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Abstract

This paper analyzes the random fluctuations obtained by a heterogeneous multi-
scale first-order finite element method applied to solve elliptic equations with a random
potential. Several multi-scale numerical algorithms have been shown to correctly cap-
ture the homogenized limit of solutions of elliptic equations with coefficients modeled
as stationary and ergodic random fields. Because theoretical results are available in
the continuum setting for such equations, we consider here the case of a second-order
elliptic equations with random potential in two dimensions of space.

We show that the random fluctuations of such solutions are correctly estimated by
the heterogeneous multi-scale algorithm when appropriate fine-scale problems are solved
on subsets that cover the whole computational domain. However, when the fine-scale
problems are solved over patches that do not cover the entire domain, the random
fluctuations may or may not be estimated accurately. In the case of random potentials
with short-range interactions, the variance of the random fluctuations is amplified as
the inverse of the fraction of the medium covered by the patches. In the case of random
potentials with long-range interactions, however, such an amplification does not occur
and random fluctuations are correctly captured independent of the (macroscopic) size
of the patches.

These results are consistent with those obtained in [8] for more general equations in
the one-dimensional setting and provide indications on the loss in accuracy that results
from using coarser, and hence computationally less intensive, algorithms.

Keywords: Equations with random coefficients, multi-scale finite element method,
heterogeneous multi-scale method, corrector test, long-range correlations.
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1 Introduction

Differential equations with highly oscillatory coefficients arise naturally in many areas of
applied sciences. The microscopic details of such equations are difficult to compute. Nev-
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ertheless, when the heterogeneous medium has certain properties involving separation of
scales, periodicity, or stationary ergodicity, homogenization theories have been developed
and they provide macroscopic models for the heterogeneous equations; see e.g. [19, 21, 25].
Many multi-scale algorithms have been devised to capture as much of the microscopic scale
as possible without solving all the details of the micro-structure [2, 15, 14, 18]. Such a
scheme is viewed as correct if it can well approximate the macroscopic solution when the
heterogeneous medium satisfies conditions for homogenization to happen. Homogenization
theory thus serves as a benchmark which ensures that the multi-scale scheme performs well
in controlled environments, with the ! hope that it will still perform well in non-controlled
environments, for instance when ergodicity and stationarity assumptions are not valid.

In many applications such as parameter estimation and uncertainty quantification, esti-
mating the random fluctuations (finding the random corrector) in the solution is as impor-
tant as finding its homogenized limit [9, 23]. When this is relevant, another benchmark for
multi-scale numerical schemes that addresses the limiting stochasticity of the solutions is
plausible: One computes the limiting (probability) distribution of the random fluctuation
given by the multi-scale algorithm in the limit that the correlation length of the medium
tends to 0 while the discretization size h of the scheme is fixed. If this h-dependent distri-
bution converges, as h — 0, to the limiting distribution of the corrector of the continuous
equation (before discretization), we deduce that the multi-scale algorithm asymptotically
correctly captures the randomness in the solution and passes the random corrector test.

Such proposal requires a controlled environment in which the theory of correctors is
available. We introduced and analyzed such a benchmark in [8] using an ODE model whose
corrector theory was studied in [11, 7]. The main purpose of this paper is to provide and
analyze another benchmark using a PDE model whose corrector theory was studied in
[5, 16, 6]. This is necessary because many multi-scale schemes that are different in higher
dimensions turn out to be equivalent for the aforementioned ODE model, e.g. those in [1]
and [18]. In the rest of this introduction, we first review some main results in [8]. Then we
introduce the results of the current paper that address the corrector test using an elliptic
PDE with random potential.

1.1 Corrector test using an ODE with random elliptic coefficient

The corrector test is based on the homogenization and corrector theory of the following
equation:

), w) = f(2), 2 € (0,1),

e
ua(O w) =u.(l,w) =0.
(%,

(1.1)

Here, the diffusion coefficient a(%,w) is obtained by rescaling a(x,w) which is a random
process on some probability space (2, F,P). It is well known [21, 25] that (and this general-
izes to higher dimensions as well) when a(x, w) is stationary, ergodic, and uniformly elliptic,
then the solution u. converges to the following homogenized equation with deterministic
and constant coefficient:

z
e’

(1.2)



In the one-dimensional case, the coefficient a* is the harmonic mean of a(x), i.e., the inverse
of the expectation of a~!. We denote by g(x) the deviation of 1/a(x) from its mean 1/a*.
The corrector theories for the limiting distribution of u. — ug were studied by [7, 11].
The results in these papers are represented in path (ii7) of the diagram in Fig. 1. The
limiting distribution showing at the lower-right corner depends on the de-correlation rate of
q(x). When ¢ is strongly mixing with integrable mixing coefficient (see (2.3) below), then
B =1 and WP is a standard Brownian motion multiplied by o, a factor determined by the
correlation function of ¢ as detailed in (2.2) below. When ¢ has a heavy tail (is long-range)
in the sense of (L1-L3) in section 2, we should take 8 = a, a < 1 being defined in (2.4),
and W is the fractional Brownian motion with Hurst index 1 — § multiplied by certain
factor. These convergence results are understood as convergence in distribution in the space
of continuous paths C([0, 1]).

The corrector test for multi-scale numerical schemes is therefore the following: Let h be
the discretization size and u”(x) the solution to (1.1) yielded by the scheme. Let ul}(x) be
the solution yielded by the same scheme applied to (1.2). The discrete corrector is u? — ug.
According to the de-correlation property of g(x), we choose 8 and interpret W# as before.
We say that a numerical procedure is consistent with the corrector theory and that it passes

the corrector test when the diagram in Fig. 1 commutes:

Figure 1: A diagram describing the corrector test with a random ODE.
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More precisely, we need to characterize the intermediate limit in path (ii) which appears
on the left of the diagram. In this step, h is fixed while the correlation length ¢ is sent to
zero. The intermediate limit distribution is h-dependent. Very often, it can be described as
a stochastic integral as shown and we need to determine the kernel function L (z, ). Next,
we need to verify the converge path (iv) which is taken as h — 0. The numerical scheme is
said to pass (or fail) the corrector test if this limit holds (or does not).

In [8], we considered a Finite Element Method (FEM) based scheme in the framework
of Heterogeneous Multiscale Methods (HMM), which is a general methodology for designing
sublinear algorithms for multi-scale problems by exploiting special features of the problem,
e.g. scale separation [15]. The macro-solver of this FEM-HMM scheme uses the standard
P1 element on a uniform grid of size h. The corresponding discrete bilinear form which
approximates the continuous bilinear form associated to (1.1) is

N
du L dv” L aul L dvl
Al (ul oh) = j;dx(;cj)a dx(g;j)hz/O - (@)a"——(x)dr =: Al om).  (1.3)
Here, a simple middle-point quadrature is used for the integral and z;, j =1,--- ,N =1/h



are the evaluation points. Since the effective coefficient a* is unknown apriori, the FEM-
HMM scheme approximates the discrete integrand by

du L dvl 1 di" do"
gy @) R g (o) g (@),

where [j; = (zj — 0/2,2; + 0/2) is a patch inside the discretization interval I; = (z; —
h/2,x;+ h/2); the functions @" and 9" are given in terms of {¢’} where {¢#’} are the nodal
bases and {¢’} are given by the micro-solver

d d ~
~— @ae(m)%%(l’) =0, z €, a4
¢j(x) = ¢;(x), x € ls.

When § = h, this scheme coincides with those in [18, 1]. It is known that one can choose
0 < h to greatly reduce computational cost while still approximating the macroscopic
solution quite well [15].

The main result of [8] shows that the corrector test for the above FEM-HMM scheme
depends on the correlation structure of the random media. More precisely, for a long range
correlated media (L1-L3 in section 2.1), the scheme is robust for the corrector test: the final
limit in path (#v) of the diagram in Fig.1 agrees with the theoretical Gaussian limit for all
9 < h. For a short range correlated media (S1-S3 in section 2.1), however, this holds true
only for § = h. The final limit for § < h is an amplified version of the theoretical Gaussian
limit with an amplification factor (h/§)'/2, which shows that reducing the computational
cost results in an amplification of the variance of the numerical calculations.

1.2 Corrector test using elliptic PDE with random potential

The main objective of this paper is to provide a two dimensional corrector test. Such a
strategy generalizes to arbitrary space dimensions, although for concreteness, we concentrate
on the two-dimensional setting. A full theory of random fluctuations for second order
elliptic PDE with highly oscillating random diffusion coefficients in dimension higher than
one remains open and we can not use it for the corrector test. Instead, we base the test on
the following elliptic equation with random potential:

{ — Aue + (qo + g Juc(z,w) = f, T €Y, (1.5)

Ua(LU,CU):O, xE@Y

The coefficient in the potential term consists of a smooth varying function ¢g, and a highly
oscillatory random function g(¢~!z,w) denoted by ¢.(x) for simplicity. The random field
q(z,w) is assumed to be stationary ergodic and mean-zero. When € goes to zero, the solution
ue converges in L2(Q x Y)) to the homogenized solution ug that solves

{ — Aug +qouo(x) = f, z €Y, (1.6)

up(x) =0, z € Y.

The corrector theory for the above homogenization is well understood; see [16, 5, 6]. When



Figure 2: A diagram describing the corrector test with a random PDE.
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the corrector u. —ug is properly scaled, it converges to a stochastic integral in a weak sense.
This is described by the path (i) of the diagram in Fig. 2. Both the scaling factor and the
limit depend on the correlation structure of the random field. These results are reviewed in
Section 2 below. As in the ODE (one-dimensional) setting, a corrector test can be sketched
as in the diagram of Fig. 2. For a given multi-scale scheme, which yields u? and ug when
it is applied to (1.5) and (1.6), respectively, the main tasks are again to characterize the
intermediate convergence in path (i) while € is sent to zero first and to check the validity
of path (iv) when h is sent to zero afterwards.

Figure 3: Left: Triangulation of the unit square. Right: Shrinking from K to K with
respect to the barycenter.
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Now we introduce a heterogeneous multi-scale scheme for (1.5). The weak formulation
of the equation is to find u. in the Sobolev space HE(Y) so that A.(ue,v) = (f,v) for all
v € HY(Y). Here and below, (-,-) denotes the usual pairing; A. is the bilinear form

Ac(u,v) = / Vu - Vo + (g + ¢ )uv dz, Yu,v € HY(Y). (1.7)
Y

Since we always assume that qg + g is positive, the weak formulation is well-posed thanks



to the Lax-Milgram lemma. The scheme that will be considered is based on FEM. For
simplicity, Y is taken as the two dimensional unit square (0,1)?. Let 7, be the standard
uniform triangulation as illustrated in Fig. 3. Here, the typical length of the triangles is
h =1/N and N is the number of partitions on the axes. We consider first-order Lagrange
elements. Associated to each (interior) nodal point (ih, jh), there is a continuous function
¢¥ which is linear polynomial restricted to each triangle K € 7, and which has value one
at this nodal point and has value zero at all other nodal points. Note that the index 4, )
runs from 1 to N — 1. The space V" spanned by {¢%} is a finite dimensional subspace of
H(Y). The heterogeneous multi-scale scheme for (1.5) is to find ul® € VIt that satisfies

AR (0 phy = (f o) for all o € VP, (1.8)

where A" % is a bilinear form on V" x V" which approximates A, as follows:

1
Al (4 : Z | K| (w /1(5 Va - Vo 4 (g0 + g )uo" dm) . (1.9)

KeTy

Here, K5 C K is a patch centered at the barycenter of K and has typical length 9; the
symbol | - | means taking the area. A?’6 hence is a numerical quadrature for the integral
in (1.7) using averaged value around the barycenters of the elements. The scheme (1.8) is
analyzed in Section 3 and it is well-posed.
When the above scheme is applied to the homogenized equation (1.6), it yields a solution
ug’5 in V" so that
Ag’é(ug’a, o) = (ug’g,vh% for all v € V7, (1.10)

and Ag 9 i given by

1
A h h Z ‘K’ (‘_K‘/ V'U,h . Vvh + q()uhvh dw) .
1 Ky

KeTy,

The discrete corrector function is defined to be the difference between u? 9 and ug’ 9

Remark 1.1. The ratio |Ks|/|K| is the two dimensional analog of §/h in the aforementioned
FEM-HMM scheme for the ODE setting. It measures savings in the computational cost. As
in the ODE setting, we expect the corrector test to depend on the ratios {|Ks|/|K| : K €
Trn}t. To simplify notations, we assume |Ks|/|K| is a constant for all K. For instance,
consider a typical triangle K with vertices (0,0), (h,0) and (0,h). Ks can be obtained by
shrinking with respect to the barycenter (h/3,h/3) so that it has vertices ((h — 9)/3, (h —
9)/3), ((h+26)/3,(h—0)/3) and ((h—10)/3, (h+20)/3); see Fig. 3. If all K; are obtained in
this manner, we have \/|Ks|/|K| = (6/h)%? with d = 2. More general patches than those of
the paper could also be considered without changing our main conclusions; we concentrate
on a specific construction of the sma! 1l patches Ky to simplify notation and denote the

ratio \/|Ks|/| K| by 0/h.

1.3 Main Results

The main results of this paper concern the limiting distribution of the discrete corrector
u?’6 — uf}’é with proper scaling. They depend on the correlation structure of the random



field g.. We refer to section 2.1 below for notation. In particular, SRC (respectively LRC)
stands for short (respectively long) range correlation.

Theorem 1.2. Let u?’(s and ug’(s be the solutions obtained from the heterogemeous multi-
scale schemes (1.8) and (1.10), respectively. Assume that qy is a nonnegative constant and
f is in C2(Y), i.e., twice continuously differentiable over Y. For an arbitrary test function
¢ € C2(Y), the following holds.

(1) In the SRC setting, as € goes to zero while h and § satisfying h > § > € are fized, we
have

\/>/ — ug %\da % J/YLh[go](:v)dW(x). (1.11)

Here L[] is a bounded function defined in (4.19) below.

(2) As h and § go to zero with the ratio §/h < 1 being fizved, we have

o /Y L[ ()W (@) msion, By / Glo()uo ()W (z). (1.12)

h—0

(3) In the LRC setting, the above convergences are modified by

]- 1stribution
o(z)[ul? ug’é]d:c distributi f/ L[] ()W (dz), (1.13)
VeX Jy

and

JR / L)) W () S /Y Gio () ()W (d). (1.14)

Above, G is the solution operator of (1.6); k is defined after (2.5) below. W is the standard
multi-parameter Wiener process; W< (dy) is formally defined to be WO‘( )dy and Wa( ) is
a Gaussian random field with covariance function given by E{W*(z)W*(y)} = |x — y|~.

Remark 1.3. We refer the reader to [20] for theories of stochastic integrals with respect to
multi-parameter random processes. In fact, the limits above can be written as the following
Gaussian distributions:

”/ Go(w)ug(zx)dW (z) TR N (0, 02 [luoGe | 22), (1.15)
Y

Ve / Go(x)ug(x) W (de) TR Ar(0, / wu0G) ® (0G9) 1oy (1.16)
Y

y2 |z — y|®

Comparing these results with Theorem 2.1 below recalling the theory of random fluctu-
ations in the continuous setting, and with the paths in Fig. 2, we find in the LRC setting
that the multi-scale scheme (1.8) captures the theoretical Gaussian limit fluctuations after
€ and h are successively sent to zero. Furthermore, the scheme is robust in the sense that
it provides the correct fluctuations for arbitrary small patches with 0 < 6 < h (both being
independent of ¢). For SRC medium, however, the correct limit for the random fluctuations
is captured only when 6 = h, that is K5 = K for all K € T,. The amplification effect in
the case of & < h is again characterized by (h/ 6)%. The main results hence generalize the
findings of [8] to a higher dimensional setting.



Remark 1.4. The main results are stated under the assumptions in Remark 1.1. When
the ratios {|K|/|Ks|} are not uniform, the limit in (1.12) does not have a simple form and
must account for the non-uniform amplification factors over different triangulation elements.
Nevertheless, the main conclusions in the above result are not modified. This remark applies
to the ODE setting in [8] also.

The rest of this paper is devoted to a proof of the main theorem. Preliminary material
on random fields and the corrector theory in the continuous scale are provided in Section
2. Then main ingredient of the proof is a conservative structure of the stiffness matrix
associated to the multi-scale scheme; this is considered in section 3. Similar structures
have been observed and explored in other settings [18, 8]. It allows us to write the discrete
corrector in the form of oscillatory random integrals. Their limiting distributions are then
characterized using well established techniques in [16, 5, 6]. This is done in Section 4.
These sections also include some useful results on the scheme, such as the H! estimate of
the solution to (1.8), which are interesting in their own right. We conclude this introduction
by several comments.

1.4 Further Discussions

This paper studies the specific multi-scale scheme (1.8) for the elliptic equation (1.5) with
a random potential. The analysis takes advantage of the conservative structure of the stiff-
ness matrix. We refer to Proposition 3.4 below for a detailed statement. Other schemes
possessing this property can be analyzed similarly. To simplify the presentation, we consid-
ered first-order nodal basis on a uniform triangulation. For higher order schemes in which
basis functions occupy larger sub-domain of Y, and for general regular triangulation where
different nodal basis may occupy different number of triangles, the structure in the stiff-
ness matrix is more complicated. Nevertheless, we believe that the analysis should extend
without major differences to this more general setting.

The scheme (1.8) fits within the framework of HMM. We refer to [15] for references on
this method applied to operators of the form £, = Ziﬂ:l Oa(anp(x/€)03), which are more
complex to analyze than (1.5). In our scheme, the macro-solver is essentially a standard
finite element method for the homogenized equation (1.6), and the micro-solver essentially
estimates the effect of the random potential on small patches Kj.

Other multiscale schemes and methodologies have been developed for L. using properties
of the medium such as separation of scales, periodicity, or ergodicity, e.g. [3, 4, 18]. For
instance, the Multiscale Finite Element Method (MSFEM) in [18] constructs oscillatory
bases by solving L.-problems on the supports of the nodal bases {¢*} and uses the so-
called over-sampling strategy to diminish the resonance errors introduced by the artificial
boundary conditions of the local L.-problems. It would be interesting to investigate how
random fluctuation are captured by this scheme and in particular what is the effect of the
over-sampling strategy. The differential operator in (1.6) does not exhibit such resonances,
and hence this paper does not address such issues.

Other multi-scale schemes approach differential operators with rough coefficients like £,
without assuming any separation of scales or special properties. For instance, [24] constructs
oscillatory bases by solving L.-problems on sub-domains that are larger than the supports
of {¢¥} but still small compared to the whole domain Y. It was proved there, using the so-



called transfer property of the divergence operator [10], that the resulting finite dimensional
space can be used to solve the whole L.-problem with errors that are independent of the
regularity of {ass}. Analyzing the fluctuations in such schemes is beyond the scope of this

paper.

2 Review of Corrector Theory in the Continuous Scale

In this section, we review the corrector theories for (1.5) developed in [16, 5]. They are
formulated for the following random fields.

2.1 Random field settings

In the elliptic equation (1.5), the heterogeneous potential, denoted by G.(x) henceforth,
consists of a slowly varying part ¢o(z) and a highly oscillating part g.(x). The latter is
modeled as ¢(%,w), that is, spatially rescaled from some random field ¢(z,w) defined on the
probability space (2, F,P). In the sequel, E denotes the mathematical expectation with
respect to the probability measure P.

We assume that ¢(z,w) is stationary. That is to say, for any positive integer k and
k-tuple (x1,--- ,xy), for any point z and any Borel measurable set A C R¥, one has

P{(q(z1),- - ,q(zx)) € A} =P{(q(z1 + 2),- - ,q(z + 2)) € A}.

With this assumption, ¢ admits an (auto-)correlation function R(x) defined by

R(z) :=Eq(y)q(y + x) = Eq(0)q(x). (2.1)

It is easy to check that R is symmetric and positive definite. Due to Bochner’s theorem [27],
the Fourier transform of R is a positive Radon measure. In particular, when R is integrable,
one can define

2= x)ax .
o ._/RdR( )dz, (2.2)

and it is a finite non-negative number. Without loss of generality, we also assume that ¢ is
mean-zero.

A key parameter of the random field that will determine different limiting correctors is
the de-correlation rate. It is an indicator of how fast (with respect to distance) the random
field becomes independent.

Recall that a random field ¢(z,w) is said to be p-mixing with mixing coefficient p if
there exists some function p(r), which maps Ry to Ry and vanishes as r tends to infinity,
so that for any Borel sets A, B C R%, the sub-o-algebras F4 and Fp generated by the
process restricted on A and B respectively de-correlate rapidly as follows:

sup Bén-ECEN | o (A, B)). (2.3)

cc2(Fa)mel?(Fy) | (Var & Var n)1/2

Here d(A, B) is the distance between the sets A and B. The function p characterizes the
decay of the dependence of the random field at different places. We refer the reader to [13]
for more information on mixing properties of random fields.



We consider two settings of random fields. In the first case, we say that ¢(x,w) is short
range correlated (SRC). This means

(S1) g is p-mixing with mixing coefficient p(r) such that p(|z|) € L!(R9).
(S2) |q(z)| < C so that ¢-(z) is positive for a.e. w € Q.

(S3) In this case, the correlation function R(x) is integrable over R? and we assume that
o defined in (2.2) is positive.

In the second case, we say that ¢(x,w) is long range correlated (LRC). In fact, we consider
the very specific setting as follows.

(L1) g(z) has the form ® o g(x), where g(z,w) is a centered stationary Gaussian random
field with unit variance and heavy tail, i.e.

Ry(x) :=E{g(y)g(y + 2)} ~ rglz[™*  as [z] — oo, (2.4)
for some positive constant x, and some real number o < d.

(L2) The function ® is uniformly bounded so that ¢.(z) is positive for a.e. w. Further, we
assume the Fourier transform & satisfies that [ |®|(1 + |¢|?) is finite.

(L3) We assume also that ® has Hermite rank one, that is
s2 s2
/ O(s)e” 2ds=0, Vj:= / s®(s)e” 2ds #0. (2.5)
R R

As a consequence kK := Vf/-ig defines a positive number. For more information on the
Hermite rank, we refer the reader to [29].

2.2 Corrector theory in the continuous scale

The corrector theory for the elliptic equation with random potential, that is the limiting
distribution of the difference between wu. and up which solve (1.5) and (1.6) respectively,
has been investigated in [16, 5] in the SRC setting, and in [6] in the LRC setting. Using
the notations and random field settings introduced above, the results in dimension two of
these references can be summarized as follows.

Theorem 2.1 ([16, 5, 6]). Let u. and ug be as above and let the dimension d = 2. Denote
by G(x,y) be the fundamental solution to the Dirichlet problem (1.6). When the random
potential q(x) satisfies the SRC setting, we have

ua(x)\/—;;m(x) dist;i_b:)tion U/YG(:c,y)uo(y)dW(y) (2.6)

weakly in the spatial variable. When the random potential satisfies the LRC setting, we have

U’&('r) —u («T) distribution o
o) i, [ Gl W ) 27)

weakly in the spatial variable.

Here, W and W are the same as in Theorem 1.2. The convergences above are weakly
in the spatial variable in the sense of (1.15) and (1.16).
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3 Analysis of the Discrete Equation

In this section, we analyze the heterogeneous multi-scale scheme (1.8) in detail. In partic-
ular, we prove that the scheme with ¢ < § < h admits a unique solution in the space V"
that approximates ug in H'. With the standard uniform triangulation, we show that the
stiffness matrix associated to the scheme has some conservative form, which allows us to
write the discrete corrector conveniently in terms of their coordinates. In the next section,
we use this discrete representation to prove the main theorem.

3.1 Well-posedness of the scheme

The multi-scale scheme (1.8) with 6 = h coincides with the standard FEM and is well-posed.
For the sake of completeness, we show that this holds also for § < h.

Recall that V" is the finite dimensional subspace of H}(Y') with nodal basis {¢¥} defined
in section 1.2. We have defined three quadratic forms: A, for the heterogeneous equation
(1.5), AQ  for the heterogeneous multi-scale scheme which is an approximation of A, by
local integration, and .Ag’a which is like .A?  hut uses the mean coefficient qo only. In fact,
Ag’é may also be seen as a heterogeneous scheme for the homogenized equation (1.6), which
in turn is associated with the quadratic form

Ao(u,v) = / Vu - Vo + quv dv, u,v € Hy(Y). (3.1)
Y

Let zx denote the barycenter of the element K € 7T;,. Exploring the expression of AP and
h,é
Ay, we further define formally

AL W ok) = V" V" + (g0 + g)u"" da
Ks

and similarly define Ag’a(uh,vh)[x[(]. Hereafter, the integral symbol with a dash in the
middle denotes the averaged integral.

We define the error due to the heterogeneous choice of integrating element (K instead
of K) by

1hS b ok GRS B h
e(HMS) := max sup KA (u”, 0") [zx] — Ag” (u”, 0") [ k]|

(3.2)
KET Vhuhuh£0 [P | g gy 10 ] e ey

With this notation we have the following theorem.

Theorem 3.1. Assume that qo is a nonnegative constant, and that q-(z) + qo is uniformly
bounded and nonnegative. There exist unique solutions in V" for the schemes (1.8) and
(1.10). Let ul?, ug’5 be the solutions. Let ug solves (1.6). For e < § < h, we have

|u® — ug|| g < C(h + e(HMS)), (3.3)

The above estimates hold also if we replace ul? by ug’(s and delete the term e(HMS).

11



Proof. Let p be either € or 0. The existence and uniqueness follow from
AZ’5(vh,vh) > C|v"|3:,  for any o" € V.
Indeed, because Vo" is constant on K € T, and qo + ¢. is non-negative, we have
ARl ) > 3 |K\][ Vo= 3 / Vo 2da = [P = Cllo" 2.
KeTy, KeTy,

Here and in the sequel, |- |1 and |- |jyx.p are the standard semi-norms of the corresponding
Sobolev spaces.
We apply the first Strang lemma (Theorem 4.1.1 of [12]), and obtain

Ah,5 h h —A h h
inf (o — vl + sup AU ALy
vheV wheVh Hw HHl

HUO —ug’

Set v = ITug, the projection of ug to the space V". From classical interpolation result, e.g.
Theorem 3.1.6 of [12], we have

[ [Tug — uol| g1 < Chlluo| a2
For any w” € V", we have
AL (" ") = Ag (o w")] < JARO W, ) — AT (0", wh)] + A (0", ) = Ao, ).
For the first term, we have
AL (@, wh) = A ", ") < Y K AR " wh k] = Ag? (0", w") k]|
KeTy,
< e(HMS) Y [[0" oy 0" | )
KeTy,

< e(HMS)|[v" || g1 0" || g1
In the equalities above, we used the definition of e(HMS) and Cauchy-Schwarz respectively.
For the second term, we first observe that

ATy = ) = 57 (G ([ ot o= ot )

i | K

_ </K govwh dz — |K|(q0vhwh)(xK)) } '

The items in the sum can be recognized as errors of barycenter numerical approximation of
integrals. Error estimate for such numerical quadrature is discussed in the next lemma and
by (3.4) we have that ]A Oyl wh) — Ao (v", w™)| is bounded by

h
5= Cllaller { a1+ 11 iy o i |
KeTy,

h h h h
<Chllaollor Y 1"l ) lw"ll 2y < Chllaolles " s [0 | s
KeTy,
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Combining the above estimates, we find that
luo — wl|| 1 < || Tug — uol g2 + (e(HMS) + Ch)|[ [T g1 < C(h + e(HMS)).

The constant depends on ||go||c1, ||uollgt and some uniform bound of h/§ and hence is
independent of ¢, h or §. O

The following lemma concerns error estimate for barycenter numerical quadrature of
product of two functions in P; (K), the space of linear polynomials on a triangular element
K. It is stated in the simplest setting thought it can be generalized to regular element
easily. This lemma is used in the proof of the previous theorem.

Lemma 3.2. Let K be an isosceles right triangle with unit side length. Let K be the image
of K under the linear transform F (%) = Bi + b € R2. For any function 1 on K, let i) be
the function ¢ o F. Assume qo € WH°(K). Then for any v,w € Pi(K), we have

' [ e )dx—\K!(qovw)(xK)‘SCHBHH%me(mHvHHl(K)HwHLz(K). (3.4)

Here, xf is the barycenter of K; ||B|| is the matriz norm of B.

Proof. We follow the steps in the proof of [12, Theorem 4.1.4 ]. Consider any 1) € W1 (K)
so that 1) = 1o F is in Wh*°(K). Let | E()w)| denote the error of the barycenter quadrature
for the integral | ; Ywdx. After change of variables,

E(yw) = |det(B (/ D(2)w(2) di — yku&wx:&m) = |det(B)|E(¢).
On the reference element K, since all norms on P (f( ) are equivalent, we have

B@D)| < 1l o i 18] o ity < CIB e iy 1] 12 0

We view E( W) : ¢ — E() as a linear functional on W1H®(K). The above estimate
shows that E(- ) is continuous with norm less than C'|||| L2(k) We check also that E(-w)

vanishes on PO(K ), the space of constant functions on K. Therefore, due to Bramble-Hilbert
lemma [12, Theorem 4.1.3], there exists some C' such that for all ¢ € Wh*(K),

BW)| < CIEC D) payroe iy Pliyoe iy < Cllibl o iy 1m0
Take 1& = ¢o0. We check that
|¢’W1,oo(f() < |qo‘W1,oo(K ”{}HLoo f() + HQOHLoo f()‘ﬂwl,w(f{)
< € (olwoe (i) 101 2y + ol e |01 it ) -

The last inequality holds because ¢ € P;(K) and all norms on Py (K) are equivalent. Finally,
recall the relations [12, Theorem 3.1.2] that for any integer m > 0, any ¢ € [1, 00|, and for
any ¢ € WMP(K),

~ _1
Dl < CIBITIAet(B)]F [olymar).

Combine all the estimates above, we obtain the desired estimate. ]
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For the heterogeneous multi-scale error, we have the following result. We do not intend
to make these estimates sharp.

Theorem 3.3. Let dimension d = 2 and ¢ < 0 < h. Let e(HMS) be the multi-scale
heterogeneous error defined in (3.2), we have, for ¢ > 0 sufficiently small, the following
estimate:

d
C <E> 2 in the SRC' setting,

E e(HMS) < 60/ (3.5)
C <%> , in the LRC setting.

The constants C' above does not depend on h,d or €.

Proof. For any v" € V" its restriction v"|f is in P;(K). Therefore, according to the
definition of e(HMS) in (3.2), we try to estimate

1h,0 1h,8
ex = sup [K[JA° (", ") o] — Ag®(u", o") [ok]|

vwePy (K) vl & ey llwll m o

: Thd  ihi . .
Since A" — Ay may be viewed as a bilinear form, we have

3 1
~ ~ 2 5
ex < | D0 IKPIAL (G, d)lwk] = AG (G, d0)lo][]
m,n=1
where {¢,,m = 1,2,3} are some orthonormal basis of Pj(K). Let X7 , denotes the
difference |K|( 12 (G ) [5) — /lg’é(gém, ¢n)[zK]). By Cauchy-Schwarz,

3

1
Eex < [ 3 E|X;§W|2}2.

m,n=1

Therefore, we estimate E|XZ, ,|2. From the definition, we check that

K]

Here and in the sequel, x4 is the indication function for a set A C R2. Abusing notations,
we use X© and ¢ instead of X7, ;, and vy, in the following.

Let us estimate E|X¢[2. In the SRC setting, it is known that e"2 X¢ converges in
distribution to a mean-zero Gaussian variable with variance o2(|¢)||2,; see [5, Theorem 3.8].
Therefore, for sufficiently small &, we have

h €
E|X.[* < Ce¥|R| 1 [[¢]172 = CadHRHLl(5)2d|!¢m¢nHi2<K5) < CHRHLlhzd(g)d- (3.6)

Here R is the correlation function of ¢ defined in (2.1). We used the fact that |K|/|Ks| =

(h/6)¢ and we calculated that ||qu¢nH%2(K5) < |Ks| < Co.
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In the LRC setting, it is known that T2 XE converges in distribution to a mean-zero
Gaussian variable with variance [|t) @ ¥||11(yv2 xjz—y|-edzdy); Se€ [6, Lemma 4.3]. Conse-
quently, for sufficiently small e, we have

E|X.[2 < Ce // K@) oy < Co )
KsxKs 1T —y[* Lizs (3.7)

aP2d 2 2d( €\
Ce (5) H¢m¢n”Lﬁ <Ch (6)

In the second inequality we used Hardy-Littlewood-Sobolev inequality [22, Theorem 4.3],
and we calculated that H¢m¢n||m§7 < |K5\477a,

The inequalities (3.6) and (3.7) show that E e is of order hd(%)d/2 and hd(%)a/2 in the
SRC and LRC settings respectively. From the definition of e(HMS), we see that

2
E e(HMS) < Y Eeg < -5 sup E ex. (3.8)
KeT, I* ke,

Here, % is a bound for the total number of elements in 7,. Since the estimates (3.6) and
(3.7) are uniform over K € T, we obtain the desired estimates. O

3.2 Coordinate representation and conservative form

The next step is to reformulate the multi-scale schemes (1.8) and (1.10) as linear systems for
the coordinates of the solutions in V", to investigate the structure of the associated stiffness
matrices, and to write the discrete corrector ug 0 _ ug,& in terms of their coordinates.

We start by introducing some useful notation. In the triangulation illustrated by Fig. 3,
we identify each grid point (i¢h, jh) with a unique two dimensional index (7, 7). The set of
inner grid points are denoted by Z = {(i,5) | 1 < i,j < N — 1}, and the set of all grid
points including the boundary ones is denoted by Z = {(i,5) | 0 < 4,7 < N}. We define six
difference operators df : Z — T as follows:

di(i,g) = (i£1,), dy(i.j)=(i.j%1), dy(i.j)=(£1,j£1). (3.9)

Here, s = 1,2,3 denotes three directions: horizontal, vertical and diagonal; the plus or
minus sign indicates forward or backward differences.

In the sequel, we often write (4, j) simply as ij. For each ij € Z, there corresponds a basis
function ¢* which is piecewise linear on each element K € T}, has value one at ij and has
value zero at other nodal points. Any function v” in the space V" can be uniquely written
as v'(z) = dijer Vij¢¥ (2), and the vector (Vi;) € RIN=DX(N=1) jg called the coordinates
of v". We identify RN-1D*(N=1) "the space for the coordinates, with V" itself. Now, the
difference operators d induce difference operators DT on V" as follows:

DJVij = Vary; = Vijs  D3Vij=Vij =V,

azij- (3.10)

Note when dij lands outside of Z, i.e. on the boundary, the value Vi, j is set to zero.
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Figure 4: Left: The support of a basis function ¢, denoted by Kij. Right: The shrunk
integral region IC%.

Using the coordinate representation of functions u? 0 = > j Uj; ¢ and ug’(S = Zij Uioj P,
we can recast the heterogeneous multi-scale schemes (1.8) and (1.10) as the following sys-
tems:

A5 Ui = (f,67), (3.11)
AuUp = (f,07). (3.12)
Here, the stiffness matrices are defined by
iy 5 i
S = AL (G o), AL = AL (¢, o).
These stiffness matrices have the following structures.

Proposition 3.4. Let AP = (Afjkl) with p = 0 or ¢ be the stiffness matrices above. We
observe

(P1) A]iajk;z = Ailij;
(P2) A7y = 0 unless kl € Ty := {ij} U{d5ij | s = 1,2,3}.

(P3) For any ij € I, we have

3
p _ Jp p P
Ay =di = (Az-jd:ij T Az'jd;z'j)’ (3:.13)

s=1

for some dfj that can be explicitly computed as in (3.14) below.

Proof. The first two observations are obvious, so only the third one needs to be stressed. Ac-
cording to (1.8) and (1.10), to calculate A};;; we need to integrate the function (Vi (x)|? +
q*(z)|¢Y (z)|?. We observe that the support of ¢*/, denoted by K;;, is a hexagon consist-
ing of six triangle elements as illustrated in Fig. 4-Left. The integration is actually taken
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over IC%, the region obtained by shrinking the triangle elements in X;; with respect to
their barycenters as illustrated in Fig. 4-Right. Let us consider a typical triangle in X;;
with nodal points 7, dfij and d;ij . Abusing notation, we call it K and the corresponding
smaller triangle K. Note K corresponds to the shaded region in the figure. On this region,
the three non-zero basis functions are ¢%, ¢d1+ij and qﬁd; . They satisfy

o+ (bdlﬂ‘j 4 ¢d§zj —1, V¢l + ngdfij + v(bdgij —0.
Multiply % on both sides of the first equation, and V¢* on the second equation. We have
()2 = 6 — (6% + ¢B V)¢V, V]2 = ~(VgT U 4 Vg . Vg,

Consequently, we have
A 67,60 o) = f |96 + 10 Pdo
K

:][ Poidr— 3 Ve Ve 1 i gty
Ks

s=1,3 Ks

= 7[K5 PG dr — AR (¢ 6NV ) [z i) — AR ($Y, ¢% ) ().

Summing over the integrals on all six triangles, and using the notations of AP, .A;Z"s and
.,Zl];’é, p = 0,¢, we see that (3.13) holds with dfj defined by

=" |K\][ ¢’ ¢ dz. (3.14)
Ks

Kekyj
This completes the proof. O

It follows immediately that the matrix AP acts on vectors in V" as follows:

3
(APV)i; = Di(ajFD; Vi) + d5; Vi,
s=1

where ozf]’-p is short-hand notation for Afj Ao and it has the expression

off = 3 IKIf Ve Vet 4 el .
K

KE’Cij

Note that when d;tz' 7 lands outside of Z, i.e. on the boundary, ¢d§’j is the unique continuous
function which is linear on each K € Ty, has value one at dFfij and value zero at all other
nodal points. Finally, taking the difference of A% and A° we obtain

3

(AEV — AOV)i]’ = Z D;F(Oé;]D;Vm) + daij‘/;jy (3'15)
s=1
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where the vectors (af;;) and (dg;;) are

€ij
oty =l —alf = 3 K| a.06"d, (3.16)
KGKU K;s
deij = di; — d?j = Z |K|][ g-¢" du. (3.17)
KG’Cij K;s

Formula (3.15) is essential in our analysis because it provides an explicit expression of
the discrete corrector u™® — ug’(s. Identify these solutions with the vectors (Uy;) and (Uioj)

in (3.11-3.12). We verify that
A?jkl(Us - Uo)kl = —(A° - Ao)ijklUliz-

Here and after, we will use the summation convention that repeated indices are summed
over unless otherwise stated. Let (G?jkl) be the inverse of A°. We then have

(U° = U%)ij = =Gy (A = Ayt Usy. (3.18)
Using the formula (3.15) and summation by parts, we obtain

(U =U%)i5 = —Giji(A° — A)rs Ul — Gijra (A% — A%y (US — Uy
3
= (D5 Giji) (@D Uy — Gijra(d-U°)y (3.19)

s=1

3
+ Z(D;Gijkl)(agDS_(Ug — Ukt — Gijra(de(U® = U))pa.
s=1

Note that for two vectors of the same dimension, say d. and U° above, the notation (d.U°)
is the vector obtained by multiplying the corresponding components. This decomposition
formula will be the starting point of our analysis in the next section.

4 Proof of the Main Results

In this section, we prove Theorem 1.2 using the coordinate representation (3.19) of the
discrete corrector.

From (3.16) and (3.17) we see that o? and d. may be seen as averages of fluctuations
and hence are asymptotically small. In the decomposition formula (3.19), the first sum
involves linear terms of these random processes, while the second sum involves product of
af or d. with U® — U°. The second term hence is much smaller if we can control U¢ — U°.
This is done in the following lemma.

Lemma 4.1. Let Uj; and Uioj be the coordinates of the numerical solutions to the random
and the deterministic equations (1.5) and (1.6) respectively. Suppose that there exist some
constants C' > 0,v; € R,j =1,---,4 so that

D5 Gija| < Ch™,|D; US| < Ch2, |Gyl < Ch®and |US;| < Ch™ (4.1)
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for any s =1,2,3. Let d = 2. The following holds.

(1) If the random process q satisfies the SRC' setting, we have

. d
B0 - 0% < optrntnzas sl Rl () (42)
(2) If the random process q satisfies the LRC' setting, we have
E|U° — U0||%2 < C(a, ,i)h2(min{71+72,73+“/4}) (%)a' (4.3)

The constant C does not depend on h,d or e.

Proof. We observe that (3.19) can also be written as

3
(U= =U)ij = > _(D; Gij)(aiD; U )iy — Gijra(d=U® ).

s=1
Using the bounds in (4.1) and Cauchy-Schwarz, we have

3
E|US - U} < CN?R* 2 N "N “Elafy > + CN?R205 59 Y " Eldo . (4.4)
s=1 ki kl

Here, N? is the number of nodal points, i.e. N? = |Z| ~ h~2. Take expectation. It suffices
to estimate E|af,;|> and E|d.x|?. We rewrite (3.16-3.17) as

gy —/qe(x)aiz(w)d% dek = /Qs($)bkl(x)d$, (4.5)

with a and b, defined by
K]

@) = Y v @ @) @), bul) = Y Ry @), (46)

Keky, ‘ 6| Keky, | 5‘

Note that |K|/|Ks| = (h/d)?. Note also that af;, and by are uniformly bounded on Y.
Hence, we recognize o, and d.j; as oscillatory integrals of uniformly bounded functions
against fast varying mean-zero random processes. Such integrals are well understood. In
fact, a2 has the same form as X¢ in the proof of Theorem 3.3 and can be estimated in the
same manner. In the SRC setting, we have that

€
Elagy|* < CeY|R| pillagy 17> < CHRHLthd(g)d- (4.7)
In the LRC setting, the above estimate should be changed to
€
Elag, | < Cellag; ® ajyll i (v <y, jo—y|-odedy) < C(aﬂﬁ)h%(g)a- (4.8)

The mean square of d.x; can be similarly estimated. Substitute these estimates into (4.4)
to control the mean square of (U® — U%);;; note that the sum over kl introduces a factor
of h=¢ which is the number of items in the sum. The estimates of (U¢ — U?);; are uniform
in 4j, summation over ¢j yields the desired results. Note that this additional summation
introduces another =% to the estimates. O
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Lemma 4.2. Under the same condition of the previous lemma, we have

3
(Us -U%,; = Z(D;Gz’jkl)(agD;Uo)kl + Gijra(deU%) g + 155 (4.9)

s=1

Further, the error term ry; satisfies

Cpmintyrsmin{y e gstyal g (f)d, in the SRC setting,
supE[rf;| < 0/ (4.10)
gl Cpmin{ms}min{n+Hyzystat+g (%) ) in the LRC setting.
Proof. The decomposition holds with
3
5 =YY (D5 Gije)aty Dy Uy — Uk + Y Gijiadea(US = U°)p. (4.11)

s=1 ki kl

Bound the Dy G;ji; and Gjji terms by (4.1), and use Cauchy-Schwarz. We get

3
75l < CH Y llagl || D7 (U = U9l + CW8|del2 | UF — U)o
s=1
Note that ||D; (U¢ — U%)||2, < C||U¢ — U°||j2. Take expectation and use Cauchy-Schwarz
again to get

3 1
Elrf;| < Ch™ ) (BllaZl|ZE|U° — U°%)* + Ch™ (Bl|d|[ZE(U° — U°|%)

s=1

=

(4.12)

Summing over kl in the estimates (4.7) and (4.8), we have
<
5

Cla, ﬁ)hd(g)a, in the LRC setting.

C||R| 1 h?(=)4, in the SRC setting,

Efoz]7 <

The same estimates hold also for E[|d.||%,. Substituting these estimates, together with
(4.2-4.3), into (4.12) completes the proof. O

Remark 4.3. The assumption (4.1) is not a restriction because «y; there can be negative.
Indeed, consider an arbitrary triangle element K. Without loss of generality, let its vertices
be {ij,i — 1j,ij + 1}. For any function v" € V" with coordinate vector V, we verify that

CLh®(|Vi 2 + Vieyj P + Vijn ) < 0" [72 () < Coh® (Vi + [Viegj P + [Vija ). (4.13)
This is due to the fact that all norms on the finite dimensional space V"|x are equiv-
alent and h? is the right scaling. We can check also that Vu"|f is a constant vector
(D1 Vij, Dy Vij1)/h. It follows that

2_ _ _ 2_ _ _ 1
[olwrag) = Cha (DY Vij, Dy Vigen)llg = Cha ™ (IDy Vigl? + Dy Vil ) 7. (4.14)
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Now for ul® 5, we know its H' norm is bounded independent of h and . Applying the
results above we find that |US| < Ch~! and |Dy Uj;| < C. Other elements of U and D U*
can be estimated in the same way. Hence, we may choose v = 0 and 4 = —1. Similarly,
the discrete Green’s function G"(z,y) = Gijr¢¥ (z)¢* (y) is known to have W4 norm for
some ¢ < 2 bounded by C|logh| for any fixed z; see [17, Theorem 5.1]. Using (4.13) and
(4.14) we may choose 71 and 3 properly, say v =v3 = —1. [

Now we are ready to prove the main theorem. We denote the solution operator of the
averaged scheme (1.10) by G"°. That is, G* f is the unique solution in V" that satisfies
(1.10). Using the coordinate representation and summation convention, we verify that

G f(x) = Gijui(f, 8™ 9" (2). (4.15)

Proof of Theorem 1.2. Take any test function ¢ € C%(Y). Let us denote the function G™%¢
by m" and its coordinate vector by (M, ij)- Let B =d in the SRC setting and f = a in the
LRC setting. From the decomposition (4 9), we write
1 .
[ — g dz = —=(U° = U5, 6")

1
= | et Ve
3
= [(Z Gijri(aiD; Uiy + Gijri (dU )kl"‘r”) (@ ¢”>]
bl s (0,9, (4.16)
Veh ¥

In the last equality, we used the fact that G = Gpi; and recognized the coordinate My,
according to the formula (4.15).

First convergence as € — 0 while h is fixed. Let us control the last term first. Thanks
to the estimate (4.10), we have

_ 1
VeP
1

3
> Dy My (aiD; U + Mig(d-U°) g
s=1

ﬁ

eh

1 1
< —(E|r$;
Vel v i
This term hence converges to zero in L!(IP) and does not contribute to the limiting dis-

tribution. So we focus on the other two terms that are linear in af and d°, respectively.
Substituting the oscillatory integral representations (4.6) into (4.16), we find that

\/>/ —uo dacN\/>/q8 dw%—\/>/qE (z)dx
\ﬁ/ x) L (z)d.

) 87) < Ol 1 VeP. (4.17)

5 (. 0%)

|

(4.18)

21



Here, L?’(S, j=1,2and LM = L}f’d + Lg’(s depend on ¢ through M and are defined by

3
LY (x) = Y Dy My(agy(x) Dy U°)
s=1
3

K _
=2 2 \|Ka||XK6<$>Z<Ds‘ Mig) (D7 U2) oM ()68 M (x),
Kl KcKy, s=1 - (4.19)
Ly (2) = ba(2) (MU =3 > WXK(;(:U)MMUI?MM(%)
ol Keky, =~ 0

= Z ’[(MXK(S(w) Z MklUlgl¢kl(x): Z ﬁXKa(x)Hh(mhugé)(x)'

KeTy, | 5‘ kleli KeTh ’K§|

Here, T contains the indices so that (kh,lh) is in K and Hh(mhug’a) is the projection
in V" of the function mhug’é. Now the convergence in item one and the first conclusion
of item three of Theorem (1.2) follows from the representation (4.18) and the well-known
results on limiting distribution of oscillatory integrals; we refer the reader to Theorem 3.8

of [5] for the SRC setting, and to Lemma 4.3 of [6] for the LRC setting.

Second convergence as h — 0, SRC setting. Now we prove item two of the theorem.
It concerns the limiting distribution, as h goes to zero, of the Gaussian random variable
which is obtained as the limiting distribution in the first step. This step depends on the
correlation length of the random field and needs to be considered separately for the SRC
and LRC setting. Here we focus on proving (1.12) first.

We have the following key observation:

L' — 0in L®(Y) as h — 0. (4.20)
Indeed, for any fixed z € Y, since |¢*| < 1 uniformly and |K|/|Ks| = (hd~1)?, we have

e@ize () ry

s=1

Dy My
h

DU,
h

Hl.

h 2
<C <> W2 m| g [ul®
e Y

ZQ

Since ug’é and m" are yielded form the scheme (1.10) for smooth right hand side f and o,
they have bounded H' norms. We assume that the ratio h/§ is fixed while h is sent to zero.

Therefore, the above estimate shows that L;L’é goes to zero uniformly, proving the claim.
According to (4.18), the left hand side of (1.12) can be written as

o / LM (2)dW (z) + o / LA (2)dW (). (4.21)
Y Y

Our plan is to show that the second term above converges to the right hand side of (1.12)
while the first term above converges in probability to zero; this is indeed sufficient for (1.12).
Since all random variables involved are Gaussian, we only need to calculate their variances.
Thanks to It6’s isometry, we have

Var U/ L}f’d(x)dW(x) :02/ ’L}f’é(x)‘de'
Y Y
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Due to (4.20), the above variance goes to zero, proving our claim for the first term. For the
second one, we have again

Var o—/yLZ"S(x)dW(a:) _ Uz/ng,é(x”zdx _ (ah>

We recognize the sum in the last term as a barycenter approximation of the integral that
gives the L? norm square of Hh(mhug’é). Thanks to Lemma 4.4 below, Hﬂh(mhug’a)HLz
converges to ||[ugGy|| 2. This implies that the variance of the second term in (4.21) converges
to (ch/d)? ||u0gg0||L2, proving (1.12).

S IK] ][ T () (2) 2 d.

KeTy

Second convergence as h — 0, LRC setting. Now we prove (1.14). Like in (4.21), we
can write the left hand side of (1.14) as a sum of two Gaussian random variables. Using a
modified isometry, we write the variance of the first variable as

h,s a KLY (@) LY (y) h,s
Var o L ()W (dx) dedy = S (L)"°).
y2 |$—y|a

4
Here, we define the operator . : Li-« — R as

=119 @ 9|l L1 (v2 k|e—y|-d // da:dy 4.22
70) 1= 199 9202ty -wanin = [ | E0E (422)
Recalling the Hardy-Littlewood-Sobolev inequality, Theorem 4.3 of [22], we have
2
[Z (@] < KC)gll a_- (4.23)

Due to (4.20), this term goes to zero again and does not contribute to the limiting distri-
bution. For the contribution of Lg"s, we have

h6 h,0
// L Lz ()dxdy
Y? -

-y v ,K\z][ 7[ lwh<mhu’5"5><x>nh<mhu8‘5><y> dndy,

. «
KeT, K'eTy, |z =]

Var U/ Lg’é(x)W“(dx)
Y

We recognize the last sum as the barycenter approximation of .# (11" (mhug 6)). Now (4.23)
shows that . is continuous on Lﬁ. Since @ < 2 and ﬁ < 2, we have the inclusion
L*(Y) C Lﬁ(Y). Therefore .# is also continuous on L?(Y). Applying (4.24) with f; = ¢
and fo = f, we conclude that ,ﬂ(ﬂh(mhug’é)) converges to . (upGy). This proves (1.14)
and completes the proof of the theorem. O

It remains to prove the following key lemma concerning the convergence of product of
solutions yielded from the averaged heterogeneous multi-scale scheme (1.10).
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Lemma 4.4. Let G™9 be the Green’s operator of the scheme (1.10). For any two functions
fi € C3(Y), j = 1,2, let IT"(G"° {1G" f2) be the projection in V* of the product of GM fy
and gh";fg. We have that

TG 1,60 1) 2 G1Gfo,  as h — 0. (4.24)
As before, G above is the Green’s operator of the homogenized equation (1.6).

Proof. To simplify notation, let us denote the function G"° fj by &?, the functions G f; by
Uj, j = 1, 2.

The key to the proof relies on L*° error estimates for finite element methods. Such
results are classic for the scheme with h = 0 as proved in [26, 28]. For § < h, as explained
before we may view the scheme as the standard finite element with (barycenter) numerical
integrations. L°° error estimates for such practical schemes are more involved but were
obtained in [30, 17]. In particular, the piecewise linear FEM with numerical quadrature
was considered in Theorem 5.1 of [17], and it was shown that

1} — ujllze < CR*|log hl||fjllwz.-
Since ﬁ?, 7 = 1,2, are bounded, the above also implies that
@t @y — urus|| = < CR?|log Al £z (4.25)
In fact, Theorem 5.1 of [17] also shows that
1% oo < [l lwrce + Chllog h|(lujllw2ee + || fjllw2oe)-

Here, u? is the FEM solution with h = §. The above estimate shows that ﬂ? is in W1.

Since u; are bounded, we check that fc}fﬁg € WL. From classical interpolation estimates,
e.g. taking k =m =0, p = oo and ¢ = 2 in Theorem 3.1.6 of [12], we have

~h~h h (~h~h 1a~h~h
|ayay — e (ayas) | L2y < CIE[Zh|a1 s o (y)-
Here, IT ?( is the projection on the triangle element K. Summing over K € Ty, we have
@y as — 11" (a5) | p2gyy < ChYIES [l (4.26)

Note that (4.25) controls @4 ||yy1,5. Sending h to zero, we finish the proof. O
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