (Fy)). (6.9)

Now we prove (2.32). Assume k € L®(R*" x V x V) and let 1 < p < 1+ L,
P14 p~t =1, be fixed for the rest of the proof of Lemma 2.7. We use (6.10). Using
Holder estimate, the change of variables “y = x — t0” (dy = dzdt) and the spherical

coordinates, we obtain

2R 1 p
/ / (/ p - nldt) dxdv
Vs J Ro+11,(R) \J0O |z — 2" — 10|
2R
D dtdxd
comp [ [ [ e
vs JrRoamu(r) Jo T — 2 — tofp

T s

4R)n—(n—1)p

» dydv N
v’ 2R)» Vol(V5)Vol(S" 6.10
/‘;6/6]@ |y_l./|p(n 1) — ( ) O( 5) O( )n—(n—l)p’ ( )
for ' € R™, |2'| < 2R, where
Vii={veV || <dt} (6.11)

Assume first that V' = S"7! and let ¢ be a continuous function on F,. Then using
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(6.5), o > 0, Holder estimate and (6.10) (with 6 = ), we obtain

dtdxdv
< Ikl / R|¢Hxﬁlt}) ‘/ |z — tv — a/|"1
'U+ v

o(x,v)B(x,v, 2", v )dxdv
v J Ro+11,(R)

< K2 ( / [loteo)p dxdv)
0+ 'u

2R 1 p %
X (/ / (/ T dt> dacdv)
v Jrosm,m) \Jo |z —tv—a'|"

<C ( /V |6 (, )P dm) , (6.12)

Ro+11,(R)

1
7

=

where C' = (ZR)ﬁHkH?,OVol(Sn_l)% (%) which proves (2.32) for V = S"~1.

(n—=D)p
Now assume that V' is an open subset of R which satisfies inf,cy [v] > 0. Let & > 0

an 6 > 0 be positive real numbers. Let ¢ be a compactly supported and continuous
function on F, such that suppp C {(z,v) € F, | [v] < 67'}. We use the following
lemma, whose proof is postponed to the end of this section.

Lemma 6.1. The nonnegative measurable function 3y defined for a.e. (z,v,z',v") €

F+ x O by
+oo 2R k(x — to,rw, v)k(z', v, rw)
Bi(z,v, 2’ v = o] / / {Xv(rw) P
X Eo(z, v, — t0, 17w, x — t0 — t1w)] ¢ —jo—o—s dldr, (6.13)

tjw=z— a! —td

belongs to L>=(0, L*(F,)), where Ey is defined by (6.2).
Let M. > vy be defined by

M. =vo+¢e'~ Bi(x,v, 2, v")|v|dedo (6.14)

V J Ro+11,(R) L>(0)

From (6.8), it follows that

//R+H (z,0)|v|B(x,v, 2, v)dedv = I, (2", v") + (2!, 0), (6.15)
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for a.e. (2/,v’) € O and where

L2 v) = /V /R . o(z,v) (6.16)
) 0411,
k(x —to,rw,v)k(z’, v, rw
/ o / [Xv(?‘w) ( JK( )
vo 0

|x — 2/ — to|nt

X Eo(x,v,x — t0,rw, x — t0 — tyw)] dtdrdxdv,

tiw=z—x'—t0

L2 v) = // o(z,v) (6.17)
Vs J Ro+11,(R)
k(x —to,rw,v)k(z’, v, rw
[ [ Tt (e, )
o! 0

|z — a' — to|n—!

X Eo(2,v, 0 — 10,70, 1 — 10 — hiw)], oy pr_sp dtdrdadv.

Using (6.17) and the estimates 72 = "1y~ < M 'r"~! for v € V and r > M./, and

using (6.14), we obtain
/ / (x,v, 2", 0")|v|dzdv
veV J Ro+1I1, (R L>(0)

< &)@l Lo (ry), forae. (a,0) € F+. (6.18)

[To(2, )| < ()l poe iy M

From (6.16) and Holder estimate, it follows that

M, 1
2 e 2
|1 (2, 0| < ||k:|]oo/ |p(z,v | dr/o P _w‘nildtdmdv.

Vs J Ro+11,( R)

M 1 LAY
< ||k:||2 — (/ / (/ — 1dt) dmdv)
vs JrRorm(m) \Jo |z —a’ —to["
« < / / ]¢(x,v)|p/dxdv>p , (6.19)
Vs J Ro+11,(R)

for a.e. (2/,v") € O. Combining (6.15), (6.18)—(6.19) and (6.10), we obtain (2.32) with

n—1

1 n—(n—1)p
Ol ) = I 2 2m)? (Val(vavoicer—)F (L)

n—(

RS

]

Proof of Lemma 2.8. Let ¢_ € CL(F_) (which denotes the spaces of C' compactly
supported functions on F_). Let ¢ := (I + K)~'J¢_. Then note that

¢:=Jop_ —KJp_+K*(I+K) " Jo_. (6.20)
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Thus
Ap_ = ¢p, = (Jo-)p, — (KJO-)p, + R(I+ K) 'J¢_. (6.21)
From (2.18) and (2.35), it follows that

(Jo-)p, (2,0) / / (r,v,2" 0 )p_ (2" — RV, v )da'dv', (z,v) € Fy.  (6.22)
z’v/—O

|z'|<R

From the definitions of K and J, we obtain
—(KJo-)p, (z,0) / // , (0,2, 0")p_(a'— R, v)da'dv'; (xz,v) € Fy. (6.23)
M£
Lemma 2.8 follows from (6.21)—(6.23) and Lemma 2.7. O

Proof of Lemma 6.1. Using (6.13) and the estimate o > 0 and using the change of
variables “y = — t0” (dy = dtdx) and (2.9), and spherical coordinates, we obtain

/‘t/ 0|81 (, v, 2, o' dadv

vEV Ri+11,(R)
k(x — tv k(z' v

/ / / / xv(rw) (x = 18, 1w, v) A<x V) dtdrdzdv,
|.T - :L‘/ - tv|"_1 w= z—to—z’

\% R’U+H Vo |z —to—a/|

/ / gt ’ : /r”_l Ixv (rw)k(y, rw, v)k(z' o' rw)] e o drdydv

! — y|— W=
\yelf?% Yo

R o0
— // X|y<R(:1:/+r’w)/r"IXV(rw)Jp(x’+r’w,'r’w)k(:c’,v',rw)drdr’dw
0
1

SWNwR/ /W4meWWwaMMwZRMMw%WWUSRWM@
Sn—1 vq

for a.e. (2/,v") € O. The lemma is proved. O
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7 Proof of existence of the albedo operator

In this section, we prove Lemma 2.4 and Propositions 2.5 and 2.6.

Proof of Lemma 2.4. Using the definition of T, the estimate ¢ > 0 and (2.11), we

have
R R+w
[[v[ T~ fllo < // // |f(y + (w — )0, v)|dtdwdydv
V JII,(R) J-R JO

R w
= [ ittty < 281 o,
vJi,r) J-rJ-R
for f € L*(O).

Using the definition of A, and (2.11), we have
R
el o < [ [ kgt ol o ey
VxV JI,(R)

= // / op(y + 0 V)| T (Y ) |dE dy du'
< [l 10p$ V)llz o)l fllo,

for f € L'(O). We also used (2.9) and the change of variables

“+oo

+o0o
/ f y + t0)dtdy = / fly +t'0")dt'dy, (7.1)
yv=0 J —

y'v'=0 J -0

for f € LY(R") and v,v’' € V.
Using the definition of T; ™' and A, and Lemma 2.1, (2.23) and (7.1), we obtain

||A2T1_1fHO

1 R Rt (y+wd)v’ B o
<[ oo [ krwea [ e
vxv V'] +(R) J—R 0

x| f(y + wd — tv',v')|dtdwdydvdy’

R+w’
/ / / y+wvvv)/ o101 Jg op (Y +(w' —s)v ') ds
VxV ‘U‘ I,/ (R) 0
x|y + (' — t)v', ") |dtdw' dy dvdu’
R R
A AVAS
v Ji,(r) J-r \Jt

d /| — ! / W, ~
,€—|v | 1./t op(y'+sv' v )dsdw/> If(y' + tv’, /U/>|dtdyldv/
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-/ (1 e ()) @, )ldelde’ < (1 — e=20% el | £,
O

for f € L'(O).
Item iii follows from items i and ii (under (2.24), we also use that ||A,T; | <
[[Aafo[~H[[lol T2~ H))- 0

Proof of Proposition 2.5. We first prove item i.
Assume (2.27). For all f € D(T),

Tf=(T1+A)f = (I + AT )T f. (7.2)

From (2.27) it follows that T admits a bounded inverse in L'(O) given by T! :=
T, (I + ATy H)~L. Using the latter equality, we obtain
I+ K)I—T "Ay)=I+Ty Ay = Ty "I + AT, ") A4y
Ty "I+ ATy P = DI+ ATy D Ay =1 (7.3)

The proof that (I — T™'Ay)(I + K) = I is similar. We now prove that (2.26) implies
(2.27). For f € D(T),

Tf=(Ty+A)f =TI+ Ty 'A)f =T:(I + K)f. (7.4)

Let us prove (I + K)(D(T)) = D(T). From the latter equality and (7.4) it follows that
T admits a bounded inverse in L'(O) given by

T =T+ K)'T; (7.5)

As K = Ty 'Ay, we have (I + K)(D(T)) € D(T). Let g € D(T), and let f =
(I+K)"'Ty 'ge LYO). Then f = —KTy 'g+g=-T1 'A4,Ty 'g+g € D(T) (we
recall that g € D(T)).

Equality (7.2) still holds. Using (7.2), (7.5) and the fact that Ty : D(T) — L'(O)
is one-to-one and onto L'(O), we obtain (2.27). Item i is thus proved. Item ii follows
from item iii of Lemma 2.4 and item i. We shall prove item iii. Note that (see (7.3))

(I+K)I-T'4)=1=U—-T"'A)(I + K) in L(L*(0)). (7.6)

Note also that L'(O,|v|dxdv) C L'(O) and recall that K is a bounded operator in
LY (O, |v|dzdv). Therefore, we only have to prove that T~ A, defines a bounded operator
in L'(O, |v|dzdv). Note that

r]:‘i1 == T]__l([ + AQTl_l)il. (77)

From item i, (7.7) and item i of Lemma 2.4, it follows that T~'A, defines a bounded
operator in L'(O, |v|dxdv). Thus item iii is proved. O
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Proof of Proposition 2.6. Let f_ € L'(F_). From (2.19), it follows that Jf_ € W.
Hence Jf_ € L'(O, |v|dzdv) and from (2.28) it follows that (2.25) is uniquely solvable
in L' (O, |v|dzdv) and its solution is given by (I + K)~'Jf_ which satisfies

(I + K) ' T -l 10, ldedn) < Coll f-llF_, (7.8)

where CO = 2R(1 =+ V(;l“O'HOO)H([ + K)71||£(L1(O,|v|da:dv))-
Let f:= (I + K)"'Jf_. Hence by definition

f=Jf — Kfin LY(O,|v|dzdv). (7.9)
Using (7.9), we check that the following equality is valid in the sense of distributions:
Using (7.10), we obtain Ty f € L'(O) and
IT0f 1 < (lofol ™l + Mo oplloc) 17250 (.11)
Therefore f € W (item i is thus proved), and using (2.14) and (7.11) we obtain
1fiplry < max(2R)™5 D)(Ilv] ™ o llee + vl oplloc + DI fllzt(0,jol-2dnan)-  (7-12)
Item ii follow from (7.8) and (7.12).
O
Acknowledgments
This work was funded in part by the National Science Foundation under Grants DMS-
0239097 and DMS-0554097.
References

[1] G. BAL, Inverse problems for homogeneous transport equations. Part II: Multidi-
mensional case, Inverse Problems, 16 (2000), pp. 1013-1028.

[2] M. CHOULLI AND P. STEFANOV, [nverse scattering and inverse boundary value
problems for the linear Boltzmann equation, Comm. Partial Diff. Equ., 21 (1996),
pp. 763—-785.

[3] ——, Reconstruction of the coefficients of the stationary transport equation from
boundary measurements, Inverse Problems, 12 (1996), pp. L19-1.23.

33



[4]

[5]

[6]

[7]

[10]

[11]

[12]

[13]

—, An inverse boundary value problem for the stationary transport equation,

Osaka J. Math., 36 (1999), pp. 87-104.

R. DAUTRAY AND J.-L. LIONS, Mathematical Analysis and Numerical Methods
for Science and Technology. Vol.6, Springer Verlag, Berlin, 1993.

M. MOKHTAR-KHARROUBI, Mathematical Topics in Neutron Transport Theory,
World Scientific, Singapore, 1997.

F. NATTERER AND F. WUBBELING, Mathematical Methods in Image Reconstruc-
tion, STAM monographs on Mathematical Modeling and Computation, Philadel-
phia, 2001.

M. REED AND B. SIMON, Methods of modern mathematical physics. I11., Academic
Press, Inc., New York, 1979.

V. G. RoMANoOvV, Stability estimates in the three-dimensional inverse problem for
the transport equation, J. Inverse Ill-Posed Probl., 5 (1997), pp. 463-475.

P. STEFANOV, Inside Out: Inverse problems and applications, vol. 47 of MSRI
publications, Ed. G. Uhlmann, Cambridge University Press, Cambridge, UK, 2003,
ch. Inverse Problems in Transport Theory.

P. STEFANOV AND G. UHLMANN, Optical tomography in two dimensions, Methods
Appl. Anal., 10 (2003), pp. 1-9.

A. TAMASAN, An inverse boundary value problem in two-dimensional transport,
Inverse Problems, 18 (2002), pp. 209-219.

J.-N. WANG, Stability estimates of an inverse problem for the stationary transport
equation, Ann. Inst. Henri Poincaré, 70 (1999), pp. 473-495.

34



