Kinetic and Related Models

©American Institute of Mathematical Sciences

Volume 3, Number 4, December 2010

KINETIC LIMITS FOR WAVES IN A RANDOM MEDIUM

1.
2.

2.1.
2.2.
2.3.

3

3.1
3.2.
3.3.
3.4.

4

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.

5

5.1
5.2.
5.3.

GUILLAUME BAL

Department of Applied Physics & Applied Mathematics
Columbia University, New York, NY 10027, USA

ToMAasz KOMOROWSKI

Institute of Mathematics, UMCS, pl. Marii Curie-Sklodowskiej 1, 20-031, Lublin
and
IMPAN, ul. Sniadeckich 8, 00-956 Warsaw, Poland

LENYA RYZHIK

Department of Mathematics, Stanford University
Stanford, CA 94305, USA

(Communicated by Pierre Degond)

CONTENTS

Introduction
Diffusive limit for a particle in a random flow
Diffusion of a particle in a time-dependent random flow
The proof of Theorem 2.1
One and two particles in a random flow with a strong drift
The Wigner transform
The basic properties of the Wigner transform
The evolution of the Wigner transform
The high frequency limit for symmetric hyperbolic systems
High frequency Wigner limits: examples
Kinetic limits for the Liouville equations
The Fokker-Planck limit
Outline of the rigorous proof of the Fokker-Planck limit
Independence of two trajectories
Spatial diffusion
General Hamiltonians
From waves to diffusion and self-averaging
Radiative transport regime for the Schrodinger equation
The radiative transport limit
Limits for the wave function
Convergence of the expectation of the wave function

2000 Mathematics Subject Classification. Primary: 60H25; Secondary: 35Q40.
Key words and phrases. Waves in random media, Particles in random flow, Wigner transform,
Wave-wave correlation, Kinetic equation, Radiative transport equation, Fokker-Planck equation,
Self-averaging, Scintillation function, Time reversal.
Guillaume Bal and Lenya Ryzhik were partially supported by NSF and AFOSR. Tomasz Ko-
morowski has been partially supported by the grant grant NN201419139 from the Polish Ministry
of Science and Higher Education.

d0i:10.3934 /krm.2010.3.xx

pp. xx—XX

ESIEN TN

13
22
24
24
32
37
42
46
46
49
54
56
58
59
62
62
64
66


http://dx.doi.org/10.3934/krm.2010.3.xx

2 GUILLAUME BAL, TOMASZ KOMOROWSKI AND LENYA RYZHIK

5.4. A simplified model: It6-Schrodinger 70
5.5. Transport equations for time-dependent Schrodinger 7
5.6. Fluctuations of the Wigner transform with an OU potential 90
5.7. Different kinetic regimes for time-dependent Schrodinger 92
6. Kinetic models for correlations 98
6.1. Radiative transport equations for correlations 98
6.2. Fokker-Planck equation for correlations 103
6.3. More general models for correlations 106
7. Application to time reversal 108
7.1. Time reversal modeling 108
7.2. Kinetic model for the refocusing signal 109
7.3. The random medium in time reversal: a filtering process 111
7.4. Time reversal and changing media 112
7.5. Time reversal and imaging 113
REFERENCES 114

1. Introduction. This paper reviews several mathematical techniques that have
been developed to analyze the asymptotic behavior of waves and particles propagat-
ing in a heterogeneous medium. The heterogeneous medium is typically not known
precisely and is thus modeled as a realization of a collection of (random) media
with known statistics. In many applications, the scale at which the medium varies,
the correlation length ., is much shorter than the scale at which observations are
made, the size of the domain L. We are interested in the asymptotic description of
physical observables as [./L < 1. In many problems, the medium also varies rapidly
in time with the correlation time t.. If v is a characteristic speed of propagation,
then we also assume that vt./L < 1 in the asymptotic description.

We should also underline that the problems discussed here involve weakly random
media — this means that the overall effect of the weak fluctuations on the macro-
scopic quantities becomes significant only after a sufficiently long time — and these
long times are the regime we are interested in, with the typical goal of capturing the
long time effect of the randomness by means of an effective macroscopic equation.
Hence, the notion of “weak” fluctuations does not mean that on the time scales
we consider the effect of the random medium is small. Nevertheless, these models
behave usually in a qualitatively different way from “strongly” random models that
we do not consider here.

Particles in random flows. Waves in heterogeneous media form our main ob-
ject of study. We begin our review by the simpler problem of particle propagation
in a random flow. The main object of interest is then the dynamics of the spatial
density of particles. As particles propagate in a temporally and spatially varying,
centered, random flow, their speeds undergo rapid changes, whose macroscopic ef-
fects tend to cancel out by an application of the law of large numbers (LLN). As
time progresses, a correction to the LLN emerges as an application of the central
limit theorem (CLT). Since this argument is central to many techniques reviewed
here, we describe the CLT method in detail with complete proofs in Section 2.
Under appropriate assumptions on the random flow, we show that the ensemble
average of the spatial particle density asymptotically solves a diffusion equation.
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This first result provides a macroscopic description of particle densities in a
statistical average sense. It fails to provide a description of particle propagation
in the physically given realization of the heterogeneous medium. What we also
would like to know is whether the deterministic limiting diffusion equation is a
good approximation for the whole random distribution of particle densities, and
not only its ensemble average. When the whole distribution of particle densities
converges in probability to its deterministic limit, then we say that it is statistically
stable. This is an important property in many applications that we shall describe
in more detail below.

The methodology we follow to prove statistical stability consists of considering
correlations, which are ensemble averages of quadratic quantities in the particle den-
sity, and deriving their limiting equations. If X, is a sequence of random variables
for which we can show that E {X.}—X and E { X2} — (E {X.})? go to 0 with , then
we are guaranteed that X. converges to X in mean square, and hence in probability
by an application of the Chebyshev inequality. Although this does not give access
to almost sure convergence, which would be the ideal tool to show that a quantity
is independent of the realization of the random medium, its generalization to corre-
lations provides a basic tool to show statistical stability as it was described above.
Moreover, we observe that correlations, after an appropriate change of coordinates,
are the solutions of (phase space) linear kinetic equations. Our first encounter with
kinetic models is described at the end of Section 2.

Waves in random media and observables. Particle propagation in random
flows displays several of the main difficulties that we face in the analysis of wave
propagation in random media. The latter is, however, significantly more challenging
mathematically as it involves the propagation of a whole (wave) field, that is both
delocalized and parameterized by an infinite number of degrees of freedom, rather
than that of a particle, which solves a finite system of ordinary differential equations.
Moreover, interesting applications of wave propagation involve typical wavelengths
A < L that are typically much smaller than the overall distance of propagation.

Waves in this paper will primarily mean quantum waves solution of an evolution
Schrodinger equation. We will also consider classical waves, such as solutions of
a system of acoustic wave equations but much less than the Schrédinger equation
both because fewer results are available for the wave equation, and because the
technicalities that are not small even in the Schrodinger case grow significantly for
the wave equations. In all settings, the random medium (random potential for
Schrodinger or random sound speed in acoustics) will depend on space and also
possibly on time. Depending on the relationship between A, l., and vl;, different
macroscopic regimes will emerge. What all regimes have in common is that the
observables for which limiting models are available are not the wave fields themselves
but rather field-field correlations, which are quadratic observables in the wave fields.

That quadratic observables play an essential role is not surprising and similar to
the approximation of quantum mechanics by classical mechanics: whereas quantum
waves are spatially varying fields, classical particles require a phase space (position
and momentum) description. Except for one result describing the limiting behavior
of a properly rescaled wave field in Section 5.2, all limiting theorems presented in
this review are for quadratic observables.

The Wigner transforms. The natural tool to derive kinetic limits is the
Wigner transform of two wave fields. It is defined as the Fourier transform in the
y — k variable of the field-field correlation written as 1 (t,x — y/2)v5 (¢, = + y/2)
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and satisfies a kinetic evolution equation in the phase space variables (z,k). It
is known to be very useful in many microlocal analysis problems, and it is indis-
pensable in wave propagation in random media as well for the very simple reason
that multiple scattering by the medium heterogeneities creates waves propagating
in many directions at each point in the physical space making the microlocal anal-
ysis tools necessary. We recall some basic facts about the Wigner transforms in
Section 3 as well as its application to the derivation of classical mechanics, in the
form of a Liouville equation, from wave fields propagating in slowly varying media.
Both quantum and classical wave propagation models are considered.

Kinetic models for wave equations. Closed-form equations for the Wigner
transform can be obtained independent of the regime of wave propagation. That
such equations can be obtained for a quadratic quantity in the wave field should
not come as a surprise since the number of independent variables is twice as large.
Once such equations are obtained, however, their limit crucially depends on the
scaling properties of the random medium.

The most difficult cases concern wave propagation in time-independent random
media. The reason is that waves can re-visit the same spatial locations multiple
times and thus build statistical correlations (in a sense that has nothing to do
with the field-field correlations mentioned earlier) whose understanding generates
serious mathematical difficulties. Very few rigorous results exist in this setting.
When the correlation length and the wavelength A ~ [, are comparable, namely in
the weak-coupling regime, rigorous results of derivation of radiative transfer mod-
els were obtained for quantum waves [37, 45, 74] and for discrete classical waves
(thus displaying useful dispersive effects) [62]. Such results, which are based on
Duhamel expansions of the wave equation, are obtained for random media modeled
as Gaussian random field. We briefly mention them in Section 5.1.

When the correlation length is much larger than the wavelength, the radiative
transfer model is replaced by another kinetic model, the Fokker-Planck model. The
reason is the following. Since the random medium oscillates at a larger scale than
the wavelength, we may first replace wave propagation by its classical mechanics
approximation, which is a Liouville equation with a random potential. As particles
propagate through the random potential, their velocities approximate Brownian
motion as an application of a CLT. The resulting evolution equation for the law
of the limiting process is thus a Fokker-Planck equation involving a second-order
operator in the momentum variable. The derivation of the Fokker-Planck equation
is described, albeit not in full mathematical detail, in Section 4. There, the diffu-
sion approzrimation for the Fokker-Planck model obtained for longer times of wave
propagation (or equivalently, for more highly disordered random media generating
small transport mean free paths) is also presented. The proof of the Fokker-Planck
limit involves the Kesten-Papanicolaou cut-off method, that we explain, without
going into too many technicalities in Section 4.

Time-dependent random media. The derivation of kinetic models is signifi-
cantly simplified when the random medium is allowed to vary in the time variable
as well. The reason is quite simple: time is visited only once so that when the
temporal behavior of the random medium decorrelates sufficiently rapidly, the wave
fields and related (quadratic) observables are functionals of the random field for
which LLN- and CLT- type results may be applied.

Heuristically, we expect that the radiative transfer models mentioned above will
be unchanged when fluctuations in time are slower than fluctuations in space, that
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is, when vt. < [.. The simplest mathematical descriptions, however, arise when
the opposite holds, namely vt, > [.. There, mixing in time is preponderant, which
explains why the mathematical arguments simplify. In this highly simplified regime,
quantum wave propagation is modeled by an It6-Schrédinger equation. The statis-
tical moments of its solution satisfy closed-form equations by an application of the
It6 calculus. We are therefore in a unique situation where the ensemble average of
the Wigner transform of wave fields satisfies an exact kinetic equation. This model
is presented in Section 5.4.

In the practically often more interesting regimes where (i) vt. ~ I, or (ii) vt. > I,
wave propagation is modeled by a Schrodinger equation with a time dependent po-
tential. The two regimes (i) and (ii) are treated in Sections 5.5 and 5.7, respectively.
The theory of Section 5.5 is presented in full mathematical detail. To simplify the
presentation, we assume that the random medium is Markov in time. The random
medium and the Wigner transform are then jointly Markov as well. We analyze the
limiting properties of their infinitesimal generator using the perturbed test function
technique that is very useful in such problems. The same methodology can then be
extended to other regimes of wave propagation. This is done in Section 5.7. In the
simplified setting of time-dependent random media, we obtain all standard kinetic
models for wave propagation in random media: radiative transfer equations when
A ~ [, and vt, < [., Fokker Planck equations when A\ <« [. and vt. < [., and
their respective diffusion approximations when evolution occurs over longer times
or equivalently when the transport mean free path is small.

The results presented in this paper are drawn from works by the authors and
collaborators [10, 11]. Similar results under slightly different assumptions on the
randomness of the coefficients have also been obtained in, e.g., [39, 70].

Statistical stability and correctors. So far, we have presented several kinetic
models without being specific on the sense in which the random Wigner transform
converges to its deterministic kinetic limit. The minimum we expect is that the
ensemble average of phase space moments of the random Wigner transform W (a
quantity of the form E {(W (¢, z,k), ¢(, k:))D/(de)’D(de)}) converges to the corre-
sponding moment of the kinetic solution. This is already an involved exercise in
the weak-coupling regime [37, 45, 62, 74]. It turns out that in many regimes, we
can prove that the whole Wigner transform W (¢, z, k) (at least weakly in the phase-
space variables) converges in probability to its limit. This is what we referred to
earlier as statistical stability.

In many applications we shall discuss in more detail briefly, it is important to
understand in which sense convergence occurs and possibly to obtain convergence
rates or better yet characterization of correctors. Consider the scintillation function

J(t’x7 kvyvp) = E{(W(t7x’ k) - E{W(t’x7 k)})(W(t,y,p) —E {W(Ly,p)})} :

Its name is drawn from the scintillation of stars in the sky, whose position is some-
what statistically unstable as the (random) atmosphere fluctuates in time. We
would like to show that J converges to zero but also possibly obtain a rate of
convergence and exhibit its limit after proper rescaling.

It is in the mathematically simpler regime of It6-Schrédinger propagation that
the most complete results are available. There, the scintillation function solves an
explicit kinetic equation, again by application of standard It6 calculus. We present
error estimates and convergence results for the scintillation function in Section 5.4.2.
These results show that scintillation is affected by a much wider array of parameters,
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including how the wave initial conditions concentrate in phase space and how fast
the random media decorrelate in the spatial variables.

Statistical stability results can also be obtained for the derivation of the Fokker
Planck regime when \ < [. and for time-dependent Schrédinger models when vt ~
lc. Such results are presented in sections 4.3 and 5.5.3, respectively. The proof of
convergence in the time dependent Schrodinger setting is presented in detail.

Statistical stability is a result on the scintillation function. In cases where the
scintillation function can be estimated and a limit obtained, we may expect that
the random fluctuations W —E {W} are approximately Gaussian, with the rescaled
scintillation function giving the correlation function that characterizes the Gaussian
field. That the random corrector is approximately Gaussian is understood in few
cases that are presented in Section 5.6.

Kinetic models for field-field correlations. As we mentioned earlier, the
Wigner transform is a quantity that is quadratic in the wave field. The results
that are presented in Sections 4 and 5 apply to the auto-correlation of the wave
field. The Wigner transform may then be identified with the phase-space energy
density of the wave fields. The average of the Wigner transform over wavenumbers
is precisely the spatial energy density of the propagating fields.

We wish to stress that more general correlations may be considered, and in
particular the cross-correlation of two different wave fields with possibly different
initial conditions and propagating in possibly different random media. Applications
include the analysis of time reversal of waves that we will discuss shortly. How the
kinetic models should be generalized to account for such correlations in described in
Section 6. There, we revisit the derivation of kinetic models in the It6-Schrodinger,
time-dependent Schrodinger, and Fokker-Planck regimes of wave propagation.

Application to time reversal. Wave equations, whether quantum or classical,
admit for solution operators continuous (semi-)groups that are unitary operators of
the form e®4. The inverse of such operators, which is thus also their adjoint, is given
by e~"4 and is simply obtained by reversing the role of time: t — —t. As spatially
localized waves spread though a medium, heterogeneous or not, and are measured at
a given time T > 0, the reconstruction of the initial condition may thus be obtained
by re-compression of the measurements at time T > 0 by application of e~ *4.
Applying the operator requires that the field be known everywhere. A striking
behavior of time reversal is that in the presence of spatially limited measurements,
re-compression is better when propagation occurs in a heterogeneous medium than
when it occurs in a homogeneous medium.

Mathematically, time reversal is nothing but the composition of two Green’s op-
erators (the Schwartz kernels of the unitary operators) plus some filtering processes
describing measurements and time reversion. The back-propagated field is therefore
a quadratic quantity in wave field, and more precisely a cross-correlation function
of two wave fields. This was observed first in [25].

The models presented in the preceding sections are therefore perfectly adapted
to the description of the refocusing properties of time reversed waves propagating
in highly heterogeneous media. We consider the detailed analysis of time reversal
using the kinetic models in section 7.

Applications of wave propagation, imaging, and inverse problems. The
derivation of kinetic models to describe wave propagation in random media has a
long history; see, e.g., the references [31, 49, 72, 73]. It models certain quantum
waves in semi-conductors to light in the atmosphere to some seismic waves in the
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Earth crust. Except in one dimension of space, where Anderson localization occurs
[30, 41], radiative transfer and other kinetic models are well-accepted to describe
wave propagation in such environments. The numerical and experimental validity
of radiative transfer equations was also addressed in [6, 13, 17, 61].

Another interesting application of kinetic models pertains to the field of imaging
and inverse problems. Consider the problem of the reconstruction of buried inclu-
sions in highly heterogeneous media. The details of the medium can often not be
reconstructed from limited, noisy, available measurements. Nor is it always neces-
sary to perform such a detailed reconstruction when kinetic models can be derived.
The inclusion may be modeled as a constitutive parameter of the kinetic equation.
The inverse wave problem for the reconstruction of the heterogeneous medium and
the inclusion is replaced by an inverse kinetic problem for the reconstruction of the
statistical properties of the random medium, i.e., essentially the transport mean
free path, and of the buried inclusion. Several reconstruction techniques are then
available depending on the given measurements [5].

Statistical stability then becomes a necessity. Only stable observables may be
used for the solution of the inverse problem as typically measurements for only one
realization of the random medium are accessible. What are stable observables and
how stable they are was precisely the objective of the results in sections 4 to 6.
Moreover, the accuracy in the reconstruction is strongly correlated to the “noise”
in the measurements, i.e., to the error between the random observable W, and its
deterministic limit W solution of the kinetic equation. The scintillation function is
therefore an accurate description of the noise correlation function, which governs
the statistical instability in the reconstructions [77]. We refer the reader to the
recent review [4] on the use of kinetic models to image buried inclusions in random
media.

This paper focuses on field-field correlations at two spatial locations for given
time. More general correlations in space-time are also useful and can also be mod-
eled by using kinetic models [3]. Such correlations are also extremely useful in
imaging in random media when the scattering of the waves off the random scat-
terers is not modeled but rather treated as noise. Which correlations should be
back-propagated, because they are statistically stable, and which should not, be-
cause they are not, is the corner stone of the very powerful Coherent Interferometry
(CINT) methodology developed, e.g., in [26, 27, 28]. Which correlations to use in
inverse kinetic problems has also been investigated in, e.g., [14, 16].

2. Diffusive limit for a particle in a random flow.

2.1. Diffusion of a particle in a time-dependent random flow. The simplest
non-dissipative problem with weakly random coefficients for which one may establish
a long time diffusive behavior is the first order equation
o¢ +ev(t,z)- Vo =0. (2.1)
ot
Here ¢ < 1 is a small parameter, and v(t, z) is a flow that varies randomly both in
time and space - a random (vector) field using probabilistic terminology. We will
specify the precise assumptions on this random field a little later. Though (2.1) by
no means captures the precise behavior of the solutions of, say, the wave equation
with a random sound speed, it is sufficiently rich and complex to serve as a good
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toy model, both to develop appropriate mathematical methods, and exhibit some
of the basic phenomena.

2.1.1. The central limit theorem, purely time-dependent flows, and diffusion. Since
the flow amplitude ¢ is small, one expects the flow to have a non-trivial effect on
long time scales, as “nothing happens” to solutions of (2.1) for ¢ ~ O(1). In order
to understand how long one should wait until one may observe some non-trivial
behavior, let us recall the central limit theorem. It says that if V; are independent,
identically distributed random variables with mean zero and variance one, that is,
E(V;) =0, E(V;Vi) = di, then the variable

Vit 4 W

VN

converges as N — oo to the standard Gaussian random variable X such that
E(X) = 0 and E(X?) = 1. One may reformulate this result thinking of V; as
the velocity of a particle on the time-interval j < ¢t < 7+ 1 and as ¢ = 1/\/N as
the velocity amplitude — then the central limit theorem says that the time it takes
the particle to behave in a non-trivial way is of the order t ~ O(e72). A slight
generalization of the usual central limit theorem says, accordingly, that if V(¢) is a
stationary random process with E(V(¢)) = 0, and sufficiently rapidly decorrelating
in time, then the process

XN

t/e?
X (t) = s/ V(s)ds (2.2)
0
converges, as € — 0, to a Brownian motion B(¢) with the variance

E(B(1)) = lim E(X2(1)

t/e2  pt/e?
= lim 52/ E[V(s)V(s')]dsds’

e—0

0
t/e?  pt)e?
=21lim €2 R(s" — s)dsds’
e—0 0 s
t/e2  pt)e?—s
= 2lim 52/ / R(s')dsds’
e—0 0 0
t/e? 0o
=2 lim (t —e?s")R(s")ds = t/ R(s)ds.
e—0 0 — s

Here R(s) = E(V(t)V(t + s)) is the covariance function of the process V(¢). A
precisely formulation of a result of this type can be found in [48], see Theorem
18.7.1.

One may rephrase this result in terms of a PDE as follows. Let ¢(¢) be the
solution of the initial value problem

% + 5V<t)% =0, (b(oa T) = ¢0($), (2‘3)
and set ¢.(t) = ¢(t/e?, ). Then E(¢:(t,z)) — ¢(t, ), with the function ¢(t, )
that solves the diffusion equation

o
i

with the diffusion constant

9%

p<?
ox?’

(5(0,1‘) = ¢O(x)7 (24)

1 o0
D= 5[@ R(s)ds. (2.5)
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2.1.2. Using formal asymptotic expansions. One may wonder whether the limit
equation (2.4) could be obtained without resorting to the central limit theorem.
Let us show a simple formal derivation, taking spatial dimension d = 1 for simplic-
ity, as we have done so far above. The function ¢.(t, z) satisfies

do 1 t\ 0o B
Bt + EV <52> 9 0, ¢:(0,2) = ¢o(x). (2.6)
Consider a formal asymptotic multiple scales expansion

be(t, ) = P(t, ) + e (t, /%, ) + %o (t, t /%, ) + . ..

We assume here that the leading order term (¢, z) is deterministic and does not
depend on the fast time scale 7 = t/2. Inserting this ansatz for ¢. into (2.6) gives,
and collecting terms of the order O(e~1)

o BU(t)
or Vi) oxr
or .
(t,m,z) = —% V(s)ds. (2.7)

As the integral in (2.7) has no reason to converge, we introduce a regularization
parameter < 1, that we will later send to zero:

it 7o) = —M/ IV () ds. (2.8)
oz oo
Terms of the order O(1) in (2.6) combine to give
o O oY1

Assuming that ) is stationary in 7 leads to E(9v2/07) = 0. Therefore, averaging
(2.9) leads to (recall that (¢, x) is assumed to be deterministic!)

o Oy
Let us now compute the term in the right side above, using (2.8):
3% o T Os 821/’(15790)

:/T eesR(sz)st

0" 2 2
_)/_ R(S)dsa g;téx) :D8 lg;tz,x),

as 0 — 0, with the diffusion constant as in (2.5). We recover the diffusion equation
(2.4) that we have obtained previously using the central limit theorem:
2

%f = D?)Tf, ¥(0,2) = Yo(x). (2.11)
Unfortunately, as far as we know, this formal derivation can not be made rigorous
in any straightforward way, and an explanation of “the reason” it works would
sidetrack us for too long if we attempt it right now. However, as we explain later, this
provides a very effective tool to find the (usually) correct limit equation in a large
class of weakly random problems, where rigorous proofs require quite sophisticated
probabilistic techniques.




10 GUILLAUME BAL, TOMASZ KOMOROWSKI AND LENYA RYZHIK

2.1.3. Random flows with spatial-temporal dependence. Let us now turn to a more
complex situation when the random flow in (2.1) depends both on time and space:
0
O V(1) Vo =0, 6(0,2) = boe), (212)
and now we will consider the general situation d > 1. Motivated by the previous
discussion, we should expect non-trivial behavior on a time scale t ~ O(¢~2), and
we rescale the time accordingly ¢ — £2:

0
&1V (Sr) Vo =0, 60.2) = ula). (2.13)

The probabilistic approach to this problem relies on understanding the behavior of
characteristics X(t) = (X1(t),...,Xd.e(t)) when ¢ < 1. Equivalently one may
wish to describe the asymptotics of solutions to ordinary differential equation

X.(t) = év (;,Xa(t)> L X.(0) = x, (2.14)

as ¢ — 0. This question goes back to the papers by Khasminskii [54] from the
60’s with subsequent contributions by various authors: without any attempt at
completeness we mention the work of Borodin [29], Papanicolaou and Kohler [67],
and Kesten and Papanicolaou [52]. We present below a version of the limit theorem
due to Komorowski [55].

When does one expect the trajectories of (2.14) to behave diffusively? If the
flow V is spatially uniform then, as we have seen above, one needs V to have
mean zero and decorrelate rapidly in time: the covariance function R(s) should be
“sufficiently” rapidly decaying (though we have not made this requirement overly
precise above, it is clear that at least one needs the diffusion coefficient D to be
finite, requiring integrability of R(s)). Hence, first of all, V' (¢, z) has to have mean
zero so that the mean displacement would not be clearly biased, and we will need
some decay assumptions on the covariance matrix

Ron(t,2) = E[Vi (s, 9)Vo(s+t,y+ )], 1 <m,n <d. (2.15)

This is formalized by the mixing assumption below that eliminates the memory
effect. Second, V should “mix things around” which means that the flow should
be incompressible — this will prevent existence of spatial traps. Finally, statistically
there should be no distinguished times and spatial positions — this requires station-
arity of V in time and space (in particular this implies that the covariance matrix
in (2.15) does not depend on (s,y)). These assumptions should, in principle, ensure
a diffusive limit — after all, the Lagrangian velocity field “observed” by a particle
moving along the characteristics (2.14) will likely be statistically indistinguishable
from a stationary time-dependent but spatially uniform mixing field observed by
a particle moving in characteristics of (2.6). Physically, there is little reason to
expect a major difference. However, mathematically the problem is much more
complicated.

A formal asymptotic limit. Let us first show that from the point of view of formal
asymptotics there is a little difference between the spatially uniform and spatially
random fields (provided that they are ”sufficiently random” in time!). Both the
derivation and the answer are essentially the same. We consider an asymptotic
expansion

¢(t71') = w(tﬂﬁ) + 5¢1(757 €%7m) + 521/12@7 g%ax) +... (216)
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for the solution of (2.13). Inserting it into (2.13) gives in the order O(e~1):

P
# = V(rz) Vo(t,z),

and, as before, we introduce a regularization parameter § < 1, that we will later
send to zero:

Pi(t,T,2) = —/ %V (s,x) - Vap(t, x)ds. (2.17)
Terms of the order O(1) in (2.13) combine to give
oY O B
5 T g T V() Vi =0. (2.18)

Also as before, assuming that v, is stationary in 7, so that, E(9v2/07) = 0, and
averaging (2.18) leads to

oy

i —E[V(r,z) - Vq]. (2.19)
The right side above,is, once again'
0%Y(t, )
—-E . = e E[V,
V(r,2) - Vo] mznjl / (roa)Va(s, ) o ds
()
— 95 mn _ d
mgl / R R —
d
82w(t x)
- mzn:l &cmaxn
as § — 0, with the diffusion matrlx
1 o0
Dy = 5/ Rinn(s,0)ds. (2.20)

We recover the diffusion equation
d 2
5= > Dzt

ot mnMv w(O,w) = wo(w)- (2~21)

m,n=1
It is quite remarkable that this very simple formal derivation of the diffusive limit is
quite difficult to justify by purely PDE methods, and, to the best of our knowledge,
there are no PDE methods available when randomness is time-independent.

Assumptions on the random field. Generally, we will try to limit lengthy rigorous
proofs in this review article. However, since the turbulent diffusion problem is the
simplest setting when such proof is non-trivial we present it now. We begin with
assumptions on the random field, with some explanations as to why they are needed.
The need for such hypotheses is quite common in many problems where averaging
of small scales is possible.

Stationarity. The random field V (¢, ) is strictly stationary in time and space.
This means that for any t1,t2,...,tm € R, 21,..., 2, € R%, and each h € R and
y € R? the joint distribution of the random vectors V (t; 4 h, 1 +v), V (to + h, 2o +
Y)seoo, V(tm + h, Tm +y) is the same as that of V(¢1,21), V(te,z2),. .., V(tm, Tm)-
We will denote by Ry, (t,z) the covariance matrix of the field V(¢,z) defined in
(2.15). One may think of the stationarity assumption as the analog of periodicity in
standard homogenization in periodic media — some assumption of this sort is needed
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to make the effect of the small scale media fluctuations “identical in the statistical
sense” in various regions of space and at different time.

The spatial stationarity of the field is not really necessary here but it allows to
simplify a few expressions in what follows. This can be seen already from the formal
computation done above. We adopt it here simply for convenience. On the other
hand, stationarity in time is essential for the limit theorem. In other problems, in
particular, there randomness is time-independent, spatial statistical homogeneity is
essential.

Mixing. Given C,p > 0 let us denote by V°(C, p) the o-algebra generated by
the events of the form {w: V(¢,z,w) € A}, where a <t < b, |z| < C(1+t°) and
A is a Borel set in R?. When C' = oo in the above definition (p is of no importance
anymore) we obtain that the respective o-algebra V?(oo) is generated by the sets
of the form {w: V(t,z,w) € A} where a <t < b, x € R" (there is no restriction
on x now) and A is a Borel set in R™.

Define the (uniform) mixing coefficient of the field by

¢c,p(h) = sup sup [P(ANB) -~ PIA)PB)] (2.22)

¢ Aevf—?—h(c7p)7B€V8(C7p) P(B)

Our principal assumption is that there exists Cy > 0 and 1/2 < py such that

Comiz = sup h'%c,, ., (h) < +oc. (2.23)
h>0

The mixing coefficient corresponding to Cy = oo shall be denoted by ¢ (h). It shall
be customary in our notation of the mixing coefficient and the respective o-algebras
to omit parameters Cy, py if their value is obvious from the context.

One may wonder why the definition of the mixing coefficient involves parameters
p,C. After all we could have formulated the mixing assumption, somewhat more
customarily, using only ¢ (h). However this hypothesis does not apply to shifts
by a mean flow, that is, random fields of the form V (¢, x) = U(x — at), where U(x)
is a field that is mixing in space and « is a mean flow. This is an important and
interesting class of random fields that we would like to include in our consideration.
The small price to pay for its inclusion is a bit more complicated definition of the
mixing condition as in (2.22).

While the mixing assumption may be taken in various forms, weakened or
strengthened, depending on a particular problem, from the physical point of view
a mixing assumption in any form ensures (in a non-trivial way) that the particle
(or a wave in a wave problem) experiences different and “nearly independent” ran-
domness in various regions of space, allowing to obtain some form of a central limit
theorem type result (which may be well hidden and obscured by the technique of a
particular proof) that eventually leads to a diffusive or kinetic limit.

Boundedness. The random field V (¢, ) has two spatial derivatives and

d

d
ov 0?V
esssup |||V |leo + =1 + — < +00
jz::I 837]‘ 0o i;l 8$i6$j 50
for all 1 < i,5,1 < n. Here || - |s is the supremum norm over R? and essup

corresponds to the essential supremum over the random variable. This assumption
is purely technical and can often be weakened.
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Incompressibility. The field V is divergence free, that is, almost surely
8:1:] o
The limit theorem. Let us define the diffusion matrix
o0
_ / EA{V,(t,0)V,(0,0) + V, (£, 0)V, (0,0} dt
0
= | 1Rnlt.0)+ Ry (.0

— [ Ru(t.0)e

— 00

and its (unique) symmetric, non-negative definite, square-root matrix o, i.e. o > 0,
ol =0 and 02 = a.

Suppose that {Y.(t), t > 0} is a family of continuous trajectory stochastic pro-
cesses. We say that they converge weakly, as ¢ — 0, to a process {Y(¢),t >
0} if for any bounded and continuous functional F' : C[0,+00) — R we have

lim, o EF(Y:(1)) = EF(Y(-)). The following theorem holds.

Theorem 2.1. Suppose that the random field V (t, x) satisfies the assumptions made
above. Then the processes X.(t), solution of (2.1]), converge weakly, as ¢ — 0, to
the limit process X (t) = x + oWy. Here W, is the standard Brownian motion.

The main result of [55] is actually much more general — it applies also to non-
divergence free velocities. Then the large time behavior is a sum of a large (order
1/¢) deterministic component that comes from the flow compressibility and an order
one diffusive process. [55] also accounts for the possible small scale variations of the
random field looking at equations of the form

L) Ly (£, 20)

dt € g2’ ga

with 0 < a < 1. We will not describe this generalization in detail here. We should
also mention that when o = 1 a new regime arises — the time it takes the particle
to pass one spatial correlation length is no longer much larger than the correlation
time of the random fluctuations. This seriously changes the analysis.

We will present the proof of Theorem 2.1 under a simplifying assumption that the
matrix o is invertible. While this does not subtract any of the essential aspects of
the proof, it does shorten many expressions and calculations which are sufficiently
long even without them. The proof proceeds in several (typical for such limit
theorems) steps. First, we establish a mixing lemma that translates the mixing
properties of the random field into a “loss-of-memory” effect for the trajectories.
Second, using the mixing lemma we establish the tightness of the family of processes
X:(t). In the last step, we identify the limit of the processes X (t) as a Brownian
motion multiplied by the matrix ¢ by means of the martingale characterization of
the Brownian motion.

2.2. The proof of Theorem 2.1.
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The mizing lemmas. We start with the proof of the tightness of the family of prob-
ability measures generated by the process X (¢). A crucial component in many
proofs of this kind is some sort of a mixing lemma. It translates the mixing proper-
ties of the random field into the mixing properties of the trajectories. In our case it
is Lemma 2.2 below. Ultimately this allows us to split expectations into product of
expectations and either “justify”, or explain away the closure assumptions that are
often made formally. In our particular problem it explains why the formal assump-
tion that the leading order term in the asymptotic expansion (2.16) is deterministic

produced the correct answer.
We set Go(s1,z) =V (s1,x) and

Gh,i(s1,52,2 ZV (s2,2 3V(817 ), ji=1,...,n.

Oxyp

Incompressibility of V (¢, z) and its spatial stationarity imply that E{G(s1, s2,2)} =
0.

Lemma 2.2. Suppose that mizing condition (2.23) holds. Then for any T > 0
there exists a constant C' > 0 such that for any 0 <u < s<s3 <1 <T, €€ (0,1]

and Y, that is a Vg/e2 -measurable random vector, we have
S1
By (Gxm) v} <co (5

v (8 iw) 7| <o (2

) E|Y], (2.24)

) E|Y| (2.25)

and

}E {01 (51 Zg,xs(u)) YH < Ogl/? (‘915—282) o1/ (826;‘9) E|Y|(2.26)
{06 (3 o) v} s oo (252 o (57w

for all 1 <k <n. Here ¢ is the mizing coefficient defined in (2.22).

Proof. First of all, we note that for C, := 1 + sup |V (¢, )| one can find gy > 0,
depending only on Cy, C, and T, such that for any e € (0, go] the process {X.(¢), t €
[0, u]} does not leave the ball of the radius Cy[1+ (u/e?)Pv], centered at the origin,

hence it is VO —measurable Indeed,

1X.(t)] < i/ot V(E%,Xa(s))

provided ¢ € (0,¢0] and g¢ := (Cy /C, T PV )1/ Cev=1),

The conclusion of the lemma is obviously true for € € (gg,1] upon a suitable
choice of constant C' so we only consider the case when € € (0, ¢].

We will first prove (2.25), and the reader may check that the proof of (2.24) is
identical. The recurring idea in such proofs is to replace the random variable X, (u)
by a deterministic value and use the mixing properties of the field V (¢, z) in time.
Let M € N be a fixed positive integer and [ € Z™. Define the event

I +1

l; ‘
All) = |w: MJSXj’E(u)<j7,]:L...,n s l=(l1,... ).

4%
< G (1+“ ),te[(),u],

15 - 52Pv
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The event A(l) is Vg/ ** measurable since u < s. For almost every realization w
there exists exactly one | € Z™ so that w € A(l). Then we may decompose the
expectation in (2.25) using the fact that the random variable X, (u) is close to the
non-random value [/M on the event A(l) as follows:

[E {02,V (&, Xo(w)) - Y} =

Z]E{amv X (u) - Y, A(l)}‘

Tk

(%, Xo(u) — 00,V (34, &)}Y,A(l)}‘

+ ZE{@MV@%,&) -Y,A(l)}|
1
=1+1I
The second term above may be now estimated using (2.23) and the fact that
E {0,V (s1/e%,1/M)} =0 by
) Ev,
uniformly in M.

)Z]E Y], A( —2K¢(

Since we have assumed that two spatial derivatives of the field V (¢, x) are bounded
by a deterministic constant, 9V/dxy, is uniformly continuous in space. Therefore,
using the Lebesgue dominated convergence theorem we conclude that I — 0 as
M — 400 and (2.25) follows. An identical proof shows that in addition we have
the same bound for the second derivatives of the random field V:

v (2m) ¥} <0 (2

We now prove (2.27) — the proof of (2.26) is identical. Let us first write out the
expression for G:

[E {02 G (2, 2, Xo(u) - Y}

< S0 [e o (3 0) 0,7 (3 50) )

Now we may apply (2.25), (2.28) in two different ways using different parts of the
inequality s < sy < s;. First, we may use (2.25), (2.28) with the gap between s;
and sg, that is, we group into “Y” in (2.25), (2.28) all terms that involve s and ss.
Using in addition the uniform bounds on V and its derivatives this leads to

‘E{Bkal (S;, zj,x (u)) YH < Co (Sl Sz) E|Y].

Second, note that (2.25) may be slightly generalized to apply with 0V/0x, replaced
by a sufficiently smooth in space V¥ / .2 random variable with an expectation equal

IT < 2K¢(

) E|Y]. (2.28)

to zero. Since
E{Gi (s1/e?, s2/€% 2)} =0
we can use use this modified version of (2.25) with the gap between s, and s, taking
“Y” in (2.25) to be simply Y
SELE

o {0un (3.5 x0) ¥ s 0 (%
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Multiplying these two inequalities and taking the square root we conclude that
(2.27) holds. This finishes the proof of Lemma 2.2. OJ

The proof of tightness. Now, we are ready to prove tightness of the family of the
laws of the processes {X.(¢t), t > 0}. For that purpose we shall establish that for
any T > 0 there exists constants C, v > 0 such that

E {|X.(t) — Xe(s)]*| Xc(s) = Xe(u)]?} < Ct —u)'t, 0<u<s <t <T. (2.29)

This implies tightness in the space C[0,400) for the family of laws of continuous
trajectory processes, see Chapter 3 of [23]. It can be seen as follows. Thanks to
estimate (15.22) p. 129 of ibid., (2.29) implies that for any 7,7 > 0

lim limsup P [wf.(X.;d) > n] = 0.

=0 ¢—0

Here for any function f : [0,7] — R and ¢ > 0 we define
wy(f;0) = supmin{[f(t1)—f(A)], [f(t2)—f(})] : 0 <ta—t1 < 0,0 <ty St <t < T}

It can be easily seen that for a continuous function f we have 1/2wp(f;d) <
wh(f;0) < wr(f;25), where wp(f;d) := sup{|f(t2) — f(t1)] : 0 < ta —t1 < 4,0 <
t; <t9 < T}. This in turn yields that

lim lim sup P [wr(X¢;d) > n] = 0.

20 -0

Since we have assumed that X.(0) = 0, tightness in C[0,400) is a consequence of
Theorem 8.2, p. 55 of [23].

The main step in the proof is to find C' > 0 and v € (1,2) such that for all
times ¢, s € [0,7T] such that t — s > 10£” we have an estimate for the conditional
expectation

E{|X.(t) - X.(s)] vg/€2} <C(t—s)fort —s> 107 (2.30)

The gap between the times ¢ and s is needed to make use of the mixing lemma.

Step 1. Nearby times. Estimate (2.30) itself is sufficient to establish tightness
in D[0, 4+00) for the family X, (¢) if it were to hold for all ¢ > s, as it clearly implies
(2.29). Indeed, we would get trivially

E|X.(s) - X.(u)|* < C(s — u) (2:31)
and the left hand side of (2.29) could be estimated by
E{E{IX(0) = X ()2 |/ } IXo(5) = Xo(w) 2}
< C(t — s)E[Xe(s) — Xe(u)?
< C%(t—s)(s—u)
< C%(t —u)?

Thus, (2.29) would follow with v = 1.
Since (2.30) will be shown only for pairs of time with a gap: t — s > 10&7, we
may at the moment conclude only that

E{|X.(t) — Xc(s)]*|Xc(s) — Xe(u)]*} < C(t—u)? for t — s > 10e” and s — u > 10e7.
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Adjusting v € (1,2) we prove that (2.29) still holds for some v, if either t —s < 10
or s —u < 10&” Suppose that both ¢t — s < 10e” and s — u < 10¢”. Then directly
from (2.14) we have:

E {|X:(t) — Xo(s)]?|Xc(s) — Xe(u)?}
< Ce ™t —s)% (s —u)?
< 06117/474@ _ u)5/4

<Ot —u)/4

provided that v > 16/11. On the other hand, if, say, t — s < 10" but s —u > 107,
then (2.31) holds. On the other hand (2.14) implies that with probability one

1Xo(t) - Xo(s) < T2

o €
Therefore, the following estimate holds for such times ¢, s and w:

E{|Xo(t) = Xo(5) [ Xe(s) — Xe(u)]?} < S(t = 5)%(s — u)
< 0877/472@ _ u)5/4

S C(t - U)5/4,

provided that v > 8/7. We see that, indeed, (2.30) together with (2.14) are sufficient
to prove the tightness criterion (2.29). The rest of the proof of tightness of the
processes X (t) is concerned with verifying (2.30).

Step 2. Taking a time-step backward. Suppose we are given a pair of times
t > s with a gap between them: ¢t — s > 10¢”. Consider a partition of the interval
[s,] into subintervals of the length

o[ 5)

where [z] is the integer part of . Then the time step At is such that £7/2 <
At < 2¢7 and the partition s = tg < t; < -+ < tpr41 = t is taken with a time
step At. Here M = [¢77(t — s)]. The parameter v € (1,2) is to be defined later.
The important aspect is that v < 2 so that At is much larger than the velocity
correlation time 2. The basic idea in the proof of (2.30) is “to use two term
Taylor expansion for X.(t) — X.(s) 7 for a time step of O(At) size with explicitly
computable terms. The corresponding error terms, which are nominally large, are
shown to be negligible using mixing Lemma 2.2.
Dropping the subscript € of X, (t) we write:

X(t) - X(s) = ~ v = X (u) du:li "y 2o X(w)) du. (2.32)
€ Js € e = Ju €

Therefore our task is to estimate the integral inside the summation in the right side
of (2.32). In the preparation for the application of the mixing lemma the integrand
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on the interval t; < u < ¢;41 can be rewritten as

V(5 X00) =V (5, X0) + [V (X)) du

=V (%, X(ti-1)) +/u zn:axpv (%, X (u1)) (1V, (%, X (u1))) dug

tz—lpzl

V(& X))+ [ G (%5 X () dun,
ti—1

The next step is to expand (G as well, also around the “one-step-backward” time
ti_lt

u Uy U U [ U Ul Uz
G1 (;27 6*27X(U1)) =G (;27 ?,X(ti71)> + E‘/til Go (;2, 57, g,X(u2)> duy
with
GQ(U,Ul,UQ,x) = Zazqu (U, u17x) V;] ('LI,Q,(E) .
q=1

Putting together the above calculations we see that

t71+1 u
/ [/ G1 (5%’ :%,X(tifl)) du1] d'LL
t; ti—1
M tit1 u Uy
+€%Z/ / / Go (%, %, %2, X (us)) dus | duy | du.
; t; ti—1 ti—1

The triple integral in the last line is bounded by Ce?Y=3(t — s) for some deter-
ministic constant C' > 0, so it becomes small for v > 3/2. Indeed, the time interval
in each integration is smaller than ¥ and the total number of terms is at most
M+ 1= (t—s)/e". Since G5 is deterministically bounded we obtain an estimate
of the term in question by Ce™3(M + 1)(At)3 ~ Ce2773(t — s).

In fact this is a general idea in proofs of weak coupling limits: pull back one
time step and expand the integrands until they become almost surely small, then
compute the limit of the (very) finite number of surviving terms. In our present
case we have shown that, for 3/2 < v < 2,

X(t) — X (s) = L1(s,t) + La(s,t) + E(s,t)

where

and

M
1 v U u
LQ(S,t) = 8—2 Z / [/t Gl (572, ?;,X(ti_l)) dull du,
i=0 i i—1

while |E(s,t)| < CeP(t—s) with some deterministic constants p, C' > 0. This finishes
the first preliminary step in the proof of tightness.
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Step 3. Application of the mixing lemma. Now we are ready to prove

(2.30). That is, we have to verify that for any non-negative and VS/ ez—measurable
random variable Y we have for all 0 < s < ¢ < T such that ¢t > s+ 10e7:

E{|X(t) - X(s)]’Y} < C(t — s)EY.
Our estimates in Step 2 show that it is actually enough to verify that
E{L2 (s,t)Y} <C(t—s)EY, m =1,2. (2.33)
An estimate for L;. We first look at the term corresponding to Lj: it is equal to

B{13(s.0)Y)

n tit1 tit1 /
- E%ZZ/ ) / ) E {VED (%,X(ti,l)) Vb gfzaX(tjq)) Y} dudu’
t; t;

1<j p=1
noorti tj )
Jrg% Zz/ +1 / +1IE {Vp (%,X(tj_l)) Vp (%’X(tj_l)) Y} dudu’
j p=17% t;
= Il +IQ.

The terms Z; and Z, correspond to the summation ranges ¢ < j — 1 and ¢ = j.
We estimate them separately as they end up being of a different order. The idea
is to use the separation between ¢; and ¢; and apply Lemma 2.2. In case of Z; it
implies that, as the time gap between the times u’ and w is in general larger than
the correlation time €2, we have

|Z1| < o(1)(t — s)EY, ase — 0. (2.34)

Indeed, from Lemma 2.2 we get

M t; t; ’
C it+1 J+1 _
Tl < = >N / / ¢ (“ = “) EY dudu’. (2.35)
ti tj

§=04i<j—1

Since u' — u > €772 the sum over indices i < j — 2 can be estimated further by

g(MAt)Z‘qs (7*)EY < E%qs (e772) (t — s)°EY.

We select v from (16/11,2) in such a way that (2.23) implies that the expression
above can be estimated by CeP (¢t —s)EY. The remaining part of the sum appearing
in (2.35), corresponding to ¢ = j — 1, upon performing the change of variables

u = (v —tip1)e"? and u = (t;41 — u)e 7 transforms to

eV At e 2At "
2 / / < _
CEYe M/O /0 ) (u + 52_7) du’ » du < o(1)(t — s)EY

and (2.34) follows.
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On the other hand term Z,, corresponding to ¢ = j, can be estimated using again
Lemma 2.2. From the fact that ¢;_; is smaller than both v and u' it follows that:

M Gt titn

Tl < 5 ) / /]E{Vp (%, X(t; 1))V, (g,X(tj_l)) Y}du'du

# //¢<“*

]Ot

tfsEY/ o(u

Thus (2.33) corresponding to m = 1 follows.

A better estimate for L;. Let us now go one step further and actually identify
the limit of E{L; j(s,t)L1 m(s,t)Y} with 1 < j,m < n. The previous calculations
already show that the term corresponding to Z; vanishes so we are interested only
in the limit of Z5. Using more carefully Lemma 2.2 we actually get:

INA
)
Q

u ) dudu'EY

Mo titrtivr
= / /E {VP (%, X(tj-1)) Vin (;‘—;,X(tj_l)) Y} du'du
=0 i
M t]+1 ti41
%Z / / pm (u%zu/, 0) dudu'EY + 0(1)({; _ S)EY
=0 7

= (apm + 0( ) (t — s)EY,

I

where a,,, are given by (2.24).
An estimate for L,. Following a similar computation one can also obtain
estimate (2.33) for m = 2. In fact

E{L3(s,t)Y} <eP(t — s)°EY (2.36)
for a suitable p > 0. To see it we rewrite E {L3(s,¢)Y'} in the form

54271du/du /du1/du1 {Gl u UI X(ti- ))Gl (Zj 1;1 X(t- ))Y}

Once again, we split the sum above into terms Z; and Z} that correspond to the
summation over index ranges ¢ < j — 1 and i = j.
The important difference with L, is that the term corresponding to ¢ = j is small:

7;
1+1 L+1
Z/du/du /dul/dul G1 (%, %, X(t: 1)) Gy (%,%,X(ti,l))Y}
< C’M(At ) *4EY < 0537 4(t—s)]EY

Recall that M ~ (t — s)/e7 and At ~ &Y. This means that if we take v > 4/3
this term is bounded by the right side of (2.36).



KINETIC LIMITS FOR WAVES IN A RANDOM MEDIUM 21

As for Z] we estimate first the sum corresponding to summation range i < j — 2.
Using Lemma 2.2 it can be bounded by

M ti+l o
CM(At2eY" / du’ /¢1/2 (%) $1/2 (%) Q| EY
I=b tj—1

< CM?(At)'e=1¢!/2 (772) EY.
The last estimate follows from the fact that at either u’ — uj or i —¢;_1 has to
be greater than or equal to €7/2. The right hand side of the above expression is
bounded by
Ce?1 74912 (772) (t — 5)?EY < CeP(t — s)°EY

for some p > 0 by virtue of (2.23). The contribution of the terms with i = 5 — 1 is
estimated identically as in (2.37) and we end up with the estimate |Z7| < CeP(t —
5)2EY for some p > 0, provided that v is chosen as in the estimate for L;.

Summarizing our work so far (and restoring the missing indices) we have shown
that

E{(Xpe(t) = Xp.e(8))(Xm.e(t) = Xim e(5))Y} = (apm +0(1)) (t = s)EY  (2.37)
for all t,s with t — s > 10e” and € — 0. This, of course, implies (2.30) and hence
the tightness of the laws of {X.(t), ¢t > 0} follows.

Identification of the limit. Suppose that f(-) belongs to C$°(R9), the space of all
compactly supported function C* functions on RY, and ®(-) is a nonnegative,
continuous and bounded function on R%" for some integer N. A slight modification
of our previous calculation can be carried out in order to compute

E{[f(X:(?) — f(Xc(8)]We},
where U, := V(X (s1),...,Xc(sn)) for some 0 < s7 < ... < sy < s. In this case
we can write

FXe(t) = f(Xe(s))

M
== Vf(XE(tlfl)) % \%4 g%,XE(tifl) du—i—g% G E%,Xg(ti,) du
> AL yautr % [ [ )

ti ti ti—a

tiv1 u
102 F(Xe(tion) / / Vi (2, Xe(tio1) Vin (%, Xe(ti 1)) durdu
t ti

M tit1 u u1
+€%Z/ / / (%, 4%, %, X (ug)) dug | duy
i=0 vt ti—1 ti—1

where r(-) is a certain function that is deterministically bounded. Thus, the cor-
responding term in the formula above can be estimated by CeP for some p > 0,
provided that ~ is suitably chosen. In fact one can choose an arbitrary v € (3/2,2).
Denote the remaining terms on the right hand side of (2.38) by J; - and Js . respec-
tively. The application of the mixing lemma, in the same way as we have done it
before, leads to the conclusion that lim._,oE{J; .¥.} = 0, and, by the same token,

E{J..¥.}

n tit1  pu
~ 13 E {@%jwmf(Xa(ti_l))\I/E/ / R (2221,0) dudul} +o(1)
jm=1 ti ti—1

du,
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as € — 0. After straightforward computations we obtain that

BALC0) ~ 00D} = 5 3 Blagn [0, 0% )aue] +ot)

jm

for all f(-) € C§°(R™) and bounded non-negative functions ¥, as described above.
Since we already know that the family of laws of {X.(t), t > 0} is tight in C[0, +00)
we conclude that any limiting measure for the family must be a solution of the
martingale problem corresponding to the operator Lf := (1/2) Z] mel a]maz et

i.e. the process f(X fo Lf(X(s))ds is a martingale under this measure. There
is only one solution to this problem and it is a Wiener measure that is the law of
the Brownian motion appearing in the statement of the theorem.[]

The proof of Theorem 2.1 is, in a sense, very generic in limit theorems based
on trajectory considerations in the weak coupling regime: one needs to establish a
mixing lemma of some sort, then verify tightness by using arguments with stepping
back in time, and using the Taylor expansion until some order where the correction
becomes deterministically small. Then the mixing lemma is applied to eliminate
some explicit “apparently large but small due to mixing” terms, and the rest is
computed explicitly.

2.3. One and two particles in a random flow with a strong drift. An im-
portant random flow that is close in spirit to a one-way wave equation is a flow of
the form

V(z) =a+ev(x). (2.38)

Here @ # 0 is the mean flow and v(x) is a (time-independent) random perturbation.
We assume that v(z) is divergence-free: V -v = 0. The corresponding trajectory is

dX
dt

Note that the flow V(x) is time-independent. This, however, is not a problem
since the large mean flow @ “always takes the particle to new places” — hence, from
the point of view of the trajectory X (¢) it always sees a new medium, and the
increments of X, (t) are nearly independent if v(x) is sufficiently strongly mixing
in space. We will assume here that v(x) satisfies the assumptions of Theorem 2.1
(apart, obviously, from the mixing requirement in time, but we do assume mixing
in space). This problem was studied by Kesten and Papanicolaou in [52].

We are interested here in two questions: first, how does the deviation from
the straight line X (#) = ut develop in time, and how do two particles starting at
initially nearby positions, diverge? Both questions can be answered with the help
of Theorem 2.1, and, as we will see, the particle separation satisfies an equation of
a kinetic type. As before, in order for the effect of a weak random fluctuation to
have order one, we have to consider the times of the order t ~ O(¢~2). Accordingly,
we introduce the deviation from the straight line

t ut

= =a+ev(X.), X.(0)==x. (2.39)

It satisfies

dz. 1 at
= v (:c + Z— + Z€> , Z.(0) = 0. (2.40)
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A straightforward application of Theorem 2.1 shows that Z. converges in law, as
€ — 0 to the Brownian motion with the diffusion matrix given by (2.24):

- /OO R (ut)dt, (2.41)

where
Rij(z) = Elvi(y)v;(z + )]

is the covariance tensor of the field v(z).
Now, consider two solutions of (2.39) that start initially at the points x and z —y.

Their separation
t t
1/E(t) = XE <€2,$> - XE <€2,.’E - y)
satisfies

d;;:i{(+ +Z) <m+g§+ZE—Y;)],1@(0)=y. (2.42)

A slight modification of Theorem 2.1 needed to account for the explicit dependence
of the right side in (2.42) on Z. implies that the processes (Z., Y:) converge weakly
to the correlated diffusion processes Z and Y whose joint generator is

_ 1y z O°f zy O*f y_0%f
Lf(z,y) = D) Z ( ” azlaz] bij 3y13y] +Cij 8218% 9

i,7=1

(2.43)

where aZ

"~ are given by (2.41),

biZj’Y(y) = /OO (2Rq;(ut) — R;(ut +y) — R, (ut —y)) di

and
ily) =2 / (Rq;(at) — RS (at — ) dt.

— 00

Here Rf;(y) := (1/2)[Ri;(y) + R;i(y)]. The individual generators for Z and Y are:

1 o2 0% f
Lzf(z) =3 Z:: EE - (2.44)
and
1 & 0*f
Ly f(y) = 3 Z cfj(y)a S (2.45)
=1 Yi0Yj

The diffusion coefficient in (2.45) vanishes for y = cu, so that if two particles start
at two nearby positions on the same straight line in the direction of @ then their
separation is not changed by the flow in the limit. The generator Ly is asymptoti-
cally close to Lz for all y that have large component in the direction perpendicular
to the mean flow @. The reason for this is that when the two starting points are sep-
arated by a large distance in the direction normal to u, their trajectories are almost
independent, and the rescaled difference trajectory behaves like the fluctuations of
each individual trajectory.
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Interpretation in terms of the first order PDEs. Let us now relate the foregoing
discussion to solutions of the first order linear PDEs. Let ¢ be the solution of

9¢

ot
with an incompressible random flow v(x) as above. Rescaling time and space as t —
t/e, x — x/¢, leads to the following initial value problem ¢ (¢, 2) = e~"/2¢(t/c, x/¢)
(the rescaling factor e~™/2 keeps the L?-norm of the initial data fixed)

Ot (a+vao (2)) v =0, 6°0.0) = oo (2). (2.47)

More generally, we may consider (2.47) with the initial data ¢§(z) forming an e-
oscillatory family [43], such as the WKB data

+ (@ + Vev(z)) - Vo =0, (2.46)

¢ (x) = A(x)etS@)/e (2.48)

where A(x) and S(x) are smooth functions, and S(z) is real valued. The latter
family describes the distribution of tracers which have the form of high frequency
waves propagating in the direction V.S (z) with amplitude A(z).

We are interested in the (non-symmetrized) Wigner transform

dy
(2m)m’

Wt k) = / VG (1 3 — ey) 6= (1, ) (2.49)

and the two-point correlation function

Ws(t, x,y) = ¢ (t,x —ey)dp™* (¢, ), (2.50)

so that its expectation is the correlation function of the filed ¢°(z) at two nearby
points separated by ey. The Wigner transform has a weak limit W (¢, z,y) in the
space of Schwartz distributions that is a non-negative measure [43]. The diffusive
limit for the process Y¢(t) described above implies the following: let W(t, x,y) be
the weak limit of IE[I/T/‘S (t,z,y)]. Then W(t, x, 1) satisfies the diffusion equation with
a drift:

86—11/ +a-V,W =LyW, (2.51)
where the operator Ly is given by (2.45).

Applying the inverse Fourier transform to (2.51) we conclude that the E {W¢ (¢, z, k)}

converges to W (t, z, k) weakly in §’, where W (¢, x, k) satisfies a kinetic equation

—/dkl_kikjf%?(k’ —R)S((K — k) - @) (W (t,a, k) — W(t,z, k).  (2.52)

Equation (2.52) has the form of a radiative transport equation with the dispersion
law w(k) =@ - k.

3. The Wigner transform.

3.1. The basic properties of the Wigner transform.
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3.1.1. The unscaled Wigner transform. The Schrodinger equation
1
10 + §A¢ —V(t,x)p =0. (3.1)

with a real potential V (¢, z) preserves the total energy of the solution (or the total
number of particles depending on the point of view or physical application):

E(t) = /\¢(t,x)|2d:z: = £(0).

This may be verified by a straightforward time differentiation. However, often
one is interested not only in the conservation of the total energy £(¢) but also
in its local spatial distribution — that is, where the energy is concentrated. This
requires understanding of the local energy density E(t,z) = |4(t,z)|?. Note that
even if ¢(t,x) is oscillatory the function E(¢,x) may vary slowly in space — this
happens, for instance, in the geometric optics regime. Unfortunately, while all the
information about the “relatively simple” function E(t,z) may be extracted from
a “complicated” function ¢(t,x), the energy density E(t, z) itself does not satisfy a
closed equation. Rather, its evolution is described as a conservation law
OF

= F =
5 +V 0

with the flux
Flt,2) = o 6V~ 6V4)

A remedy for this lack of equation for E (¢, z) when the potential V' = 0 was proposed
by Wigner in his 1932 paper [78] (where he gives credit to Szilard for this idea).
Wigner introduced the following object:

W(t,x, k) = /(;5 (t, T — %) o (t, x+ %) etky (;:”J)d. (3.2)

It is immediate to check that
[ Witk = o) = Bt ), (3.3)

so that in some sense W (t, z, k) is “a local energy density resolved over momenta”.
In addition, the “average momentum” is

/kW(t,a:,k:)dk = %/ikqﬁ (t,m _ %) p (t,x n %> oiky éyglz

[ leer- (e )]
% [0(t, 2)Vo(t, 2) — $(t, ) V(t, )] .

Therefore, the flux can be expressed in terms of the Wigner transform as

Pt z) = / KW (¢, 2, k) dk,

reinforcing the interpretation of W(t,x,k) as a phase space energy density. It is
also immediate to observe that W (t, z, k) is real-valued.
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In order to get an equation for W in the special case V' = 0, we differentiate it
with respect to t, use the Schrodinger equation for ¢ and integrate by parts:

ow , - -
= [ B+ 1) 86 (e = 1) 6 (10— §) 2d (1o + )] i

=1 [er09,.9, [ (o - 1) 6 (o + B)]

We obtain a (closed) kinetic equation for W (¢, z, k):
Wi+ k- VW = 0. (3.4)

Therefore, one may describe energy density evolution for the Schrodinger equation
with zero potential as follows: compute the initial data W (0, z, k), solve the kinetic
equation (3.4) and find |p(¢, 2)|? using (3.3).

However, there is one drawback in the interpretation of W (¢, z, k) as electron en-
ergy density resolved over positions and momenta — there is no reason for W (¢, z, k)
to be non-negative! Moreover, the same analysis for the Schrodinger equation (3.1)
with a non-zero potential V' leads to the following evolution equation for W (¢, x, k):

st [ (- 2)w ()] oo

While the uniform kinetic equation (3.4) possesses some nice properties — in
particular, it preserves positivity of the initial data and has a particle interpretation:
it describes density evolution of particles moving along the straight lines X =K,
K = 0, the Wigner equation (3.5) has very few attractive features. In particular, it
does not preserve positivity of the initial data. Probably, for that reason the Wigner
transform ideas did not evolve mathematically (at least, they did not spread widely)
until the work of P. Gérard and L. Tartar in the late eighties. They realized that
the Wigner transforms became a useful tool in the analysis of the semiclassical
asymptotics, that is, in the study of the oscillatory solutions of the Schrodinger
equation (as well as in other oscillatory problems).

3.1.2. The semiclassical Wigner transform. The definition of the Wigner transform
for oscillatory functions has to be modified: to see this, consider a simple oscillating
plane wave ¢.(x) = e™*0#/¢ with a fixed ky € R”. Then its Wigner transform as
defined by (3.2) is

W (a, k) = / ok giko-(2—y/2)fe—iko-(e+y/2) /e _ W _ s (1 Ko\
(2m)d €

We see that W (x, k) does not have a nice limit as € — 0 — on the other hand,
its rescaled version W.(x,k) = e W (z,k/e) does converge to d(k — ko). This
motivates the following definition of the (rescaled) Wigner transform of a family of
functions ¢, (z):

= o =9 (e ol

that may be more conveniently re-written as
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Definition 3.1. The Wigner transform (or the Wigner distribution) of a family of
functions ¢.(x) is a distribution W (x, k) € S'(R? x RY) defined by

(t,x, k) /(bg r— = ¢E ( %/) ek (chg)d' (3.6)

Expression (3.6) shows that W, (x, k) is well suited to study functions oscillating
on the scale ¢ < 1 — in that case the difference of the arguments ey is chosen so
that the function ¢. changes by O(1).

We will be mostly using the Wigner transform for families of solutions of non-
dissipative evolution equations that conserve the L?-norm (or a weighted L?-norm).
The scaling in (3.6) is particularly well suited for families of functions ¢.(x) that
are uniformly (in € € (0,1)) bounded in L?(R%). To see that we multiply W. by a
test function A(z, k) and integrate:

(We, Ay = /Ws(x,k)ﬁ(x, k)dzdk
ey\ 7 ey e*Ydydedk
/¢e 7@; Pe (x+7y) )\(CU,]C)T'U)n
/¢5 — ) @ (x+ L) Ma, y)(dyd)x.

Here A(z,7) is the Fourier transform of A in the variable k only:

Ao, y) = / =B\ (2, k) (3.7)

Using the Cauchy-Schwartz inequality we arrive at the following estimate:

(W D] < 102 ey [ sup [t (;f;”)d

Let us define the space of test functions

A= {)\(:uk) € S(R? x RY) : /st;p Hj\(agy)u dy < —1—00}

with the norm

INLa= [ sup (|3 )|] .

We have just shown that if the family of functions ¢.(z) be uniformly bounded in
L?(R?) then the corresponding family of Wigner transforms We(x, k) is uniformly
bounded in A'(R? x R%). Thus, the family W (z, k) has a weak- converging sub-
sequence in the space A’(R? x R?).

Remarkably, any limit point of W, (z,k) in A’ is a non-negative measure of a
bounded total mass. A convenient way to see this is to use the Husimi function,
which is a convolution of the Wigner function with an approximation of a delta
function on the intermediate scale O(1/¢)

We(z, k) = W. G, Ge(x,k) = RS LR
(me)™
A straightforward computation shows that W, is non-negative. It is also straightfor-
ward to verify that for any function ¢ € A the sequence ¢ x G;, converges strongly
to ¢ in A as €, — 0. Hence, any limit point of the family W, has to be non-negative,
and, in addition the families W, and V~VE have the same limit points.
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In addition, as
/Wg(ac,k)dxdk:/|¢g(;v)|2dx

and the family ¢. is uniformly bounded in L?(R%), it follows that the measure
W (dxdk) has a bounded total mass.

Positivity of the Husimi function provides a quantitative way to measure the
potential non-positivity of the Wigner transform: its local averages over regions of
size /€ are non-negative.

We summarize the above into the following theorem.

Theorem 3.2. Let the family ¢. be uniformly bounded in L?>(R™). Then the
Wigner transform W, converges weakly along a subsequence e, — 0 to a distribution
W(x, k) € S'(R™ x R™). Any such limit point W(x, k) is a non-negative measure of
bounded total mass.

Can the weak convergence of the Wigner transforms become strong? This is
possible in principle. For instance, the Wigner transforms of ¢.(x) = ethoz/e g
independent of e: We(z,k) = 6(k — ko). However, this is impossible in L?(R? x RY)
as the L2-norm of W, is unbounded unless ¢.(z) converges strongly to zero:

/|W€(x,k:)|2dxdk - / e (x - %y) e (a: + %‘y) ‘2 é‘yﬁ = (%%yﬂlﬂbe\lizmd)-

Therefore, it is impossible to expect even weak convergence of W, in L?(R? x R¢)
unless the family ¢. converges strongly to zero. In that case, however, W, = 0,
which is a case of somewhat limited interest.

3.1.3. The semiclassical operators. In order to better understand the limits of the
Wigner transforms we note that for any test function a(z, k) € S(R? x R?) we have

(a, W) = (a” (x,eD) ., 6). (3.8)
Here we have associated to the function a(x, k) the Weyl operator a® (x,eD) defined
by
[a” (z,eD) f](z) = / a (‘” : y,ek) f(y)eik-@y)(d;/:;z. (3.9)
The Weyl operators provide one way to associate an operator to a symbol a(z, k),
another example of such semiclassical operator is
o—y) dydk

alaeD)f)a) = [ a(a.eh) fla)e e

The operator a(x,eD) is called the standard quantization of the symbol a(z, k).

Semiclassical operators, both in the Weyl quantization (3.9) and in the standard
quantization (3.10) provide a useful and effective tool in understanding the limits of
the Wigner transforms. We will now recall some of their properties, without proofs.
The next proposition provides flexibility in the choice of quantization.

(3.10)

Proposition 3.3. Let a € S(R™ x R™) be a test function, then the Weyl operators
a”(x,eD) and the semiclassical operators a(x,eD) are asymptotically equivalent in
the sense that

lla(z,eD) — a®(x,eD)||f2_r2 — 0 (3.11)
ase — 0.

The next proposition provides the uniform L?-bounds on a(z,eD) and the H*-
estimates.
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Proposition 3.4. Let a(z,k) € S(R™ x R™) then for s > 0 there exist positive
constants Cs > 0 so that

la(z,eD)ll 22 + lla® (2, eD)ll 22 < Cola) (3.12)
e lla(z, eD)|| g-sp2 +€° la”(z,eD)|| g-s2 < Cs(a) (3.13)
e |la(z,eD)l| g2 ppe +€° [la®(z,eD)l| o g < Cs(a). (3.14)

But the key property that makes the semiclassical operators so useful for us is
that the product of two semiclassical operators corresponds to the operator which
is nearly the product of their symbols.

Proposition 3.5. The product of two operators a(x,eD), b(x,eD) is
b(z,eD)a(z, D) = (ba)(z,eD) + %(vkb -V.a)(z,eD) + 2R, (3.15)
where the operators R. are uniformly bounded on L*(R™). The product of the Weyl
quantized operators s
b (z,eD)a" (x,eD)
(3.16)
= (ba)"”(x,eD) + 5; [(Vib - Vya)¥ (z,eD) — (Vb - Via)”(x,eD)] + 2Q.,

where the operators Q. are uniformly bounded on L?. One of the symbols a and b
above may grow polynomially in k.

Finally, the adjoint operators are as follows.
Proposition 3.6. The operators a(x,eD) and a(x,eD) have the following ad-
joints:
[a®(z,eD)]* = [a]”(z,eD) (3.17)
and
a(x,eD)* = a(x,eD) + eR. (3.18)
with the operators R. uniformly bounded on L?.
3.1.4. Ezamples of the Wigner measures. We now present some examples of the
Wigner measures — they are easy to compute with the help of the semiclassical
operators.
A strongly converging sequence. Let ¢.(z) converge strongly in L?(R%) to
a limit ¢(x). Then the limit Wigner measure is W (z, k) = |¢(x)[?5(k). To see this,
we take a test function a(z, k) and write
(a(x,eD)e, ¢c) = (a(z,eD)[pe — @], dc) + (a(x,eD)¢, [p — ¢]) + (a(z,eD)¢, ¢).

The first two terms above tend to zero as € — 0 as ||¢ — ¢||2 — 0. Moreover, we
also have

a(z,eD)¢ — a(x,0)¢(z) in L?(R?)
as € — 0. It follows that

(0, W2) = / a(,0)|(x) 2d,

and thus the limit Wigner measure is indeed W (z,k) = |¢(z)|?6(k). This means
that unless the family ¢. oscillates on a small scale, the limit Wigner measure is
supported at £ = 0.
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The localized case. The Wigner transform of the family f.(z) = e="/2¢(z/e)
with a compactly supported function ¢(x) is given by W (xz, k) = (27)~¢|¢(k)|>5(z).
This is verified as follows:

= oo (£33 (2 ) st

= /a(sx,kz)(b (ac - %) b (x + 2) ik ydydxdk

_>/ (0, k)6 )Zk(zwdzdxdk // 0.1k Q(dk)

The WKB case. The Wigner measure of the family ¢.(x) = A(z) exp{iS(x)/e}
with a smooth amplitude A(z) and phase function S(z), is W (z, k) = |A(x)|?5(k —
VS(x)) since

WE(.%',/C) _ / ik- yezS(z—— /eA( 2 ) —iS(x4 5 )/EA(x + sy) (Qﬂ)d
R4

:/ eik‘ye—iVS(w)y'A( |2 (27r)d +O( )
Rd
= |A(x)?6(k — VS) + O(e).

Coherent states. The WKB and concentrated cases can be combined — this is

a coherent state
1 Tr — X koo
¢€($>:Ed/2¢( € )e o

The Wigner measure of this family is

1 N
Wz, k) = §(z — m0)|p(k — ko) |?.
(2m)"

Scale mismatch. The Wigner transform captures oscillations on a scale € but
not on a different scale. To see this consider a WKB family ¢.(z) = A(z)e*o-#/="
— we have treated the case & = 1 but now we look at 0 < o < 1 or a > 1. First, if

€ (0,1) then we have

(2m)4

Wa(x’k>:‘/Rdeikvyeiko-(m——)/s A( _%) —iko-(z+52)/e” A(x+5y) dy

= [ e A ol +0fe
Rd

= [A(@)[?6(k) + o(1).
Therefore, if 0 < o < 1 then W, has the limit W (x,k) = |A(z)|?6(k) as in the
case a = 0 — the limit does not capture the oscillations at all. On the other hand,
if @ > 1 then

(a, W) = /eik'yeikO'(m_%)/Eaa(x,k)A (x _ %) e—tho-(x+) /e 4 (x + %) d(y;rz)ik

- /e—ikw/f“”a(:ay)A (r=F)Alr+3) Gk 20

as € = 0. We see that when the family oscillates on a scale much smaller than ¢ the
limit Wigner measure computed with respect to a “too large” scale ¢ vanishes and
does not capture the oscillations correctly. This is a mixed blessing of the Wigner
measures — they are very useful but only as long they are computed with respect to
a correct scale. We will make this statement precise in the next section.
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3.1.5. Basic properties of the Wigner measures. We have shown in Theorem 3.2
that if ¢.(x) is a family of uniformly bounded functions in L?(R™) then the limit
Wigner distribution is a non-negative measure of finite mass. Positivity of the limit
has been proved using the Husimi transform. Another way to see the positivity of
the limit is using the semiclassical operators. The distribution W is non-negative if
for any non-negative test function a(z, k) > 0 the pairing (a, W) is non-negative. It
suffices to check this property for functions of the form a(z, k) = |b(x, k)|? as these
are dense among non-negative functions. However, for such functions we have

(a, W) = lim ([b[*, We) = lim ([|b]*]" (z,eD)ée, ¢c) = lim (b (z, eD) e, b" (2, D) bc)

We used (3.16) and (3.17) in the third equality above. Yet another way to show the
positivity (non-negativity) of the limit Wigner distribution is by using the sharp
Gérding inequality

(a®(z,eD)u,u) > —Chllul|2:, 0 < h < h, (3.19)

which holds for all non-negative symbols a(z, k) > 0. The proof of this inequality
may be found in [38], which provides an excellent introduction to the semiclassical
analysis.

Another important fact is that the Wigner measure is a local notion in space. We
say that a family of functions ¢.(x) is pure if the Wigner transforms W, converge
as € — 0 to the limit W (x, k) — that is, we do not need to pass to a subsequence
€ — 0 and the limit is unique.

Proposition 3.7 (Localization). Let ¢.(x) be a pure family of uniformly bounded
functions in L? and let p(x, k) be the unique limit Wigner measure of this family.
Let 0(x) be a smooth function. Then the family v.(x) = 6(x)p:(x) is also pure,
and the Wigner transforms W:[tbe| of the family 1. (x) converge to |0(z)|?u(z, k) as
e — 0. Moreover, let ¢. be a uniformly bounded pure family of L? functions, and
let ¥, coincide with ¢. in an open neighborhood of a point xo. Then the the limit
Wigner measures p[d] and u[p] coincide in this neighborhood.

The localization property is quite useful because it allows the consideration of
Wigner measures for families of functions ¢. that are uniformly bounded in L? (R¢)
and not in L2(R%).

Another useful and intuitively clear property is that the Wigner measure of waves
going in different directions is the sum of the individual Wigner measures.

Lemma 3.8 (Orthogonality). Let ¢, e be two pure families of functions with
Wigner measures p and v, respectively,which are mutually singular. Then the
Wigner measure of the sum ¢ + e is p+ v.

The above properties: positivity, orthogonality and localization show that the
Wigner measure may be indeed reasonably interpreted as the phase space energy
density. However, the following pair of examples shows that the limit may not
capture the energy correctly. The first “bad” example is the family

0 (v) = A(x)e™ /.
Then the limit Wigner transform is W = 0 while the spatial energy density F(.(x) =
|p<(z)]|? = |A()|? does not vanish in the limit e — 0. The second “misbehavior”
can be seen on the family

6o (z) =0 (x - 1) (3.20)

g
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with 8(z) € C2°(R?). Then the limit Wigner measure W (z, k) = 0 and the local
energy density |¢.(7)|? converges weakly to zero as well. However, the total mass
lpcllzz = 1|02 is not captured correctly by the limit.

It turns out that the above two examples exhaust the possibilities for the Wigner
measure to fail to capture the energy correctly and it is well suited for families
of functions that depend on a small parameter in an oscillatory manner, the e-
oscillatory families of [42]. The e-oscillatory property guarantees that the functions
¢. oscillate on a scale which is not smaller than O(e), and is conveniently charac-
terized by the following definition.

Definition 3.9. A family of functions ¢. that is bounded in L7 is said to be

e-oscillatory if for every smooth and compactly supported function 6(x)

limsup/ |@(§)|2d§ —0as R — +oo. (3.21)
=0 JI¢|=R/e

A simple and intuitive sufficient condition for (3.21) is that there exist a positive
integer j and a constant C' independent of € such that
& fe
OxJ

124

<C. (3.22)

Lf,.
Condition (3.22) is satisfied, for instance, for high frequency plane waves ¢.(x) =
Ae’€ /% with wave vector /e, € € R" but not by a similar family with a wave
vector £/e%: 1. (x) = Ae’s®/ =*. Another natural example of e-oscillatory functions
is g-(x) = g (z/e), where g(z) is a periodic function with a bounded gradient.

In order to curtail the ability of a family of functions to “run away to infinity”
(as happens with the family (3.20)) we introduce the following definition.

Definition 3.10. A bounded family ¢.(z) € L?*(R") is said to be compact at
infinity if

e—0

lim sup/ |p<(x)|?dz — 0 as R — +o0. (3.23)
lz|>R

The main reason for introducing e-oscillatory and compact at infinity families of
functions is the following theorem concerning weak convergence of energy, i.e. of
the integral of the square of the wave function.

Proposition 3.11. Let ¢. be a pure, uniformly bounded family in L? with the

loc
limit Wigner measure p(x, k). Then, if |¢-(x)|* converges to a measure v on R",
we have

/ wu(-, dk) <v (3.24)
Rd

with equality if and only if ¢. is an e-oscillatory family. Moreover, we also have
/ w(dz, dk) < limsup/ |p () |2dx (3.25)
Rd x R4 e—0 JRrd

with equality holding if and only if ¢ is e-oscillatory and compact at infinity. In
this case limsup can be replaced by lim on the right side of (3.25).

With all the above properties we can interpret the limiting Wigner measure as
the limit phase space energy density of the family ¢., that is, energy density resolved
over directions and wavenumbers.

3.2. The evolution of the Wigner transform.
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3.2.1. The Liouville equation and geometric optics. We will now derive the evolution
equation for the Wigner measure of a family of functions ¢ (¢, z) that satisfy the
semiclassical Schrédinger equation

. ¢,
ot

with a smooth potential V(z). The initial data ¢.(0,z) = ¢%(x) forms an e-
oscillatory and compact at infinity family of functions uniformly bounded in L?(R?).
As (3.26) preserves the L2-norm of solutions, the family ¢.(t,z) is bounded in
L2(R4t) for each t > 0 and it makes sense to define the Wigner transform

+ %Aq&e — V(2)¢e(z) = 0 (3.26)

Y\ - EY\ ik Y
Welt,a, k) = [ . (ba— ) b (bo+ ) ebv 3.27
(o) = [ (=) b+ F) et @
We first obtain the equation for the limit Wigner transform directly “by hand”.
Differentiating (3.27) with respect to time, using (3.26) and a calculation similar to
(3.4), we arrive at the following equation for the Wigner transform

Wi+ k-V,We— LW =0. (3.28)
Here the operator L£¢ is defined by
i o Ep ep\] _dp
A _ ip-x 7 - -z - 2
£ 7 (2, k) 5/Rde Vo) [z k- ) - z@rs P 5 629)

acting on a smooth function Z(z, k) in phase space.
It is easy to verify that for any smooth and decaying function Z(x, k) we have

LZ — LZ =N,V -ViZin A (3.30)

We conclude that, first, for any test function Z € S(R™ x R"™) we have
0
S0, 2)] < 0(2)

so that W¢(t) is uniformly continuous in §’. Further, we can pass to the limit in

<5’I/VE

ot

and conclude that the limit Wigner measure W (¢, z, k) satisfies the Liouville equa-
tion in phase space

Iy + k- N W, Z) = (LW, Z)

Wy +k-V,W —VV-V,W =0 (3.31)

with the initial condition W (0,z,k) = Wy(x, k). We have proved the following
proposition.

Proposition 3.12. Let the family ¢°(x) be uniformly bounded in L*(R™) and pure
and let Wo(z, k) be its Wigner measure. Then the Wigner transforms W, (t,z, k)
converge uniformly on finite time intervals in S’ to the solution of (3.31) with the
initial data W (0,2, k) = Wy(z, k).

The formalism of semiclassical pseudodifferential operators provides a fast and
elegant way to derive the Liouville equation (3.31). For any test function a(x,k) €
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S(RY x RY) we have, using (3.26) and the product formula (3.15) with w(z, k) =
k‘2
? + V(l‘)

ow d0¢° e
<a, W> = lirn5—>O |:(a(:U,ED)¢€, a;i) + (a(x’ED) g; ’(ZSE)}

= lim._o {(a(:msD)(bg, [—%A + %V] (255) + (CL(SL‘,ED) [—%A + %V} ¢E,¢E)}

= lim._o % ({%A - V(ax), a(m,f-:D)] O, (;55)
= —lim._,o % (w(z,eD),a(x,eD)] de, Pc)
= —lime_yo 125 ([(Viw - Vea)(2,eD) = (Vow - Via)(z,eD)] e, ¢:)
= ([Viw - Vza — (Vyw - Via)], W)
=(k-Vza—VV - -Via, W)
=(a,—k-V,W+V,V. -V.W),
which is the weak form of (3.31).
Let us now compare the information one may obtain from the Liouville equation
(3.31) to the standard geometric optics. First, we derive the eikonal and transport

equations for the semiclassical Schréodinger equation (3.26). We consider initial data
of the form

¢°(0,2) = €@/ Ay () (3.32)

with a smooth, real valued initial phase function Sp(z) and a smooth compactly
supported complex valued initial amplitude Ag(x). We then look for an asymptotic
solution of (3.26) in the same form as the initial data (3.32), with an evolved phase
and amplitude

¢ (t, ) = SR/ (At x) + Ay (t, ) +...). (3.33)

Inserting this form into (3.26) and equating the powers of € we get evolution equa-
tions for the phase and amplitude

Sy + %|VS|2 +V(z) =0, S(0,2) = Sp(x) (3.34)
and
(1AP)e + V- (JAPVS) =0, |A(0,2)[* = |Ao(2)[*. (3.35)

The phase equation (3.34) is called the eikonal and the amplitude equation (3.35)
the transport equation. The eikonal equation that evolves the phase is nonlinear
and, in general, it will have a solution only up to some finite time ¢t* that depends
on the initial phase.

How are the eikonal and transport equations related to the Liouville equation
(3.31)? As we have computed before, for the WKB initial data (3.32) the initial
Wigner distribution has the form

Wo(z, k) = [Ao(2)*8(k — VSo(2)). (3.36)

As long as the geometric optics approximation (3.33) remains valid we expect the
solution of the Liouville equation (3.31) to have the same form:

W(t,x, k) = |A(t,2)|?6(k — VS(t,x)). (3.37)
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We insert this ansatz into (3.31) :

(; +k-V,—VV- vk> (JA(t,2)[*6(k — VS(t,2))) = 0. (3.38)
or, equivalently,
0= 6(k—VS) (gt +k-V,—VV- Vk) (|A(t,2)?)
AP S s (55 + o ~ 5 ) Do

where
Dy =0(k1 —Sz,) - 0(km—1— Sz, )8 (km — Sz, )0 (kms1 — Sxm“) o 0(kn —Sz,).

Equating similar terms in (3.39) we obtain the transport equation (3.35) from the
term in the first line, while the coefficient at D,,, gives the eikonal equation (3.34)
differentiated with respect to x,,. Expression (3.37) holds of course only until the
time when the solution of the eikonal equation stops being smooth.

Let us see what happens with the Wigner measure at a caustic. Consider the
Schrodinger equation (3.26) with V' = 0 — the corresponding Liouville equation is

W, +k-V,W =0, W(0,z,k) = Wo(z, k). (3.39)

Its solution is W (t,z, k) = Wy(z — kt, k) and clearly exists for all time. Consider
the initial phase So(x) = —22/2 with a smooth initial amplitude Ag(x). Then the
Wigner transform at ¢t = 0 is Wy (z, k) = |Ag(2)|?5(k + x) so that solution of (3.39)
is W(t,x, k) = |Ao(z — kt)|?6(k + = — kt). This means that at the time ¢t = 1 the
Wigner measure W (t = 1,z,k) = |Ag(x — k)|?§(z) is no longer singular in wave
vectors k but rather in space being concentrated at « = 0. This is the caustic point.
On the other hand, solution of the eikonal equation (3.34) with the same initial
phase and V = 0 is given by S(t,x) = —22/(2(1 —t)) — we see that the same caustic
appears at t = 1. The transport equation becomes

(AP —

T
1—-1t
The corresponding trajectories satisfy

. X
X = T3¢ X(0)=x

and are given by X (¢) = z(1 —t) — hence they all arrive to the point z = 0 at the
time t = 1. At this time the geometric optics approximation breaks down and is no
longer valid while the solution of the Liouville equation exists beyond this time.

We see that from the Wigner distribution we can recover the information con-
tained in the leading order of the standard high frequency approximation. In addi-
tion, it provides flexibility to deal with initial data that is not of the form (3.36).

. 2y " g2
V(AP): - AP,

3.2.2. Wigner transforms of miztures of states. We have noted that the L?(R?xR%)-
norm of the Wigner transform blows up in the limit € — 0 unless the underlying
family of functions ¢. converges strongly to zero in L?(R%). On the other hand,
the L?-norm of the Wigner transforms for each € > 0 is preserved — it just so
happens that it blows up in the limit. The L?-norm is often much more convenient
to use than the norm in A’ and its conservation is typically an easy consequence
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of the evolution equation for the Wigner transform. For example, if ¢. satisfy the
Schrodinger equation

. O,
%0 1 Mg~ V(). =0, (3.40)
then the Wigner transform W, satlsﬁes
oW, 1 i Ep Ep dp
. —— ip-x _ Py cp
ot e ia/e Vi) [WE (k 2) we <k+ 2” (2m)n’ (341)

It is immediate to verify that (3.41) preserves the L2-norm:
d
E/|W€(1:,a:,k)|2da:dk = 0.

It is much more difficult to verify that the .A’-norm of solutions does not grow.
Therefore, it would be convenient to have a tool of working with the L?-norm of the
Wigner transform. This is what mixtures of state do. They arise, either naturally or
artificially when families of solutions are considered rather than one solution. That
is, we consider a measure P(dw) on a state space € (which can be a probability space
but needs not be) and introduce a family of initial data ¥§(z,w) for the Schrédinger
equation parametrized by w € €. Accordingly we may define a mixture of states
(the terminology comes from the quantum mechanics)

Ws(t,x,k):/QWE(t,x,k,w)P(dw)

with

Wtz ) = [ 96, (10— L) b (6 - L) it
The point is that while the L2-norm of W, (¢, z, k, w) blows up for each fixed state w €
Q, the L?-norm of the average Wigner transform W, (¢, z, k:) may remain bounded.
In particular, in the case of the Schrédinger equation, as W, satisfies (3.41), its L2-
norm is bounded as long as the L?-norm of the initial data W, (0, z, k) is uniformly
bounded. Let us give a couple of examples when this might happen. The first one
arises when the initial data is random, and the second comes from the analysis of
the time-reversal experiments that we will study in some detail later.
Statistical averaging: take the initial data for the Schrodinger equation of
the form ¢f(z;w) = ¥ (x)V(z/e;w), where V(y;w) is a mean zero, scalar spatially
homogeneous random process with a rapidly decaying two-point correlation function

R(=):
EV@V(+2) = [ V@OV +50dPw) = RE) € SR,
and 1 (z) € C(R%). The “average” Wigner transform is then
Weto k) = [ (([er56. (0= 2.0)6. (- F.0) 7 ) Pl
- [ ([t @-9ie-9VE-4w
x V(2 +4w) gl | dP(w)

_ / FFVR(y)Y (x — L) P (x — L) ks — () PR ().
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Hence the limit Wigner distribution is given by W (z, k) = |4 (z)|2R(k), where R(k)
is the inverse Fourier transform of R(y). In addition, convergence is strong in
L?(RY x R9):

W = WIE: = [ 1RGP (0 (= %) 6 (= 2) = @)’ 22
— [Lu)IRWP G

L= [ (v(e-L) (oY)~ @) de
J@(=F)i(=-F) )

However, we have |I.(y)| < 4||¢||7. and

L(y) = / (v - Ly @+ L) - |¢(:c)|2>2dx 0

as ¢ — 0 since ¢ € C.(R?), pointwise in y. Therefore |[W. — W]l — 0 by the
Lebesgue dominated convergence theorem.

Smoothing of oscillations: the initial data is of the form ¢§(z; ¢) = 9 (x)e’¢#/¢,
where ¥(z) € C.(R%). The state space S = R?, and the measure P is P(dw) =
g(w)dw, w € R and g € S(R?). Then the limit Wigner distribution is W (x, k) =
|v(z)|2g(k) and convergence of W, (z, k) to the limit is strong in L?(R? x R?). This
is verified exactly in the same way as in the previous example.

with

3.3. The high frequency limit for symmetric hyperbolic systems.

3.3.1. Matriz-valued Wigner transform. The definition of the Wigner transform
may be generalized in a straightforward manner for families of vector-valued func-
tions ue(x) € L2(R™;C™). The Wigner transform is then an m x m matrix

W.(z, k) = /eik'yus (:c - %) uy (x + %) (;f_/)d. (3.42)

Here we denote by v* the conjugate-transpose of the vector u. The basic properties
of the scalar Wigner transform can be immediately generalized to the matrix case.
In particular, W.(z, k) is a self-adjoint matrix, and we have the following:

Theorem 3.13. Let the family of vector-valued functions u.(x) be uniformly bounded
in L>(R™;C™). Then the matriz-valued Wigner transform W, converges weakly
along a subsequence e, — 0 to a matriz-valued distribution W(x, k) € S' (R4 x
R4, C™ x C™). Any such limit point W (x,k) is a non-negative matriz for each
(z,k).

The proof is identical to that of Theorem 3.2 and uses the fact that under the
assumptions of this theorem the family of Wigner transforms W¢(z, k) is uniformly
bounded in (A™*™)’, the dual space of

A — A [ sup [y dy)

1/2
where A(z, k) is a vector-valued function, and | X || = Tr(X X*) = (Z;.nk:l \a:jk|2)
We may also define the semiclassical operators a*(z,eD) and a(x,eD) in the Weyl
and standard quantizations, respectively, by expressions (3.9) and (3.10) with a ma-
trix valued function a(z, k) and a vector valued function f(z). Then Propositions
3.3, 3.4, 3.5, 3.6 all apply verbatim and we do not restate them here. Note, however,
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that in the product Lemma 3.5 the operators should be applied in the correct order
as they are matrix valued and their symbols do not commute. The localization,
orthogonality and “energy capturing” Propositions 3.7, 3.8 and 3.11 also hold.

In the same spirit we may define a “cross”-Wigner transform for a pair of (vector-
valued) functions u.(x) and v.(x) as

W [ue, ve] = /eik-qu (3: — %J) vl (a: + %’) (;ry)d. (3.43)

We will denote the corresponding limit by W{u®, v¢]. It has the property that

(Wu®,v%],a) = Z(W[uf,vj],@ = 6113(1) > (05,a" (z,eD)us).
ij 0]
A useful fact that follows immediately from the aforementioned properties of the
Wigner transforms is that for a symbol P(z, k) we have for the limit Wigner matrix

WI[P(x,eD)uc,v:](x, k) = Pz, k)W ue, v|(x, k), (3.44)
Wlue, P(x,eD)ucl(x, k) = Wlue, ve](z, k) P*(x, k).

3.3.2. The evolution of the Wigner transform: constant coefficients. We now ad-
dress consider the evolution of the Wigner transform for general equations other
than the linear Schrodinger equation. We begin with systems of equations with
constant coefficients of the form

58(;1 + P(eD)u® =0 (3.45)
u(t =0) =ug

with u¢ being a C™-valued vector function. A typical example we have in mind is
a symmetric hyperbolic system

ou . Ou
ZapiZZ
015 + ij
with symmetric matrices D7, j = 1,...,n — in that case P(k) = iijj. In general,

the operator P(eD) is associated with a multiplier P(k). We assume that P €
C>(R¥\{0}) and P*(k) = —P(k). It follows that the total energy is conserved:

N(t) = /na(t,x)dx = /ng(x)dx = N(0).

Here n.(t, z) = |u®(t, z)|? is the energy density and n§(x) its initial value. Therefore,
it makes sense to consider the Wigner transform of solutions and their weak limits.

We impose the following conditions on the symbol: all eigenvalues w, (k) of the
self-adjoint matrix ¢P(k) may be ordered as

wi(k) < -+ <wp(k)

with the multiplicities r, independent of k, for k # 0. We denote by II, (k) the
orthogonal projection onto the eigenspace corresponding to w, (k) and assume that
wq (k) and I, (k) are smooth functions of k away from k& = 0. Under these assump-
tions the evolution of the Wigner matrix is described by the following theorem.

Theorem 3.14. Let the initial data u§(x) for (3.45) be a pure family, uniformly
bounded in L?(R"), e-oscillatory and compact at infinity with the unique limit
Wigner matriz measure Wy (z, k). Assume that 45(k) vanishes for |k| < r for some
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r > 0. Then the Wigner transform W.(t,z, k) converges weakly in S'(Ry x R4 x R?)
to

W(t,z, k) ZW (t,z, k).

The matrices W (t, x, k) satisfy the Lzouvzlle equations
oW,
ot

We can make the above statement somewhat more explicit if we introduce the
orthonormal basis of eigenvectors b]' that correspond the eigenvalue w, with m =

(k) - VoWa = 0, Wa(0,2,k) = o (B)Wo(z, E)Ta (k).  (3.46)

1,...,7rq — here r, is the multiplicity of w,. Then the matrix II, has the form
o= ) 03 (k) (k).
m,l=1

The matrix W, may, in turn, be written as

o(t, k) Zwml (t, 2, k)b (k)b (k).

The entries wy,; are given by
Tr [Wabhbi*] = Tr [T WIIabL00*] = Tr [WHLb7*] .
Let us organize the elements wy,,, into an r, X r, matrix w®. When r, > 1 the
mode « is polarized and w® is called the coherence matrix of this mode. Each
coherence matrix satisfies the Liouville equation

ow®

ot

This form of the Liouille equation is more convenient in the derivation of the radia-

tive transport equations in random media that we will consider later.
Energy propagation for solutions of (3.45) is described by the following theorem.

ml_

+ Viwe - Vow® =0, wh, (0,2, k) = Tr [Wy(z, k)bL(E)bI* (k)] . (3.47)

Theorem 3.15. Under the same assumptions the energy density n®(t,z) converges
weakly (for each time t > 0) to the measure n°(t,x) given by

O, z) = zp: / w0 (2 — 1V (K), k). (3.48)
a=1

Here w2 (x,k) = Tr(ll,WIl,)(z,k). Moreover, convergence is uniform on finite
time intervals.

The reason why we do not have uniform in time convergence of the matrix Wigner
transform but do have it for the energy density lies in the cross-mode terms II, W Il
with a # 8 — they have fast temporal oscillations but do not necessarily go to zero
uniformly in time. For example, consider a special solution of (3.45) which is a sum
of two plane waves with the same wave vector:

us(x) _ Aaba(ko)eiko.z/efiwa(ko)t/s +Aﬁbﬁ(ko)eiko-z/efiwg(k:g)t/e
with wq (ko) # wp(ko). Then the matrix Wigner transform is
We(t,,k) = || Aal2aba (ko)aby (ko) + | As|abs (Ko)abj (ko)
+ Ay Agbg (ko) aby, (ko)e!ws (ko) =wa(ko))t/e

+ Ay Agba (Ko)abs (ko)e! e (ko) = Wﬁ(ko))t/s} 5(k — ko).
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The cross-terms are oscillating rapidly in time — hence they vanish as € — 0 but
only in the weak sense. On the other hand, these terms have zero energy — their
trace vanishes. Therefore, the energy does not have these temporally oscillating
terms — this simple example captures the basic phenomenon that the cross-mode
terms are oscillatory in time but carry no energy.

3.3.3. The evolution of the Wigner transform: slowly varying coefficients. We now
consider the Wigner transforms of solutions of symmetric hyperbolic systems of the
form

ou .0
€ J_—
En + B(x)D 7z,

The matrix B(x) is positive-definite and the constant matrices D’ are symmetric
and independent of ¢ and z. The total energy

£(t) = / (1, ) 2di = £(0)

(B(x)ue) = 0. (3.49)

is conserved:
oF

e +V-F=0

with the energy density E(t,z) = |u(t, z)|? and the flux F}(t,z) = (D7 Bu, Bu). We
will assume in this section, as usually, that away from & = 0 the dispersion matrix
L(z,k) = B(x)k;DIB(z) has eigenvalues wq(z,k) with constant multiplicity
independent of z and k # 0, and both w, and the corresponding eigenvectors b,
i=1,...,74 are smooth functions of x € R? and k& € R%\{0}.

Energy conservation allows us to talk about the matrix Wigner transforms of the
solutions and study their limits. We take a matrix-valued test function a(t,x, k) €
S(Ry x R™ x R™) and compute

oW,
ot

) + (a(xz,eD)u., BP(eD)[Bu.]) + (a(x,eD) (BP(eD)[Bu.]) ,us) = 0.
(3.50)
Here we have denoted P(k) = ik;D; and B is multiplication by the function B(x).
The operator M f = B(x)P(eD)[B(x)f] is skew-symmetric. Hence, we may re-write
(3.50) as
oW,
ot

e(a,

Yy —([BP(eD)(Ba(t,z,eD)u.),us) + {a(t,z,eD) (BP(eD)[Buc]) ,us) = 0.

(3.51)
Integrating in time and passing to the limit € — 0 using the uniform in time a priori
bounds for W_(t,x,k) in Al,.,, we see that the limit Wigner matrix W (t,z, k)
satisfies

Tr [B(z)P(k)B(x)a(t,x, k)W (t,x, k) — a(t,x, k) B(z) P(x, k) B(x)W (t, z, k)] (:3(5))2)

(a,

Therefore, as in the constant coefficient case, the matrix W (z, k) satisfies
1
L(z, )W (t,z, k) = W (t,x,k)L(z, k), L(x, k) = gB(x)P(as,k)B(x), (3.53)

It follows that IL,(z, k)W (¢, x, k)IIg(t,z, k) = O for @ # B — here I1,(z, k) is the
projection matrix on the eigenspace of the matrix L(x, k) corresponding to an ei-
genvalue w, (2, k). Thus, the limit Wigner matrix has a representation

W(t, k) => Tala, k)W (t,2, k) (z, k). (3.54)
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We may also write it in a more explicit form as

W(t, k)= Z Yt x, k)b (z, k)b (x, k). (3.55)
a t,7=1
The vectors b?, form the orthonormal basis of the eigenspace corresponding to the
eigenvalue w,. The limit energy density is simply

E(t,x) = Z/T&rwa(t,m,k)dk

for e-oscillatory and compact at infinity families of solutions — we will see that this
property is preserved by evolution.

Somewhat lengthy computations (using the Weyl operator calculus and appropri-
ate test functions) lead to the following evolution equations for the r,, x r,, coherence
matrices wy:

Ow,,

5t + ViWa - Vawa — Vawe - Viwe + [N* w®] = 0. (3.56)
The ro X 7o matrices N, have entries
_ 1 .
NI = 3 [((BVkP -V.B)bL,,b") — (b, (BV}P - VxB)bZ)} . (3.57)

The matrix N is skew-symmetric and vanishes when the eigenvalue w, is simple.
This result can be summarized in the following theorem.

Theorem 3.16. Let u.(t,z) be the solution of the initial value problem

ou .0
e Jj_~

with an e-oscillatory and compact at infinity pure family of initial data u.(0,x) =
ul(x). The coefficient matrices B(x) are symmetric positive-definite and D7 are
independent of t and x. Then the Wigner transforms We(t,z, k) converge weakly in

S'(Ry x R? x RY) to the matriz distribution

W (t,z, k) ZZ J(t, 2, k)b, (2, k)b, (. k).

a=14,j=1

(B(z)ue) =0 (3.58)

The 14 X T4 coherence matrices wo, satisfy the matrixz Liouville equations (3.56)
with the initial data W™ (0, z, k) = TriWo(z, k)02 (x, k)bI* (x, k)]. Here Wo(z, k) is
the Wigner transform of the family u2(x).

As an immediate consequence, the energy of the mode a, which is @, = Tr(wg)
satisfies a scalar Liouville equation

0Wq

ot

A few comments on the matrix Liouville equations (3.56) are in order. First of
all, the coupling matrix N® vanishes if the coefficient matrix B is independent of
x — this is seen from its explicit form. Furthermore, as in the constant coefficients
case equations for various modes are all decoupled. This means that slow variations
(relative to the wave length) of the background material properties do not induce
mode coupling in the leading order. They do, however, suffice to couple various
polarizations corresponding to the same mode if the mode is polarized. Still the
“coupling” commutator term in the Liouville equations may be eliminated by an

+ Viwa - Vatla — Vewy - Vitha = 0. (3.59)
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appropriate choice of the basis. More precisely, if we take w, = Uw,U* with the
matrix U that is a solution of the evolution equation

ou -
N +{wa, U} + NU =0, U(0,2,k) =1,
then the matrix w, satisfies a Liouville equation without the commutator term
Owq
;’; + Vi - Vala — Vaa - Villa = 0, Ba(0,2,k) = w(z,k).  (3.60)

This means that the matrix U(t, z, k) describes the rotation (recall that the matrix
N@ is skew-symmetric) of the polarization vector along the bicharacteristics.

As in the case of constant coefficients, the non-uniform in time convergence of
the matrix Wigner transform to the limit in Theorem 3.16 is not an artifact of the
proof. However, the phase space energy density, that is, the trace of the Wigner
matrix converges to its limit E(t,z) = > [ Trw*(t, z, k)dk uniformly in time (and
weakly in space). This is because (as one can see from (3.50)) the time derivative
OW, /0t is uniformly bounded in time.

The limit Liouville equations preserve the total energy E(t,z) defined above.
Therefore, as long as the initial data is e-oscillatory and compact at infinity, con-
vergence of the trace of the Wigner matrix is tight for all ¢ > 0. As a consequence,
using Theorem 3.11 we conclude that the family of solutions of (3.49) remain e-
oscillatory and compact at infinity.

3.4. High frequency Wigner limits: examples.

3.4.1. High Frequency Approximation for Acoustic Waves. We will now apply the
results of the previous section to acoustic waves. We will also review the usual form
of the high frequency approximation and make explicit the relation between the
phase space form of the high frequency approximation and the usual one.

The acoustic equations for the velocity and pressure disturbances v and p are

ou
/OE +Vp = 0
m% +divu = 0. (3.61)

Here p = p(z) is the medium density and k£ = xk(z) is its compressibility. Equa-
tions (3.61) can be re-written in terms of v(t,z) = +/p(x)u(t,z) and q(t,z) =

VR@p(t. ) as
o, Lol

o (VR
dq 1 . 1 B
5 + T(x)dlv [\/ﬁv] =0. (3.62)

The energy density and flux for acoustic waves are given by

Elt2) = Slo(t, ) + 3@ (60), Fltow) = @l alo(tn). (3.63)

Equations (3.62) have the form (3.49) with the matrix

B(z) = diag l

1 1 1 1 ]
V@) (@) /p(x) /k(x)
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while each of the matrices D' = eje} + e4e} has all zero entries except for D¢, and
Di, which are equal to one. For instance, the matrix D? is

0 0
D' =

—_ o O
o OO OO
O O O

0
0
0

Then the dispersion matrix L(xz, k) has the form

0 0 0 Kk
0 0 0 k

L=v@) |y o o ki (3.64)
ki ky ks O

with the sound speed ¢(z) = 1/1/k(x)p(z). It has one double eigenvalue w; = wy =
0 and two simple eigenvalues wy = +c(x)|k|. The corresponding orthonormal basis
of eigenvectors is

b= (W), 0), B2 = (:2(k),0), bt = (%ié) , (3.65)

with the vectors k, 2 (k) and 2@ (k), which form an orthonormal triplet:

R sin 0 cos ¢ cos 6 cos ¢ —sing
k=|sinfsing |,z = [ cosOsing |,z = | cos¢ |. (3.66)
cosf —sinf 0

The limit Wigner matrix of the family v. = (ve, ¢.), according to (3.55) can be
represented as

2
Wt k)= > wg (t,z, k)b (k)b (k)

ij=1

S (@, k)b (k)b (k) + w_ (£, , k)b~ (k)b (k).

(3.67)

In order to understand better the physical meaning of these modes let us write the
vector v (x) as a sum v (¢, ) = v5, (¢, x) +v5,,. with an incompressible field vf, (¢, z):
V -v;, = 0 and an irrotational component v5,.,.: V x v{.. = 0. The limit Wigner

rr* wrr

matrices Wi, and Wi, of the families v5, (¢, 2) and v5,.,.(¢, x) satisfy W, (¢, z, k)k =0

and W;,.(t,z, k)z = 0 for any vector z orthogonal to k. Decomposition (3.67) tells
us that W = W;,.,, + W,,, with

2

Win = > wg(tz k)b (k) (k),
i,j=1
Wire = wy(t, 2, K)bT ()0 (k) + w_(t, z, k)b~ (k)b (k).

Therefore, the eigenvectors b'(k) and b%(k) correspond to transverse advection
modes, orthogonal to the direction of propagation. These modes do not propa-
gate because wy 2 = 0: equation (3.56) for the coherence matrix wy is of the form
Bwo
ot

initial data is irrotational. The eigenvectors b+ (k) and b~ (k) represent acoustic

= 0 — hence wy(t,z,k) = 0 if it is zero initially. This is the case when the
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waves, which are longitudinal, and which propagate with the sound speed c¢(z): the
scalar amplitudes w4 (¢, x, k) satisfy the scalar Liouville equations
6wi

T + c(a:)@ -Vaywg FE|Vie(z) - Viwy = 0. (3.68)

Next, as we did for the Schrodinger equation, we establish the connection with
the usual high frequency approximation for acoustic waves. We consider acoustic
equations (3.62) with initial data of the form

v(0,2) = vo(a)eW/E, v = (v,q) (3.69)
where S is the real valued initial phase function. We look for a solution in the form
v(t,z) = (Ag(t, ) + A, + ... )2/ e (3.70)

where Ay = (vg, o). We insert (3.70) into (3.62) to get in the leading order in ¢

<C(ac)5tvs- c(xgtv S) (23) =0 (3.71)

The next term in the expansion yields

8tU0+1V|: ! :|

s )G L) o

VP
Equation (3.71) gives the eikonal equation for the phase S
S2—cA(x)(VS)? =0. (3.73)
Then assuming that Sy = +c(z)|V.S| we have

(”O> = A(z)bT(VS(t, z)), (3.74)

q0

where bt is given by (3.65). The amplitude A(t, z) is determined by the solvability
condition for (3.72), which gives the transport equation

0 VS
—|AP+ V- [ |APc(z) =g | =0. 3.75
AP+ 7 (APt T (3.75)

The eikonal and transport equations (3.73) and (3.75) can also be derived from
the Liouville equation (3.68) as we did for the Schrodinger equation. In the high
frequency limit, initial conditions of the form (3.69) imply that

wy (0,2, k) = |Ao(z)[*5(k — VSo(x)). (3.76)

Let the functions S(t,z) and | A(t,z)|? be the solutions of the eikonal and transport
equations (3.73) and (3.75), respectively, with the initial conditions S(0,x) = Sp(z)
and |A(0,2)|? = |Ao(x)|?>. Then the solution of equation (3.68) is

wy (t,z, k) = At 2)26(k — VS(t, x)). (3.77)

Conversely, given initial conditions of the form (3.76) for (3.68) and w, given by
(3.77), then S and A must satisfy the eikonal and transport equations (3.73) and
(3.75), respectively. This is because the eikonal equation follows by integrating
(3.68) with respect to k while the transport equation follows by multiplying it by &
and then integrating with respect to k.
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3.4.2. Phase space geometric optics for electromagnetic waves. Maxwell’s equations
in an isotropic medium and in suitable units are

or 1

E = ECUI'IH (378)
OH

E = —;CUI'IE

where the dielectric permittivity is €(z) and the relative magnetic permeability is
p(x). In this section as well as in other instances when we consider electromagnetic
waves € denotes the dielectric permittivity while the small parameter is denoted by
e. It follows from Maxwell’s equations that if at the initial time we have

div(eE) = div(pH) =0 (3.79)

then these conditions hold for all time. We will always assume that (3.79) holds.
As a symmetric hyperbolic system Maxwell’s equations can be written as

1 1
_ 0 - 0 _
0 (E Ve 0 —-Vx Ve EN
&(H>+ o L o (VX 0 ) o Lf\m)=0 G
Vi Vi
with £ = \/eE and H = VirH . The 6 x 6 dispersion matrix L is

0 0 0 0 k3 ko
0 0 0 ks 0 —kq
0 0 0 —k k 0 0 -T
L = _C(ZI}) 0 k3 _k2 02 Ol 0 = c(CL‘) (
—k3 0 k1 0 0 0
ky  —ky 0 0 0 0

with the speed of light ¢(x) = 1/+/e(x)u(z) and the matrix T'(k) defined by T'(k)p =
k X por

0 —ks ko
Thy=| ks 0 —k]|. (3.82)
—ky ks 0O

The dispersion matrix L has three eigenvalues, each with multiplicity two. They are
wo =0, wy = c|k|, w— = —c|k|. The basis formed by the corresponding eigenvectors
is

O = (k,0), b2 = (0,k),

o (20 2D 2 A
R TR TR
1 2 2 1

=D O N 5.53)

:(ﬁ’_%)’ Z(ﬁ,%%
where the vectors k, z()(k) and z(?) (k) form an orthonormal triplet (3.66). The
coherence matrix wp corresponding to the mode wy = 0 vanishes if (3.79) holds
— this is checked in the same way as the absence of the vortical modes for the

acoustic waves. The other eigenvectors correspond to transverse modes propagating
with the speed c(x). As in the acoustic case, we need only consider the eigenspace
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corresponding to wy. The 2x2 coherence matrices w satisfy the Liouville equations
(3.56), for instance, the evolution equation for w = W, is
ow
ot

The 2 x 2 skew symmetric coupling matrix Ny (x, k) is determined by its non-zero
element

+ ¢(@)k - Vow — |k|Vee(z) - Viw + Nw — wN = 0. (3.84)

- 1
NP2 = 3 [(BVP -V B2 b1 — (672 (BV,P - V,B)bT1)]. (3.85)

The coherence matrix W (¢,z, k) is related to the four Stokes parameters [31],
which are commonly used for the description of polarized light because they are
directly measurable. Let [ and r be two directions orthogonal to the direction of
propagation and let I = I; + I,. be the the total intensity of light, with I; and I,
denoting the intensities in the directions [ and r, respectively. Let Q = I; — I,
be the difference between the two intensities. Also let U = 2 < E;E,.cosd >
and V = 2 < E;E,sind > denote the intensity coherence, with fixed phase shift
0, between the amplitude of light in the directions [ and r, respectively. Light is
unpolarized if U = V = Q = 0. If the directions I and r are chosen to be z(1) (k)
and 2 (k), given by (3.66), then the coherence matrix w* (¢, z, k) is related to the
Stokes parameters (I,Q,U, V) by

X |
wH(t, o k) = ((ﬁgf [fg’) . (3.86)

When light is unpolarized, then the coherence matrix w™ is proportional to the
2 x 2 identity matrix I. We will later see that in a random medium after a long
propagation time, indeed, w' becomes nearly proportional to identity.

4. Kinetic limits for the Liouville equations.
4.1. The Fokker-Planck limit.

4.1.1. The Fokker-Planck equation. As we have seen in Section 3, the Wigner mea-
sure of the oscillatory solutions of the Schrodinger equations with a slowly (relative
to the scale of wave oscillations) varying potential satisfies the Liouville equation

W, + k- V,W = VV(z)- VW =0. (4.1)

More generally, the energy of each mode of a high frequency wave satisfies in the
limit a Liouville equation (3.59):

W, + Viw - VoW = Vaw - VW = 0. (4.2)

Here w(z, k) is the dispersion law of the mode. Equation (4.1) is a particular
example of (4.2) with w(x,k) = k?/2 + V(z). Therefore, in order to understand
how high frequency waves scatter in a random medium with random fluctuations
that vary on a scale much larger than the wave length, one should study solutions
of the Liouville equation with a random dispersion relation. The Liouville problem
in a random medium is simpler to analyze than the full wave problem because it

has an interpretation in terms of the trajectories of the Hamiltonian system
dX dK
E:ka(X,K), Ez—vxw(X,K), X(T)==z, K(T)=k. (4.3)

That is, if (X (¢), K(t)) satisfy (4.3) then solution of (4.2) is given by
W(t,z, k) = Wo(X(0), K(0)). (4.4)
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In particular, trajectories of (4.1) satisfy the classical laws of the Newtonian me-
chanics: X IK
praia vl VV(X). (4.5)
We will be interested here in the long time, large distance effect of weak random
fluctuations in the dispersion law on the behavior of solutions of the Liouville equa-
tions. In order to be more concrete, we first consider the classical case (4.5) with a
weakly random potential:
ax dK
a7 dt
where 6 < 1 is a small parameter measuring the strength of random fluctuations
(it is a common convention for the size of fluctuations to be v/§ so that the central
limit theorem time scale is §~!). The long time, large distance behavior of a massive
particle in a weakly random time-independent potential field is described by the
momentum diffusion: the particle momentum undergoes the Brownian motion on
the energy sphere. In terms of the Liouville equation, if W is the solution of

W + k- V,W —VéVV(z)- VW =0, (4.7)

then Ws(t,x, k) = E[W(t/5,2/6,k)] converges as § — 0 to the solution of the
Fokker-Planck equation

= —V6VV(X), X(0) =z, K(0)=F, (4.6)

d —
_ - d oW
Witk- VW= > AT (Dnm(k)8k> . (4.8)

m,n=1
The diffusion matrix D = [D,y,,] is given by
1 [* 0?R(sk)

Dy(k) = —= ———~ds, ,n=1,...,d. 4.9
(k) 2 _Ooaxnﬁa:ms e (4.9)

Here R(x) = E[V(y)V (x + y)] is the covariance function of the random potential.
The time scale t ~ O(§~!) on which we obtain a non-trivial kinetic limit comes as
no surprise — it is the same as the central limit theorem time scale we considered for
a particle in a random velocity field in Section 2 (recall that fluctuation strength is

V).

Note that the diffusion matrix has the property Dk = 0:
d d  ,
> Dun(Wln = =34 [ FBeB s
m=1 m=1 -

o OR(s)
N _%»Am% ( Oy, ) =0

provided that lim|, 1o Vo R(z)] = 0. This implies that the diffusion process
(X (t), K(t)) corresponding to (4.8) is given by a solution of the It6 stochastic dif-
ferential equation:

dK(t) = o(K(t))dB: + b(K(t))dt, dX(t) = K(t)dt, (4.11)
where o(k) is a d x d symmetric matrix that is a square root of 2D(k), b(k) =
(b1(k), ..., ba(k)), with by(k) = Y0 O Dpn(k), and {B;,t > 0} is a d
-dimensional, standard Brownian motion. The K-component of the diffusion satis-
fies | K (t)| = const, that is, K (¢) stays on a sphere of fixed radius. This, of course, is

expected: the Hamiltonian ws(x, k) = k2/24+/8V (), is preserved by the dynamics,
and in the limit ¢ — 0 this reducers to the preservation of |K(¢)|.

(4.10)
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The Fokker-Planck limit has been first proved in [53] in dimensions higher than
two, and later extended to two dimensions in [34, 58]. Similar results can be ob-
tained for general Hamiltonians (dispersion laws), in particular, for the classical
wave Hamiltonian w(x, k) = cs(x)|k|, when the sound speed is weakly random:
cs(w) = co + V/0é(z), where ¢y > 0 is constant and &(x) is a mean-zero, spatially
homogeneous, random field. However, for the sake of simplicity we will first con-
centrate on the classical mechanics Hamiltonian as in (4.9).

4.1.2. Formal short time asymptotics. The easiest way to understand how the Fokker-
Planck equation and momentum diffusion come about is to consider the weakly
random Hamiltonian system (4.6) on time scales of the order ¢t ~ O(1) rather than
t ~ O(671) when the behavior becomes non-trivial. Consider a formal expansion

X(t) = Xo(t) + VOX1(t) + 6Xo(t) + ..., K(t) = Ko(t) + VoK1 (t) + 6 Ka(t) + . ..
(4.12)
Inserting this into (4.6) gives Ko(t) = k, Xo(t) = « + kt. The next order terms are

t t s
Ki(t)= [ VV(x+ks)ds, Xi(t)= / ds | VV(x+ksi)ds;
0 0 0

and K (t) = (K2,1(t), ..., K2,4(t)), where

d t S S1
Kom(t) = / ds / ds / 2 . V(x+ks)0y, V(z + ksa)dss.
n=1"0 0 0
Let AKy(t/0) ~ K(t/0) — Ko(t/d). Hence, assuming that ¢/J is large but not
as much to violate validity of expansion (4.12), this is the case when ¢ ~ §7 and
v € (1/2,1), we conclude that

VKL (t)8) ~ o(k)By, 6Ks(t/8) ~ b(k)t, (4.13)

or equivalently

AKy(t/6) = o(Ko(t/d))B + b(Ko(t/d))t, (4.14)
where t ~ 47, in agreement with the It6 equation (4.11). The asymptotics of the
first term can be obtained by an argument as in Section 2.1.1 for the integral (2.2).
As for the second we get, via an ergodic theorem,

d t/o s s1
0Ky (t)8) ~ _Z(s/o ds/o dsl/o 02 0y, R(k(s — s2))dss

n=1

d t/8 s
= —25/ dS/ (5 — 52)02 0, R(k(s — s2))ds2
n=1 0 0

as 6 — 0. We finish the derivation with an observation that the Fokker-Planck
equation corresponding to the infinitesimal version of the ”stochastic” difference
equation (4.14) is (4.8). The formal expansion (4.12) can not, of course, hold on
macroscopic time scales longer than §7 when v < 1/2. Nevertheless, this “back of
the envelope” calculation gives an excellent idea of what happens.

Let us derive the diffusion operator in (4.8) yet in another way, more in the spirit
of of multiscale expansion of solutions of (4.7) done in Section 2.1.2. Let W be the
solution of that equation, then W°(t,z, k) = W (t/8, /6, k) satisfies

1
WP+ k- VW0 — =V (%) VW =0, (4.15)
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Consider an asymptotic multiple scale expansion for 1#?°

WO(t,z, k) = W(t, , k) + VoW, (t,:c, % k) OWs (t,x, %k) Yo (4.16)

We assume formally that the leading order term ¢ is deterministic and independent
of the fast variable z = x/§. We insert this expansion into (4.15) and obtain in the
order O (671/2):
k-V.Wy=VV(z) V. W. (4.17)
Let § < 1 be a small positive regularization parameter that will be later sent to
zero, and consider a regularized version of (4.17):
k-V. Wy +0W; =VV(z) VW,

Its solution is

0
Wl(z,k:):/ VV (2 + sk) - ViW (t,z, k)e?ds. (4.18)

— 00

The next order equation becomes upon averaging (we assume, as in Section 2.1.2,
that the leading order term W is deterministic)

%—V: +k-W=E(VV(z) V,Wi). (4.19)

The term on the right side above may be computed explicitly using expression (4.18)

for Wy:
[ [0V(2) OV (2 + k)] PW(t,x, k)
E(VV(2)-V.41) = /0 E[ 920 Oom ke Ok
L [ O°R(sk) _,, O°W(t,z.k)

e %%ds

2 ) Brndrn . T Okndk
OPW (t,x, k)

0k, 0ky,

as 0 | 0, with D,,,,(k) as in (4.9).

However, the naive asymptotic expansion (4.16) is hard to justify. The rigorous
proof outlined in the next section is based on a quite different method closer in the
spirit to expansion (4.12).

— Dpm (k)

4.2. Outline of the rigorous proof of the Fokker-Planck limit. The rigorous
proof of the Foker-Planck limit is quite long, and an interested reader may consult
the original papers [8, 53, 57, 58] for the details. Here we will only describe the
main ingredients of the proof.

The random potential. First, let us make precise our assumptions on the random
potential. Let (Q, X, P) be a probability space, and let E denote the expectation
with respect to P. We assume that {V(z),z € R?} is a real-valued random field
over the probability space that is measurable and strictly stationary. This means
that for any shift z € R?, and any collection of points x1,...,z, € R? the laws of
(V(z1 +2),...,V(zy, + ) and (V(z1),...,V(z,)) are identical. In addition, we
assume that the field is centered, i.e. EV(0) = 0, the realizations of V' (z) are P-a.s.
C?-smooth in z € R? and they satisfy

D; := max ess-sup |05V (;w)|loo < +00, j=0,1,2. (4.20)

lal=j weq
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We suppose further that the random field is strongly mixing in the uniform sense.
More precisely, for any R > 0 we let C%, (vesp. C%) be the o—algebra generated by
random variables {V(z),z € Br} (resp. {V(z),x € B}}). Here Bg := [z : 2| < R]
. The uniform mixing coefficient between the o—algebras is

¢(p) :=sup[|P(B) —P(B|A)|: R>0, AcCh, B¢c Chipls
for all p > 0. We suppose that ¢(p) decays sufficiently fast, i.e.

¢ = sup p' P (p) < +oo. (4.21)
p=>0

This condition and (4.20) imply in particular that the covariance function of V(z),

R(z) :=E[V(2)V(0)], satisfies

R, = Z Z sup (14 |z*)%°)0¢R(z)| < +o0. (4.22)

d
i=0 |o|=i TER

We also assume that the power spectrum of the field, defined as the Fourier transform
of R(z): R(k) = [ R(z)exp(—ik - )dz, has the following regularity property

f%(k) does not vanish identically on any hyperplane H, = {k: k-p =0}, p € R,
(4.23)

The main convergence to Fokker-Planck result. Let the function ¢°(t,z, k) satisfy
the Liouville equation

o

% +k-Vep? —VOVV (z) - Vi’ =0, (4.24)

¢° (0,2, k) = ¢o(dz, k).
We assume that the initial data ¢o(z, k) is a smooth compactly supported function,
whose support is contained inside a spherical shell A(M) = {(z,k) : M~ < |k| <
M} for some positive M > 0.
1 [* 0?R(sk)
Do (k) = —= ———=ds, ,n=1,...,d. 4.2
(k) 2 J_o 0xp 0z, 5o (425)

The following result holds.

Theorem 4.1. Let ¢° be the solution of (4.24) and let ¢ satisfy
- d

¢ o B} ¢

QZ_)(Oa z, k) = QSO(I'? k)a
where the diffusivity matriz D(k) = [Dmn (k)] is given by (4.9). Suppose also that
d > 3. Then, for any M, Ty > 0 there exist two constants C, ag > 0 such that for
all T Z TO

sup ‘ch)‘s (t, m,k) — ¢(t, z, k)' < CT(1+ ||¢oll1,4)07. (4.27)
(t,2,k)€[0,T] x A(M) )

Here for any function f(¢,x,k) and non-negative integers k,l,m we denote by
Il |lk.1,m the supremum norm over the first k (resp. {,m) derivatives in ¢ (resp. z, k)
variables. In case f does not depend on some of the variable we omit writing the
corresponding subscript in the notation of the norm.
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We recall that the process corresponding to the generator given by the operator
on the right hand side of (4.26) is a diffusion process on a sphere S{~* := [|k| = 1.
Equivalently, the above means that after the spherical change of variables k — (I, /%)7
where [ := |k| and k := k/|k|, equations obtained from (4.26) for different values
of [ are decoupled. On the other hand, assumption (4.23) implies that the matrix
D(k) has rank d — 1 for each k € S{~*, hence the corresponding diffusion on the
sphere of momenta of a fixed modulus is non-degenerate: see [8] for details.

Sketch of the proof of Theorem 4.1. The estimate (4.27) can be translated into the
statement about the rate of convergence of one dimensional marginals of (X () (t),
K©)(t)) - the trajectories of the following system of ordinary differential equations

©) (®) ()
dX7 _ g BT gy (X) , XO0) =2, KO©0) =k (4.28)

dt Todt NG 1
Estimate (4.27) is equivalent to:
sup  [Ego (XO0), KO(1)) = g(t.2. k)| < CT(1+ [lgo]l.4)5°,

(t,2,k)€[0,T] x . A(M)
(4.29)
provided that X (0) = 2 and K (0) = k.
According to (4.29), the limit of (X (¢), K()(t)) should be a Markov process.
Let us try to explain how Markovianity of the limit comes about from (4.28). For
any two times t; < to, we have

to 1)
AKO (ty,t5) := KO (t5) — KO (t;) i/ vV (X( )(S)> ds,  (4.30)

Vo Jivo 6
provided that v € (1/2,1). If the trajectory {X©)(t), ¢t > t; + 67} stays away
from T4, = {(X©O(t), KO(t), t € [0,;]} farther than a distance ~ § apart then
the increment AK ) (t1,t5), given (X©(¢;), K (t1)), would become ”almost in-
dependent” of the information carried by I'p;, and we have a good chance that
the limit is indeed Markovian. The above scenario can be endangered if X (®)(t,)
comes into the vicinity of I'g;, (i.e. closer than distance ~ ¢ of I'g 4, ). Then the
increment AK ) (t1,t,), given (X (¢;), K (t1)), would be, in a stark contrast
with the Markov property, far from being "nearly” independent of the information

contained in I'g4,.

Another obstacle in getting a diffusive limit could lie in the fact that the lim-
iting process would be indeed Markovian, but a sufficiently ”irregular” behavior
of the path K (t) could lead to the formation of jumps for the limiting momen-
tum component. The limit would be then a Markovian jump process rather than a
diffusion.

One way to show convergence is the ”"bootstrapping procedure” introduced by
Kesten and Papanicolaou in [53]. We consider the trajectories corresponding to
the Liouville equation (4.24) and introduce a stopping time, called 75, so that until
this time the process (X (t), K(®)(t)) is well-behaved, i.e. none of the scenarios
that can endanger diffusive limit described above is realized. Among other things,
until this time the process X () (t) does not nearly self-intersect and the velocity
K®©(t) does not violate a Holder property. These facts ensure in particular that
until the stopping time the particle is “exploring a new territory” and, thanks to the
strong mixing properties of the medium, “memory effects” are wiped out so we can
essentially use the scaling argument described in (4.12) - (4.15). Therefore, until 75
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the law of the process is approximately described by the diffusion (4.11). After the
stopping time we modify the dynamics of the process by augmenting it with the
"true” diffusion, i.e., the limiting process described by (4.11). The main body of the
argument is devoted to the proof that the law of the augmented process is close to
the law of the diffusion, with an explicit error bound. Since an analogously defined
stopping time corresponding to the limiting diffusion tends to infinity in probability
the same holds for the stopping time 75. In fact, for any 7" > 0 the probability of
the event [75 < T can be estimated by C§7 for some C,v; > 0. The combination
of these two results allows us to estimate the difference between the solutions of the
Liouville and the diffusion equations in a rather straightforward manner : they are
close until the stopping time as the law of the diffusion is always close to that of
the augmented process, while the latter coincides with the true process until 75. On
the other hand, the fact that 75 — oo, as § — 0, shows that with a large probability
the augmented process is close to the true process.

The stopping times. We now define the stopping time 75, that prevents the trajec-
tories to have near self-intersections (recall that the intent of the stopping time is
to prevent any “memory effects”).

We take small positive constants €;, j = 1,2,3,4 and set

N=["], p=[6"%], ¢=p[6~=], Ni=Npl6—=] (4.31)

The precise choice of ¢;-s is slightly technical and we will not go into details on their
definitions. We introduce the following stopping times - each of them responsible
for the control of an undesirable behavior of the trajectory (as described in the
previous section). Let t;@p) := kp~! be a mesh of times, k > 0. To simplify the
notation we omit writing subscript é by a trajectory of solution of (4.28).

The “violent turn” stopping time. Let K(t) := K(t)/|K(t)|. We define

Ss:=inf |t > 0: for some k > 0 we have t € {tip%t;ﬁzl) and (4.32)

K@) K@) <1- % or K (tg” - 1\171> CK(t)<1-— H ,
The stopping time Ss is triggered when the trajectory performs a sudden turn —
this is undesirable as in the limit the momentum component of the trajectory may
loose its Holder property, thus the limit can be a jump process instead of diffusion.
In addition, the trajectory may return to the region it has just visited and create
in this way correlations with the past.

”Near self-instersection” stopping time. For each t > 0, we denote by X; :=

U X (s) the trace of the spatial component of the trajectory up to time ¢, and
0<s<t
by X:(q) := [z : dist (x,%;) < 1/q] a tubular region around the X component of
the path. We introduce the stopping time

Us:=inf [t >0: 3k >1 and ¢ € [, ¢(),) for which X(t) € X, (q)] . (4.33)
k-1

It is associated with the return of the X component of the trajectory to the tube
around its past — this is, as we have already explained, an undesirable way to create
correlations with the past. Finally, we set the stopping time

75 := S5 N Us. (4.34)
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Approximate martingale property. The next step (rather technical, hence we omit
it) is the construction of a concatenated process {(X(t), K(t)), t > 0} that follows
the trajectories of (4.24) until the time 75 but after this time they become the
momentum diffusion corresponding to the limiting Fokker-Planck operator, starting
from the point (X (75), K(75)). The augmented process is not, of course, Markov,
but it is “nearly Markov” in the sense we explain below.

Let {F;, t > 0} be the natural filtration corresponding to the process, £ be the
generator of the Fokker-Planck equation

d
LF(z,k) =~k -V F(z,k)+ > a%n (Dnmw)W). (4.35)

m,n=1

and
t

NAG) = G(t, X (), K () — C(0,,k) / (9, + £)G(0, X (0), K(0))) de.
0

Then, there exist constants 1, C' > 0 such that for any smooth function G, random
variable ( that is F;-measurable we have

[E{[No(G) = Ni(G)] ¢} < €™ (v — t)EC. (4.36)

If the right side of (4.36) vanished, that would mean that the law of (X (t), K (t))
satisfied the so called martingale problem of Stroock and Varadhan. It is well
known, see Chapter 6 of [76], that under the assumptions made about the generator
L this problem is well-posed, i.e., there exists only one process, in the sense of
uniqueness of law, that could satisfy the requirement that the functional { N;(G), t >
0} is a martingale for all smooth test functions G. The associated process is then
a diffusion, thus in particular it is Markovian. One can check, by verifying the
Hormander condition, that the generator £ is hypoelliptic. A particular consequence
of this fact is that: when d > 3 for any T > 1 one can find constants C,~ > 0 such
that P[75 < T] < C67T. The details of this argument can be found in [53].

On the other hand, the fact that the law of the trajectory satisfies an approximate
martingale problem implies that the following result holds.

Theorem 4.2. Suppose thatd > 3. For any T, M > 0 one can choose €1,€2,€3,E4 >
0, appearing in the definition of the stopping times, and constants C,vy > 0 such
that

Plrs <T] < COT, Y€ (0,1, T>1, (X(0),K(0)) € AM). (4.37)
The end of the proof of Theorem 4.1. The argument leading to the proof of the
theorem is as follows. Let G(t,x, k) := ¢(u —t, z, k), where ¢(t, z, k) is the solution
of the Cauchy problem (4.26), and ¢ = 1. From (4.36) (with v = u, t = 0) we get

B [0S0, (1) = 60 X0 KO) ~ (0, + £)G(e. X(0) K(e) |
0

< C||G|l1,1,307T.
Since (9, + £)G = 0 we get

[Béo(X (), K () = d(u.,k)| < CI|Gl11307T:
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This is almost (4.29) except for the fact that under the expectation we have the
modified, i.e. augmented, instead of the true process. However on [rs > T/, we have
75 > u, and applying estimate (4.37) we get

‘E[gbo()?(u),li’(u)) — d(u, z, k), 75 > TH < C|G1,1,307T 4+ C67T || doll0,0,

Since (X (u), K (u)) = (X (u), K (u)) on [rs > T}, invoking again (4.37) we conclude
(4.29). We use also that |G|1,1,3 < C||¢oll1,4, which holds by virtue of standard
P.D.E. estimates,

4.3. Independence of two trajectories. In the same spirit as we have studied
the correlation of two trajectories in a random velocity field starting at two different
points in Section 4.1 and have shown that the particle separation becomes a diffusion
process on the same time scale as when the behavior of one particle becomes non-
trivial, one may ask what happens after a long time for two particles that move
in a weakly random potential force [68]. Consider the two particles (X;(t), K;(t)),
j = 1,2 that satisfy

dX; dK;
cTtJ = K; CTtJ = —VEVV(X;), X;(0) = z;, K;(0) = kj. (4.38)
The corresponding Liouville equation is
% +k-Vo—VoVV(z) Vi =0. (4.39)

As in the study of a single particle we consider rescaled time and space: X ;5) (t) =
s
6X;(1/6), K57 (1) = K;(t/9):

) K 1 X
a =K & —_\/SVV< o) (4.40)

) ~ ) =
X]( )(O):ZL'] 2:51'j, K; )(O):kj = kj,
and the rescaled Liouville equation is

0p° s 1 x
or TRV = SV ( ;
Let us see how far the starting points (21, k1) and (22, k2) can be from each other
so that we may expect some correlation from the physical point of view. First,
if |#1 — Z2] > O(0) then the particles would experience essentially two different
random media. Hence, we should take x93 = 1 + dy, with |y| = O(1). Similarly,
if k1 and ko are O(1) apart then the particles will start moving into two different
directions, which will quickly create separation of order much larger than O(9),
which, once again, will lead to their independent behavior. Hence, we should take
ky = k1 + p, with [p| = O(é*), and the exponent p > 0 to be determined, and look
for a non-trivial behavior.

Accordingly, we define

) Vid® = 0. (4.41)

Utz k,y,p) = ¢°(t, 2, k)¢ (t,x + Sy, k + p). (4.42)
This function satisfies
oUu P 1 T 1 T x
TR A (g)'WU_% [vv (3 + y) vV (5)} VU =0.

(4.43)
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The corresponding characteristics are

dX:K(t)a dY:%Pv

ar ar (4.44)
W=—FV (), F=—5=[VV(E+Y)-VV ()]

Consider ﬁrst,~r0ughly, what happens~0n a short time scale t ~ O(d%): let t = §%s.
Then K(s) = ki, and X (s) & &1 + 6%k s, since the Fokker-Planck diffusion kicks in
only on the time scale t ~ O(1). Therefore, we have, approximately:

A% (ml +§ ks +Y> vV <x1 +§ kls)] :

(445)

with the initial data Y (0) = y, P(0) = d*po. It is easy to see that when a > 1,
P(s) stays essentially constant for s ~ O(1), and thus nothing interesting happens
to Y (s), as it remains close to its initial value y. When a < 1 the argument in
VV in (4.45) is rapidly oscillating in s, hence we can expect a non-trivial limit.
Then |P(s)| ~ O(6* + 6%/2) and |V (s) — y| ~ O(6%TH~1 4 §3¢/271) with the first
contribution in both expressions coming from the initial condition P(0) = §*po.
Therefore, |Y(s) — y| tends to infinity at times t > O(§%/3), meaning that the
particles are separated by distance of the order much larger than O(J) and their
trajectories become decorrelated. Note that this result does not depend on how
small P(0) is — even two particles that have the same momentum initially but are
separated by distance O(§) become uncorrelated on time scales beyond t ~ O(62/3).

Without discussing the details we mention that this time scale can be interpreted
in terms of the emergence of a random caustic discussed in [79] that appears on the
same time scale O(0%/3). Slightly more precisely, as we have discussed in Section 3.2,
the random Liouville equations in a weakly random medium are nothing but the
phase space version of the ray equations. Hence, it is not surprising that the decor-
relation of various rays in the phase space occurs on the same time scale a caustic
appears in the physical space.

A formal asymptotic analysis of the trajectory decorrelation. Let us now address the
question of the decorrelation of two trajectories in terms of the formal asymptotic
expansions. We will consider the situation when initially the particles are separated
by distance O(d) and their momenta are O(6*) apart. Hence, we redefine slightly
(4.42) as

Ut,z, k,y,p) = ¢ (t,z,k)¢°(t, x + Sy, k + 6"p). (4.46)
The function ¢° is the solution of (4.41), while U satisfies
ou 1 .
O:a+k~VxU+ﬁ-VyU—%VV(3)-VkU (4.47)
—575 [VV (5 +9) = VV (3)] - VU,

We are interested in the question of how long the correlations between the two
trajectories persist, that is, what is the time scale t ~ O(§%) (with a > 0 determined
by ) on which solution of (4.47) behaves in a non-trivial fashion. Hence, we rescale
time ¢t = §“s, and also correspondingly the spatial variable x = §%z. and obtain
0= kv L .v,U L_VV (52 U
= 55 TE VUt 5= - VU = 5= VV (5%%) - Vi
—s7m= |[VV (5% +v) — VV (5%5)] - VpU.
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Let us first consider the range 1/3 < pu < 1/2, then, as we will see, a non-trivial
behavior is observed if o = 2u, which gives
ou 1 N
0= D5 +k-V.U + 585 - VU — 51/2,2MVV(61,2“) ViU
61/2*M [VV (61*%‘ + y) vV (51 2#)} 'va-

Now, if 1/3 < pu < 1/2 then the non-trivial terms above are

W 50 e [99 (g +0) -5 ()] o= (a9

A formal multiple scales asymptotic expansion, as the one in Section 4.1.2, gives in
the limit, for U = lims o E(U):

oU o (., 00
5 TRV U= 1]2-::1 . (D2 (y,k)a%>, (4.49)
with
i * [0?R(y + ks)  0?R(ks)
DY (y, k :/ [ - }ds. 4.50
2 (W F) —00 0y; 0y, 0y; 0y, ( )

Therefore, the momentum separation behaves as a diffusion while the physical space
separation y does not change yet. On the other hand, when = 1/3 the the limiting
equation is

d

U o [ i U
= DY = 451
55 T V.U+p-V,U = Zapi<2(y,k)8pj>, (4.51)

i,j=1

Hence, on the time scale 0(52/ 3) the particle separation y also starts to evolve, after
which the particle are, on the macro-scale separated by distance much larger than
O(9) and the trajectories become decorrelated. We will return to this result later
when we discuss the self-averaging properties for waves in random medium.

4.4. Spatial diffusion. Consider the Fokker-Planck equation (4.8):

oW o oW
S TR VW = Z e (Dnm(kz)akm). (4.52)

n,m=1

Solutions of (4.52) converge in the long time limit to the solutions of the spatial
diffusion equation [57]. Let us discuss briefly this result. Suppose that W, (¢, z, k) =
W (t/y? x/v, k), where v > 0 and W satisfies (4.8) with the initial data W, (0, ¢, z, k) =
¢o(yz, k). For a fixed £ > 0 we let w(t,z, ) be the solution of the Cauchy problem
for the spatial diffusion equation:

d 2
Ow _ S o 0w (4.53)

mn b
ot it 0x, 0T,

we(0, ) = do(z,£)

with the averaged initial data

bo(z,0) = bo(x, 0k)dQU(k).

Pa—1 Jga
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Here dQ(k) is the surface measure on the unit sphere S4~1 and T'y_; is the surface

area of the sphere. The diffusion matrix A®) := [ag',)n] in (4.53) is given explicitly
as
0 _ _1 i (i
ap) = —— EnXm (CK)dU(K). (4.54)
Tg_q gd—1
The functions x; appearing above are the mean-zero solutions of
d
0 X
Dpn(k)=2L ) = —k;. 4.55
mzn:ﬁkm( 05 ) =k (4.55)
Note that equations (4.55) for x,, are elliptic on each sphere S¢! := [|k| = /] and

the existence of solution follows from an application of Fredholm alternative. It can
be checked, by a direct calculation, that the matrix A) is positive definite [57].

d
Indeed, let ¢ = (c1,...,cq) € R? be a fixed vector and let (k) := Z CmXm (k).
m=1

Since the matrix D is non-negative we have

4 .
(AD¢, c)pa = 7Fd171 Z /SH xc(l%)% (Dmn(zlé)afggkv du (k)

m,n=1
d
o i) dxe (k) dk
= 2 L@ (Pa B ) sk -0
T

— o [ (DR xelth), Vxe(t)mad(h) = 0.

Ty §d—1

The last equality holds after integration by parts because D(k)k = 0. Moreover,
the inequality appearing in the last line of (4.56) is strict. This can be seen as
follows. Since the null-space of the matrix D(k) is one-dimensional for each k and
consists of the vectors parallel to k, in order for (A®c,c)ga to vanish one needs
that the gradient VXC(H%) is parallel to k for all k € S*1. This, however, together
with (4.55) would imply that k- ¢ = 0 for all k, which is impossible.

The following theorem holds [57].

Theorem 4.3. For every 0 < T, < T < +oo the re-scaled solution W, (t,z, k) =
W (t/v? x/v, k) of (4.8) converges as v — 0 in C([Ty, T]; L>(R?*?)) to wyy(t, ).
Moreover, there exists a constant C > 0 so that we have
sup lwiky (8, @) = Wy (t, 2, k)| < C (4T + v/7) lgoll.1- (4.56)
(t,z,k)E[TW, T]x A(M)
The proof of Theorem 4.3 is based on classical asymptotic expansions and is quite

straightforward. As an immediate corollary of Theorems 4.1 and 4.3 we obtain the
following result.

Theorem 4.4. Suppose that d > 3. Let Ws be solution of (4.7) with the initial data
W5(0, 2, k) = ¢o(6*Tx, k) and let wy(t, ) be the solution of the diffusion equation
(4.53) with the initial data wy,(0,z) = ¢o(x, |k|). Then, for any T > T, > 0 and
M > 0 there exist ag > 0 and a constant C > 0 so that for all 0 < a < ay

sup ’w“c‘(t,x) —EWs (t/61+20‘,x/51+0‘, k)| < CTH = (4.57)
(t,2,k)E[T:,T] x A(M)
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Theorem 4.4 shows that the movement of a particle in a weakly random quenched
Hamiltonian is approximated by a Brownian motion in the long time-large space
limit, at least for times T' < 6%~ “°. It would be quite interesting to understand
what happens on longer time scales, if anything different.

4.5. General Hamiltonians. So far we have described the results for the Hamil-
tonian of classical mechanics H(z,k) = k?/2 + V(z). However, the Fokker-Planck
limit, as well as the passage to the spatial diffusion limit can be obtained for a
large class of weakly random Hamiltonians, see [57]. Consider a particle that moves
in an isotropic weakly random Hamiltonian flow with the Hamiltonian of the form
Hs(x, k) = Ho(x, k) + VOH, (z, k), with 2,k € R and d > 3:

dX?® dK°

N Hs —

dt R

Here Hy(z, k) is a deterministic function, the so called background Hamiltonian and
Hi(z, k) is a random perturbation. The special case,

Hj(z, k) = (co + Vici(x))|k], (4.59)

arises in the geometrical optics limit for acoustic waves, and is of a particular interest
to us. Here ¢ is the background sound speed, and ¢; () is a random perturbation.
We assume that the background Hamiltonian Hy(z, k) is isotropic, that is, it de-
pends only on |k|, and is uniform in space, i.e. independent of x. Moreover, we
assume that Hy : [0,4+00) — R is a strictly increasing function satisfying Hy(0) > 0
and such that it is of C3-class of regularity in (0, +00) with H{(k) > 0 for all k£ > 0.

Assumptions on the random perturbation. Our assumptions on the ran-
dom perturbation are very similar to what we have assumed about the random
potential in the classical case Hs(z) = k?/2++/0V (x). We assume that the random
perturbation Hi(z, |k|) is a random field stationary in « Here, this means that for
any (z,£) € R? x [0,4+0c0) and a collection of points x1,...,7, € R? the laws of
(Hi(z1+2,0),...,Hi(z,+2,0)) and (Hy(x1,£), ..., Hi(zn,¢)) are identical. In ad-
dition, we assume that EH;(x,f) = 0, P-a.s. realizations of Hy(x, /) are C?-smooth
in (z,¢) € R? x (0,400), with the respective derivatives that are deterministically
bounded.

We suppose further that the random field is strongly mixing in the uniform
sense, as we did for the classical Hamiltonian, and that the two-point spatial corre-
lation function of the random field H; is R(y, ¢) := E[H;(y, £)H1(0, £)] is sufficiently
rapidly decaying in y. Thanks to the smoothness assumptions made on the realiza-
tions of the field it is C* smooth in (y,£). We also need an analog of assumption
(4.23)

= —V.Hs, X°(0) = xzo, K°(0) = ko. (4.58)

R(k‘, ¢) does not vanish identically on any hyperplane H, = {k: k-p=0}, p € R?

(4.60)

The above hypothesis is made to ensure that the Fokker-Planck diffusion matrix

is of rank d — 1. Here R(k,f) = [ R(x,¢)exp(—ik - x)dzx is the power spectrum

of Hy. The above assumptions are satisfied, for example, if Hy(x, k) = c1(z)h(k),

where ¢ () is a stationary uniformly mixing random field with a smooth correlation

function, and h(k) is a smooth deterministic function, and in particular, for the wave
Hamiltonian (4.59).

Under the above assumptions we have exactly the same results on the convergence

of the solutions of the weakly random Hamiltonian system first to a Fokker-Planck
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limit, and then to a Brownian motion, as for the mechanical Hamiltonian. Let the
function ¢s(t, z, k) satisfy the Liouville equation

)
99" + Vo Hs (2,k) - Vid® — ViHs (2, k) - V¢ =0, (4.61)

ot
¢6(O7l‘7 k) = ¢0(5x, k)

The Fokker-Planck diffusion matrix Dmn(lAfJ) is now

Dy (b, 0) = 71/“) O R(Hy(0)sk0) 5

2 0T 0T m
o o R(si ) (4.62)
_ 1 sk, _
772H6(€)/, e D ds, m,n=1,...,d.

We have the following generalization of Theorem 4.1.
Theorem 4.5. Suppose that d > 3 and ¢° is the solution of (4.61) and ¢ satisfies
¢ 0 - 09 AU _
2= ) 22N H () - 4.
D (I R TOL I T
(0,2, k) = ¢o(x, k).

Then, for any M, Ty > 0 there exist constants C, ag > 0 such that for all T > Ty,
d € (0,1]

d

m,n=1

t
sup ‘E¢6 <7x7k) —Qb(t,x,k)) S CT(1+ |I¢OH1,4)5O‘O. (464)
(t,3,k)€[0,T]x A(M) 6 6

It is easy to check that we still have the property D(I%,E)l% = 0, thus the K-
process generated by (4.63) is indeed a diffusion process on a sphere [|k| = ¢], or,
equivalently, equations (4.63) for different values of k are decoupled.

As in the mechanical Hamiltonian case, solutions of (4.63) converge in the long
time limit to the solutions of the spatial diffusion equation. Let ¢.(t,z,k) =
o(t/7?, /v, k), where ¢ satisfies (4.63) with an initial data ¢, (0,t,z, k) = ¢o(yx, k),
and w® (t,x) be the solution of the spatial diffusion equation (4.53). The diffusion

matrix A©) = [a%n)i] is

Hj(¢ - . .
o = [ oty (465)
Fg1 Jga
Here x; are the mean-zero solutions of

d

0 7 X, gy 7
> g (Db 5 ) = ~HyllkDis (4.66)

m,n=1

Then Theorem 4.3 remains in force, the only difference is that instead of solutions
W, (t, x, k) of (4.8) the statement concerns ¢- (¢, , k) = ¢(t/7?,x/v, k) the solutions
of (4.63). Finally from this result and Theorem 4.27 we obtain an analogue of
Theorem 4.4 for E¢s(t, z, k).

4.6. From waves to diffusion and self-averaging.
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The Wigner transform of miztures of states. What does this have to do with waves?
If we think of the Liouville equations as the ray equations of geometric optics (see
Section 3.2), and its relation to the limit Wigner transform, we can interpret solution
of (4.61) with the wave Hamiltonian (4.59) as the high frequency limit of the phase
space wave energy density in a weakly random medium with a correlation length §
which is much larger than the wave length. Then functionals of the form

() = /¢5(t,x,k)n(x,k)da:dk,

with a smooth, rapidly decaying test function 7n(z,k) are the local phase space
averages of the wave energy density. Theorem 4.5 implies that E(I°(t)) — I(t) as
6 — 0, with

It = / Wt 2, k) (z, k)dwdk. (4.67)

Here W (t,z, k) is the solution of the Fokker-Planck equation (4.8), while on an
even long time scale it would be the solution of the spatial diffusion equation.
This process involves several approximations: wave energy by the solutions of the
Liouville equations, Liouville by Fokker-Planck, and, lastly, Fokker-Planck to spatial
diffusion. Can we have a direct estimate for the approximation of the wave energy
by the solution of the spatial diffusion equation? For that we would need each of
the approximations above to come with an error bound. And, indeed, the last two
do have error bounds as described in the preceding sections. On the other hand,
the the Liouville equations for the Wigner transform come without error bounds,
and, actually, the limit is just weak.

In order to overcome this problem we introduce the Wigner transform of a mix-
ture of states. It is defined as follows: consider a family of functions f.(z,() and
set

Weto k) = [ gt s+ G M,
The family f. depends on an additional “state” parameter ¢ € S, where S is a state
space equipped with a non-negative bounded measure du(¢). One should think
of p as having a non-trivial support so that the “mixture of states” is, indeed, a
mixture. Typically this amounts to introducing random initial data for f. at t =0
and taking the expectation of Winger transform with respect to this randomness.
The remarkable fact is that the Wigner transform of a mixture of states may be
much more regular than a “pure” Wigner transform, and converge to its limit in a
much stronger sense [60, 74]. Another context where the mixtures of states arise
naturally is in the time reversal applications.
Let us now be a little more precise on the regime we are talking about. Start
with the wave equation in dimension d > 3
1 9%
2(2) O2 Ap=0 (4.68)

and assume that the wave speed has the form ¢(z) = ¢o + V/dci(z). Here ¢o > 0 is
the constant sound speed of the uniform background medium. Rescaling the spatial
and temporal variables © = 2’/ and ¢ = t’/d we obtain (after dropping the primes)
equation (4.68) with rapidly fluctuating wave speed

cs(x) = co + Vo (%) . (4.69)
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1
It is convenient to re-write (4.68) as the acoustic system p = E¢t and u = —V¢:
9 L (es(@)p) = 0 (4.70)
ot oL '
Op
E—FC(S( )VU:O

We will denote for brevity v = (u,p) and assume that the initial data vg(z;¢) =
(—eVe§, 1/ c(;(ﬁé) is an e-oscillatory and compact at infinity family of functions uni-
formly bounded in L?(R%) for each “realization” ¢ of the initial data. The scale & of
oscillations is much smaller than the correlation length § of the medium: ¢ < § < 1.
The (d+ 1) x (d + 1) Wigner matrix of a mixture of solutions of is

dydp(C)
(2m)d

Wittak) = [ e*niditn - Zind (b o+ Fi0)
R4x S
The non-negative measure dy has bounded total mass: [ du(¢) < oo. As we have
discussed in Section 3 for each fixed § > 0 (and even without introduction of a
mixture of states) one may pass to the limit ¢ — 0 and show that Wf converges
weakly in S'(R? x R%) to

WO (t, 2, k) = u’(t, 2, k)by (k) @by (k) +u’ (t, 2, k)b_ (k) @ b_(k), (4.71)

with b (k) = (k/v/2,£1/+/2). The scalar amplitudes u’,. satisfy the Liouville equa-
tions:

0

% +VRHL - Voudb — Vo H Vil = 0, (4.72)
with H*(xz,k) = +(co + vdc — 1(x/6))|k|. Furthermore, Theorem 4.5 implies that
one may pass to the limit § — 0 in (4.72) and conclude that E {u%} converge to
the solution of

d

aui 0 9 8Ui
a—ﬂ:cok Vally = Y T (|k| D (k >6k ) (4.73)

m,n=1
Here, the diffusion matrix D(k) = [D.n (k)] is given by

- 1 [ 82R(cosk)

where R(z) is the covariance function of ¢;: E{ci(y)ci(z +y)} = R(z).

When can we justify the direct passage from W2 to the Fokker-Planck limit Upm !
For that we need an error bound in the approximation of Wf by W?. We can do
this in the following regime: let K, = {(,8) : 6 > |Ing[~2/3T#}, with 0 < pu < 2/3
and assume that (¢,0) € K, for some p € (0,2/3). From now on, y is a given fixed
number in (0,2/3).

We assume that the initial Wigner transform WE‘S (0, z, k) is uniformly bounded
in L?(R? x R?) and

W? — Wy strongly in L2(R? x RY) as K, o (£,8) — 0. (4.75)

This is possible because we are considering mixtures of states, We also assume that
Wo € Ce(RY x R?) with a support that satisfies

supp Wo(z, k) C X = {(z,k): |z|<C, CT' < |k| < C}. (4.76)
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Note that (4.75) may not hold for a pure state since ||[We|l2 = (27e)~%2||f.||3 (see
[60]). We also assume that Wy has the form

Wolz, k) = uSby @by +u’b_ @b (4.77)
We have the following approximation theorem.
Theorem 4.6. Under the above assumptions, we have
IW2(0) = WP @)l < CO)|Wollmaguen e®/* + [W2(0) = Woll2,  (4.78)

where C(9) is a rational function of § with deterministic coefficients that may depend
on the constant C > 0 in the bound (4.76) on the support of Wy.

This theorem allows us to pass from the wave energy for mixture of states to the
Fokker-Planck limit, and then to the diffusive limit, using Theorems 4.5 and 4.4.
For instance, we have the following result. Let

W(t,x, k) =ty (t, 2, k)by (k) @ by (k) + a_(t,x, k)b_(k) @ b_(k). (4.79)
The functions 4+ satisfy the Fokker-Planck equation (4.73) with initial data ul. as
in (4.77).

Theorem 4.7. Let S(-) € L?(R%) be a test function, and define the moments
so(t,x) = /W;‘(t,x,k)S(k)dk and 5(t,x) = /W(t,x, k)S(k)dk,
where W is given by (/.79). Then for each t > 0 we have

E {/ 12 (t, ) s(t,x)|2dx} 50 (4.80)
as K, 3 (g,0) = 0.

Theorem 4.7 contains two results: first, it gives an approximation of the phase
space wave energy by the solution of the Fokker-Planck equation. Second, it means
that the moments s‘g converge in probability to a deterministic limit. That is,
the locally averaged wave energy density is, actually, not random in the regime of
random geometric optics after propagation over long distances. The effect of the
random medium is not at all small — it is reflected in the diffusion coefficient in
the Fokker-Planck equation, but the energy density still does not depend on the
particular details of the realization of the random medium.

5. Radiative transport regime for the Schrédinger equation.

5.1. The radiative transport limit. The radiative transport regime for the
weakly random Schrodinger equation arises as follows. Consider the Schrédinger
equation

0¢

i T %A(Z) —VeV(z)p = 0. (5.1)

Here V(z) is a mean-zero spatially statistically homogeneous random field, and
€ < 1 is a small parameter measuring the strength of random fluctuations. As in
the case of a particle in a random velocity field, and for weakly random Hamiltonian
systems that we have considered in the previous sections, weak randomness will
produce a non-trivial effect on time scales of the order t ~ O(e™!), and distances
of the order I ~ O(e™1). We rescale accordingly (5.1) and arrive at

.00
(29 ot

+ ?A@ — VeV (2) 6. =0. (5:2)
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The initial data is now of the form ¢.(0,z) = ¢o(x/e) but we will assume more
generally that ¢.(0,z) is an e-oscillatory family, as we have discussed in Section 3.
We will discuss in Section 5.2 what kind of behavior one should expect for ¢. itself
but here we first concentrate on what happens to the wave energy density. As in
the previous situations we have considered, a convenient tool to analyze the wave
energy density is by means of the Wigner transform

. _ d
We(t,z, k) = /elk.yﬁbs(tvx - %)st(tax + %) (2;/)61'

(5.3)

A formal asymptotic analysis. In order to understand what we can expect as a limit
for W.(t,z, k) consider the evolution equation for the Wigner transform:

Y¥Ve VW = —— 2px/£‘f w. _ 5 _w I

As usual, we introduce a formal asymptotic expansion
We(t, 2, k) = W(t, 2, k) + VWL (tz, =, k) + eWal(t,z, -, k) + . ..,
€ €

with a deterministic leading order term W (t,z,k) and Wy (t,z,z, k) random and
stationary in z variable for all £ > 1. Inserting this expansion into (5.4) gives in
the leading order, with the fast variable z = z/¢, and a small parameter § < 1 that
we will send to zero later,

k- VWi W, = %/eip-z‘?(p) (Wi —2) W+ 2] (;Tp)d,

Since W is independent of z, we have, for the Fourier transform of W7 in z:

Wi (t,z,p, k) = % [W(k - g) Wk + §>] : (5.5)

The next order terms give

a[_[ T 1 1D ", p p
- V.. W V. Wy = — p Z‘/ W — )Y -W &

dp
(2m)d”

We take the expectation above, with the assumption that E(k - V,W5) = 0, that is
consistent with stationarity of W5 in the z variable, to get

(5.6)

g PRV = / e E{V(p) Witk -5 - Witk +2)]} (;”)d- (5.7)

After substituting from (5.5) we conclude that the right hand side of (5.7) equals

L[ evrn [pov)] 2

7

y [W(k—P/2—Q/2) ~W(k=p/2+4q/2) W(k+p/2—q/2) = W(k+p/2+4q/2)
(—=(k—p/2)-q+1i0) (—(k+p/2)-q+1ib)
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Using the relation E {V(p)f/(q)} = (27)?R(p)d(p + q) we transform this expression

into

) {W(k) W(k—p) Wk — V)V(k+p)](dp

/ (k—p/2)-p+i0  (k+p/2)-p+i0 | (27)4
. - - 1 1 dp
= 4[RO - W) [(k o) p vl (k- p/2)p i) @n)
26 dp

= ROV =) - W) e

= [ = v - wogs (1 - ) e

as § — 0. We obtain therefore that W (t,z, k) satisfies the radiative transport
equation

8;5 ke VLW = /sz )W ()-W(k)]&("j—p;) (27:1)2;1. (5.8)

Rigorous convergence result. The rigorous justification of the radiative transport
limit was first obtained by H. Spohn in [74], for short (but independent of ¢) times
by using diagrammatic expansions. This method was improved by L. Erdos and
H.T. Yau in [37]. The result is as follows. Assume that V(z) is a spatially sta-
tistically homogeneous random field of mean zero, and with a sufficiently smooth
and rapidly decaying two-point correlation function R(x). Let ¢.(0,z) be an e-
oscillatory, compact at infinity family. Then E(W,(¢,z, k)) converges as ¢ — 0,
weakly in S'(R??), to the solution of the radiative transport equation (5.8).

We will discuss some aspects of the diagrammatic expansions in Section 5.2 but
only in the simpler situation of time-dependent potentials. This avoid most of the
technical difficulties of the proof in [37], and we refer the reader to that paper for
details.

5.2. Limits for the wave function. Let us now consider solutions of the
Schrodinger equation

8¢gt .T) SA0(t,2) — VAVt 2)(t, ) = 0, € R, (5.9)
#(0,x) = ¢o(x),

with a time-dependent random potential V' (¢,2) in the spatial dimension d > 2.
(Most of the results presented in this paper in the setting of time dependent poten-
tials also extend to dimension d = 1 while the results obtained for time-independent
potentials do not because of wave localization effects. To avoid confusion, we there-
fore restrict ourselves to the case d > 2.) The goal of the present section is to un-
derstand the behavior of ¢(t, z) itself after propagation over long distances, rather
than for the Wigner transform.

As usual, we recast (5.9) as an equation for the rescaled function ¢.(t,z) =

o(t/e,z/e):

6¢a t x _
S + 5 A¢a \@V(gvg)ff’a—ov (5.10)

¢<(0, :v) = ¢o(x/e).
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In particular, we have 455(0,5) = 5%50(55). We assume that the spatial power
spectrum has the form 3

R(t, k) = e 8WIR(E), (5.11)
where R(k) € L'(R?), and

R(t, k) = / e *TR(t, x)dx.

The space-time power energy spectrum is then

_ 29(k)R(k)

R(w, k) = 21 ) (5.12)
In order to formulate the main result let
B 2R(p)
PO = Gy — it - p = /) (513
and
_ _ R(p) dp
D(¢) = /D(p, §)dp = 2/ BT D @ (5.14)
Let also
£F(©) = [ DB OIF() - F(©)ldp (5.15)
and W(t, &) be the solution of the equation
QW (1,€) = LW (1,€),
{W@azmmv. (>16)

Note that (5.16) is simply the integrated in « form of the radiative transport equa-
tion.

Theorem 5.1. Assume that V (t,z) is a spatially homogeneous mean-zero Gaussian
random field with the two-point correlation function R(t,x) and the spatial power
spectrum R(t, k) of the form (5.11) with

d,
/ g(l(’;)p < +oo. (5.17)
Define
elt,) = —gbe(1,/)eHS1 /29, (65.15)

where ¢.(t,z) is the solution of (5.10). Then, for each t € R and & € R? fized,
Ce(t,&) converges in law, as € — 0, to

C(t,€) = 7P /2o (&) + Z(t,€) (5.19)
Here Z(t,£) is a centered, complex valued Gaussian random variable, whose variance
equals

E|Z(t,€)2 = W(t,€) — e~ RePet| 3y ()2,

Let us recall that a random variable Z = X +¢Y is a centered complex Gaussian
if X and Y are mean-zero Gaussian independent random variables with E(X?) =
E(Y?).

Note that Theorem 5.1 implies, in particular, that E {|é(t, §)|2} = W(t,€) is the

solution of (5.16), as would be expected from the usual kinetic theory for waves.
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However, this theorem gives a much more precise information on the limit of the
whole random field (. (t,€) and not just its second absolute moment. It would be
very interesting to obtain a similar result for time-independent potentials, but that
would be a much more difficult problem.

5.3. Convergence of the expectation of the wave function. We will not
present the full proof of Theorem 5.1 here but rather describe the proof of the
convergence

E(C-(t,€)) = e Pso(€), (5.20)

as this will allow us to introduce at least some (simpler) aspects of the diagrammatic
techniques.

The Duhamel expansion. We re-write (5.10) as an integral in time equation

B(t,€) = do(€)e=IElt/2 1 / / Py jetm)
Xe(s1,€ — BL)e—ieléP (=) 2qg,

Hence, the function CE (t, &) solves

A s1/¢, d )
Cs(tzf) \[ / / 1/ pl (51’5 _ p1)62(|£|2*|§*171|2)51/(25)d81’

(5.21)
as C(0,€) = do(€). Tterating (5.21) leads to an infinite series expansion for (. (¢, &):

= Z éfz(tag)v (522)
n=0

with the individual terms of the form

G6.6) = [t [ @ [V ) V()
A (5.23)

Xpo(E —p1 — -+ 7pn)eiGn(S(")’p(n))/€’
with the phase

n
G, (s, p™) = Z<|f A L R L
— An( ’p(n)) (S(n)’p(n))_

Here we use the notation pg = 0, s(™ = (s1,...,8,) € R?, p™ = (p1,...,p,) €
R™, so that ds™ = dsidss . .. ds,. We have also split the phase into

n

A (s, pM) =3 (€ pm)sm, Ba(s™,p™)

n n
-1
= Zsmpm : (Z;n:l pj) + %Zsm‘me'
m=1 m=1
Finally, A, (¢) denotes the time simplex
Ap(t) ={(s1,82,...y8n): 0< 5, <sp1 <-+- <53 <t}

(5.24)

The next proposition shows that the series (5.22) converges almost surely and,
moreover, one can take the expectation term-wise for £ > 0 fixed. This allows us to
work with term-wise estimates for each E(¢?") separately.
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Proposition 5.2. (i) The series (5.22) for the function fs(t,§) converges almost
surely for all values of v,e € (0,1] and ¢g € CX(R?). (ii) Moreover, for each
(t, &) € R fived, we have

EC.(t,€) = Z]ng (t,€). (5.25)

Proof. We may assume without loss of generality that e = 1. Using an elementary
result from analysis the conclusion of the lemma follows, provided we can show that

S OEICE (£, €)PH? < 4o
Note that

BG(O = g [ s [ s [B

An(t) An(t)

n

H V (i, dpr) H (3%, dpr)
k=1 =

n

n - " - i (n) (n) —i z(n) =(n)
XGo(€ =D pi)P5(E — ) py)e’ TP )T GnETLETY

=1 j=1

for some constant C' > 0 independent of n. The random elements {V (s, dpy.),
V*(8,dpy), kI = 1....,d} are jointly Gaussian. The moment of a product of an
even number of Gaussians {X;, ¢ = 1,...,2n} can be computed according to the

formula
2n
E HXZ] =Y E[XiX;]
i=1 (4,4)
The summation extends over all partitions of the set {1,...,2n} into two element
subsets (i, j) - the so called pairings. We use the relations

E [V(sk, dpk)f/(idﬁl)} = e 9@lse=stl R(p )5 (pre + 1) dpredpy (5.26)

and V*(s, dp) = V(s, —dp) (because the potential is real valued).
Since there are (2n — 1)!! pairings of {1,...,2n} and

|E [V(Ska dpk)f/(g,dﬁz)} | < R(pr)d(px + pi)dprdp;

we conclude that the right hand side of (5.26) is estimated by

t"(2n — 1)! cr
W [/R dp} H¢0||2

for some constant C' > 0 independent of n and the conclusion of the proposition
follows. O

Convergence of the expectation E((.(t,€)). We now prove (5.20). The initial step
in the proof is the following uniform bound for the individual terms of (5.25).

Proposition 5.3. For allT >0, n >0 and all £ € R\ {0} there exists a constant

C(T) such that
s cn(T;
sup [EC; (¢, €)] < 7(, ) (5.27)
t€[0,T] n:

for all e € (0,1].

As a consequence, we may interchange the limit € | 0 and the summation in n.
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Corollary 5.4. We have

hmEgs (t,€) = th]ng (t,€), (5.28)

n=0

for allt € R and £ € RY\ {0}.
Next, we identify the limit of the individual terms in the right side of (5.28).
Proposition 5.5. We have ECE(t,€) = 0 when n is odd and

G, (.6 = o (T3 ) dn(© (5.29)

forallm>0,t€R and £ #0.

This together with (5.28) implies convergence of the expectation in (5.20). We

will only present the proof of Proposition 5.5 that shows how the diagrams are

summed.

Proof of Proposition 5.5. Let us introduce some terminology: the pairing (1,2), ..., (2n—
1,2n) shall be called a time-ordered pairing. For a given pairing F we let

Lt F) = / ds / dp@®) [ e s0le=sl/25(p, + p) Ripr).  (5.30)
Do (t) (k1)eF

One can verify that

Z(F) =limsup sup e "Z.(t; F) < 400, (5.31)
el t€[0,7]

for any pairing . We will now show that Z(F) = 0 if F is not a time-ordered
pairing, and then identify the actual limit of e="Z_(F) for the time-ordered pairings
completing the proof of Proposition 5.5. We start with non time-ordered pairings.

Lemma 5.6. Suppose that F is not a time-ordered pairing. Then,

lim sup ¢ "Z.(t; F) =0, (5.32)
€0 tefo,7]

for any T > 0.

Proof. We will verify the statement of the lemma only for n = 2, the general case
is done by induction [9]. We have to consider then two pairings F; = {(1,3), (2,4)}
and F» = {(1,4),(2,3)}. Start with the first one. Suppose that x € (0,1) and
consider the sets of the following times: A; = [|s; — s3] > €] and Ay = [|s2 — s4] >
"], as well as A3 = A§ U A5. Consider the expressions

Iz({-:) = / d81 e d84/dp1dp2 expf[g(pl)(sl — 83)
A4(t)ﬂAi

+8(p2)(s2 — 54)]/eR(p1) R(p2),
for i =1,2,3, then

3
T.(t; F1) Z
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We will see that I;(¢) and I3(e) are small because the integrand is exponentially
small in €, while I5(e) vanishes because the domain of integration is small. Indeed,

observe that
/ / d51d33//d82d84fdp1dp26 e ta(p1)/2

—[g(p1)]s1—s3|+o(p2)[s2— 84\]/(28)R(p1)R(p2)

= (2t6)2/e*€ a(p1) /2R p1 dp1 / R (p2 dp2

and it follows from the Lebesgue dommated convergence theorem that

lim sup e 2I;(g) = 0. (5.33)
el0 tefo, 17

Similarly one can prove that (5.33) holds for Iz(¢). On the other hand, we note
that if 0 < 57 —s3 < & and 0 < 89 — s4 < " (so that (s, 82, 83,84) € A3) then
(since 0 < s3 < $9), we have 0 < 81 — 54 < 2¢" as well. Hence,

I3(e) < Cte"
and (5.33) follows for I3(e), provided that x > 2/3. We have shown in this way that

lim sup e 2Z(t;Fy) = 0.
el0 0,17

A similar argument also yields an analogous statement for Z(¢; 7). O
The contribution of the time-ordered pairings. The last step in the proof of Proposi-

tion 5.5 is to consider the contribution of the time-ordered pairings. We have shown
so far that

HmEC,, (£ €) = Jn(t.€), (5.34)
where
Tn(t,€) = do(€) sw[((;)):]” / ds(2n)/ H (P2r—1)6(p2r—1 + pax)
Ao (t) =1

x e~ 9(P2e—1)(s2k—1—52k)/€ exp {ZGn 5(2")’ p(zn))/g}

where G, (s, p(?™) is given by (5.24). For the time-ordered pairing, taking
into account the delta-functions, we have

n

1
Gn(s®™,pn)) = Z {5 ‘Pam—1 — 2|p2m1|2:| (S2m—1 — S2m)-

m=1

Hence, (5.35) can be written as

. . (=1 / @ / O A
Jn(t,€) = lim ——— ds® [ ap® T R(par—
( 75) ¢0<§) Elﬁ)l [5(271-)d]n S P H (p2k 1)
Ao (t) k=1
Xd(p2k—1 +pzk)e_Q(p’zk—l)(smc—l—52}9)/57

(5.35)

with

Q)=o) i (&0 5l0P).
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Changing variables s}, = (S2m—1 — S2m)/€ we obtain, after dropping the primes:

R s1/e 81—€82 S2n—3—€S2n—2
Jn (t, 5) = ¢0( hm / dSl / d82 / d83 N / dSQn_l
27T nd 0
S2n— 1/6 (5.36)
/ d82n/ /HRZ?% 1)dpag—1 H€ (P2k—1)s2r

One can now compute the limit in (5.36):

o n t S$1 S2n—3
Ju(t,6) = dole) T /0 A /0 dsan 1

- WO%,

where D(€) is given by (5.14). This completes the proof of Proposition 5.5. O

Remark. This is the simplest example of summation of diagrams in such a con-
text. Rapid time decorrelation made the contribution of non-time-ordered diagrams
small in a particularly simple way. In the more difficult case when the medium is
time-independent they are still small, but only because of the oscillatory phase, that
we have completely discarded here. A careful estimation of the contribution of the
oscillatory phase is much more delicate [37] than in the case discussed here.

5.4. A simplified model: It6-Schrédinger. The simplest route to radiative
transfer models starts with (heavily) simplifying the wave model. In the paraxial
approximation to acoustic wave equations and under some additional assumptions,
we model wave propagation as the following stochastic partial differential equation,
called the It6-Schrédinger equation’:

dipy(z,2) = = (inAy — R(0))1y (2, x)dz + by (2, x)B(%, dz). (5.37)

1
2
Here, n > 0 and B(z,z) is a Wiener process, defined over a probability space
(Q, F,P), whose covariance function equals

E{B(z,2)B(y,2")} = R(x —y)z A 2/, (5.38)

where E is mathematical expectation corresponding to P, z A 2’ = min(z, 2’) and
R(z) is the covariance function of the random medium. A rigorous passage from the
wave equation to (5.37) can be found in [1] when d = 2 and in stratified media. Here,
we simply adopt it as a simplified model. Note that z € R and 2 € R%! are both
spatial variables (this is a one-frequency equation) but z being the predominant
direction of propagation plays the role of “time” in the Schrodinger equation, hence
the random potential in (5.37) is “white in time”.

!Here we will denote the small parameter by 7 rather than e, to avoid confusion with the
symbol e that will be reserved for quantities taking values +.
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5.4.1. A kinetic model. The radiative transfer equations in the It6-Schrédinger
regime are obtained in the high-frequency asymptotics of (5.37). The appropri-
ate tool in the analysis of such equations is, as usual, the Wigner transform of the
wave function, defined as

Wl k) = Wtz k) = oo [ e, (0= Y, (s 2 )y

@)
(5.39)
The main result is the following: under appropriate conditions on the initial con-
dition 1/)2, the ensemble average of the Wigner transform a, := E{W,} converges
weakly to the solution a of the following radiative transfer equation (or linear Boltz-
mann equation):

(% +k Vy+ Ro— Q)a(z, 2,k)=0,  a(0,z,k) = ao(z, k), (5.40)

where ag is the limit of the ensemble average of the Wigner transform of the initial
condition ¥9, Ry := (2m)9R(0) and the scattering operator Q acts as

(Qa)(z,z,k) = / Rk — Ka(z, z, k')dk' .

Rd

Here, R denotes the Fourier transform of R with the convention
R(k) = / =H7 () da.
Rd

Since R(z) is a correlation function, R(k) is non-negative by Bochner’s theorem.
The derivation of (5.40) from the It6-Schrédinger equation (5.37) is immediate since
moments of the wavefunction satisfy closed-form equations — this is a huge advan-
tage of the It6-Schrodinger model. Starting from (5.37) and writing the stochastic
equation for the Wigner transform, an application of the It6 formula yields that a,
solves (5.40) with an initial condition a,o := E{W,[¢0]}, see for instance [69]. It
then suffices to pass to the limit in the initial condition to obtain the convergence
of a, to a. This eliminates the complexity of the derivation of the kinetic limit
and allows us to consider other non-trivial issues related to the kinetic limit: its
statistical stability, error estimates and so on.

The above kinetic equation is similar to the radiative transfer equation we have
discussed for a time-independent random potential for the Schrédinger equation
but the scattering operator is now replaced by Ry — Q. The main difference is that
scattering is not elastic as |k| is not preserved through scattering. This leads to a
very different qualitative behavior for solutions in the long time limit.

5.4.2. Self-averaging for the Ité-Schrédinger model. In the It6-Schrédinger regime,
the convergence of W, to its average can be made precise so as to obtain information
on the rate of convergence or on the size of the averaging domain that is needed to
obtain statistical stability (typically the size of the support of the test function ¢).
This is rendered possible by the fact that the scintillation function J, (or covariance
function), defined as

In(z, 2,k y,p) = B{W,y (2, 2, k)W (2, y,p) } =B{W,, (2, 2, k) JE{W, (2, 9, )}, (5.41)

solves the closed-form equation

0
(E + T2+ 2Ry — Q2 — ’Cn) Iy = Kyan @ ay, (542)
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equipped with vanishing initial conditions J,(0,z, k, y,p) = 0 when the initial con-
dition of the Schriédinger equation is deterministic. This is, once again, obtained
by an application of the It6 formula, see [2]. Here, we have defined

B:k'vx'i'p'vya

Qo = /R RO = K030 = p') + Rlp = )60k = ) | (e K.y p YRy, (g 4o

- jEm)u u u
Knyh = Z €€ /R?d R(u)e' 7 h (x, k+ ei§,y,p+ eji) du.

€i,65==%1

Above, ¢ is the Dirac delta-function. The analysis of (5.42) and of the highly oscillat-
ing operator K, shows that .J, converges weakly to zero, which implies convergence
of W, in probability thanks to the Chebyshev inequality

P(I((2), @) — {an(2), @] > €) < (=)0 @ )

with ¢ ® @(x,k,y,p) == @(x,k)e(y,p). Note that convergence is obtained weakly
in space. We do not expect to obtain convergence point-wise in space as the energy
density needs to be averaged over an area that is large compared to the wavelength.
Precisely, over how large an array the energy needs to be averaged to be self-
averaging also depends on the structure of the initial condition and is treated in
detail in the following section.

5.4.3. Main results on self-averaging. To be consistent with the usual notation for
the time-dependent Schrodinger equation, we relabel the variable z as t. We as-
sume that the initial condition 77212 is deterministic (i.e., independent of the ran-
dom medium) and uniformly bounded with respect to 7 in L?(R?). We assume
that our random medium has sufficiently short range correlations so that R e
LY(RY) N L= (RY). In such a setting, it is proved in [33] that (5.37) admits a unique
solution 1y, (t, z,w) € C°([0,00), L2(R%)), P a.e., such that

[0 (t, ) 2eay < [W9ll2@ey < C, V>0,

with probability one for some constant C' independent of 1. Moreover, we assume
that 1/}2 is deterministic so, in consequence, v, admits moments of arbitrary order so
that its Wigner transform and related scintillation function are well-defined. Also
ano = E{W, [¥9]} = W, [1h], where W, is defined in (5.39).

Let Fa,o be the Fourier transform of a,( in both variables x and %, and Fpayo
(resp. Frano) be its partial Fourier transform with respect to = (resp. k). Two
important quantities are the L' norms of Fazano and Fra,o. Denoting by a < b the
inequality a < Cb, where C' > 0 is some universal constant, this leads us to make
the following hypotheses on a,o:

Hypotheses H: FV2a,, € L>®(R*), F,VPa,o € L'(R*?), F,VPa,o € L' (R??),
for p =0 or 1 (with the convention that V2a, := a,0) with the following estimates,
for0<a<land0<p<I:

I FVaanol Lo r2ay S n° 7,

| FeVEanoll i reay S~ P and (| FuVianollpi ey S n~ %P
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For instance, when ) € S (R%), it follows from

Faano(u, p) = 17 Fthno (% + %) Foo (% _ %) 7
Frtno(,€) = o (2 + €) o (z — 2£)

that FVEa,n € L>(R*), F,VPa,n € L' (R??), and F,VEa,o € L' (R?*?) for p =0
or 1, though the norms are not bounded uniformly in 7. The relevance of the above
hypothesis is better explained by looking at the following examples.

Typical initial conditions. Let us consider initial conditions v, (z,0) oscillating
at frequencies of order 7! and with a spatial support of size n® for 0 < a < 1. The
parameter o quantifies the macroscopic concentration of the initial condition. The
simplest example is a modulated plane wave of the form:

1 T — g\ ;&=z0o)ko
eP (@) = e x ()T, (5.44)
2 n

where ¥ € S(R?). The direction of propagation is given by kg. Note that the above
sequence of initial conditions is indeed uniformly bounded in L?(R?), and that the
corresponding Wigner transform is

1 r—x9 k—Fk
ano(w, k) = Wao ( s 2 771_a0> ; (5.45)

where ag(z, k) is the Wigner transform of the rescaled initial condition wgl). Such
an initial condition then satisfies hypotheses H with 5 = 1 — a. The parameter «
measures the concentration of the initial conditions in the spatial variables while
[ measures that in the momentum variables. We restrict o and 8 to be less than
one to ensure that 7! is the highest frequency in the problem. Allowing for higher
frequencies while still considering a Wigner transform at the frequency 1! will
lead to vanishing limiting Wigner transforms and would be of little interest for then
energy is lost when passing to the limit, see e.g. [43, 60].
As another example of initial conditions, consider

U (@) = b (2 ) o (e, (5.46)
P AN/ U

where Jy is the order 0 Bessel function of the first kind. Such an initial condition
is supported in the Fourier domain in the vicinity of wavenumbers k such that
|k| = |ko| so that wff) emits radiation isotropically at wavenumber |kq|; see [13, 14]
for more details. We again verify that the above sequence of initial conditions is
indeed uniformly bounded in L?(R?) and satisfies H with o = 1 — 3. For this, we
use that Jo(z) = (2/mz)1? cos(z — Z) + O(2~%/2) (p. 227 of [46]) and the fact that
Vzano is the Wigner transform of

(%) (),

since Jo(|z|) = Jo(—|z|) so that the gradients of Jo(|z|) and Jo(|z|) cancel in the
computation.

Since the scintillation function J,, is itself oscillatory, the limit depends at which
scale it is measured. We thus define localized test functions of the form:

1 z k— kl
#n,s1,82 (CE, k) = nd($1+s2) SD(F’ 752 )7 (547)
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where (s1,52) € R? and k; € R? and ¢ € S(R??). We do not optimize the con-
vergence rates as a function of s; and sy so as to obtain statistical stability for
averaging domains as small as possible. We refer to [15] for such results, where it is
shown for instance that for initial conditions with large support, that is for « = 0,
then we only need s; < 1 to obtain statistical stability, which amounts to averaging
the energy density over a domain of typical size n' =%, with ¢ > 0.

Denote

o =d(1 —a) —2d(s1 +s2), k:=2(1—a)—s —s1Vss+(a—p3)VO0,
Xa =1=-8+{(a=B)VOA(d-—1D(1-a—-p8)+a), x2:=14+a—28.

We shall also write that f1(n) < fa(n) if there exists C' > 0 such that f1(n) < Cfa(n)
for all n € (0,1]. Our first result is the following:

Theorem 5.7. Let d > 2 and assume that hypotheses H are satisfied. Then,
the scintillation function J, verifies the following estimate, uniformly on compact
intervals:

|<Jn(t)7 Pn,s1,82 O ‘Pn,sl,32>| < ga(n),

ga(n) =¥V X, d = 3,
g2(n) = 2TV [ (1 + [log 1~ P|) A 1] .
Here, (-,-) denotes the S’ — S duality pairing and a V b = max(a,b).

Theorem 5.7 is a refined version of the result of [15]. It can be shown, see Theorem
5.8 below, that the rate of convergence of J,, is optimal when the test function ¢ is
smooth (s; = s2 = 0) and for initial conditions of the form (5.44). Since the proof
of Theorem 5.7 does not depend on the particular form of the initial conditions,
we expect the rate to be optimal for any initial conditions satisfying hypotheses H,
although we do not have a rigorous proof of such a statement.

Our second result on the convergence of scintillation requires that we first define:

Lt akyp) = (@ — o — th) 8y — w0 — tp) (V) (k — ko) M(2) (VO)(p — ko),
(M2(t))y; = R(0) [ Fya0® 8y,a0(w,tw, —w, —tw) dw,
Rd
(MAW)y = My = (MEO),  0=a<y,
(M) = /Ow<Mé<t>>ijdt, Loact

The above matrices are well-defined and for 0 < a < 1, we have
[(M*)i;] < R(0)||Fdy,a0ll oo r2ay (| Fudu; aoll 1. (r2ay + | FuOs,aol| 11 m2ay) -

We also need to define
PR(takyp) = 26(—y) (aa@, 2,k — k)3(p — k) — oalt.x,p — po)d(k — ko)

otk — ko)3(p — po) + 5(k — ko)S(p — po) /

oult,z, k)dk) ,
]Rd
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where the cross section o, depends on the value of a and on the spatial dimension:

t
. 1
oolt,z,p) = (2m)" R*(p) / dre™?Ro0=7)| Frag( — o — kot — (t — 7)5107 -7p)|?,
0
oo(t,z, k) = O(x — a0 — tho) oul(t, k), a >0,
oi(t,k) = R*k) / | Fao(w, tw — 7k)|2dwdr,
2 0 Jrd
1
oalt,k) = o(k)=01(0,k), O<oz<§,
oot k) = / J%(t,k)dt, %<o¢<17 d>3,
0
. > 1
olt k) = R?(k)/ Fao(rk,w)Pdwdr, 5 <a<1, d=2.
0o Jre

Moreover, oo € C°([0,T], L' (R? x R?)), 04(t,k) € L'(Ry x RY) for 0 < o < § and
0a(0,k) € LY(R?) for § <a < 1.

We define the functional spaces X, (for 1 < p < o0), and Z the spaces of
tempered distributions h in S’'(R*¢) such that

A% = sup / sup | Fh(u,&,v,0)Pdu < 0o, 1< p< oo
P v,CERd JRA gcRd
lx. =  sup | Fhué Q)] < oo,
u,C,v,EERY
Iz = (2m)% / s &, v, )| Fh(u, €, v, ¢)|dédudvd < o,
R4d
W 6,0,C) = (L4 €]+ JElful + a2 (L + <] + ClJo] + [o]?).

Here |u| is the Euclidean norm of the vector u. We denote by Z’ the dual of Z.
Above, we identified the Fourier transform of the distribution A with the function
Fh.

Then we have the following result for the convergence of the scintillation:

Theorem 5.8. Assume the initial condition 1/)2 has the form (5.44). Then under
the assumptions and notations of Theorem 5.7, we have, for 0 < a < 1,

J77 _ n(d+2)(1—a)+(2a—1)\/0 J01¢ + nd(l—a)+a([n2a—1fd(n)] A 1) Jo% + s

where fg =1 when d > 3 and fy = 14 |logn®~?|, where Ty is negligible compared
to the first two terms in the L>=((0,T),S'(R*)) — % topology, and where we have
defined

Jn:nng—Frn when a = 0, and Jy =nJi +r, when a=1.
Here, JL € C°([0,T],2") when o < 1 and J} € C°([0,T], Xs) and J2 € C°([0,T], Xoo)

are distributional solutions to the following 4-transport equations,

9 - | |
(& + T4+ 2R— Q) Ty =Sk, Ja(t=0,) = J". (5.48)
For i = 1,2, we have S}l =0 when o > % and Jg"o =0 when o < %’ and

; ; 1
and J0 =4i(0,)  when 5 <a< 1.

DO | =

Sé:jé when 0<a<
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Theorem 5.8 indicates how the statistical instabilities propagate. Depending on
the value of «, either the first term or the second term dominates in the decompo-
sition of J,. When d > 3, the critical value of « is a* = % when a < o*, then the
term involving J2 is the leading one, while the term involving J} dominates when
a > o*; when a = o*, both terms are of the same order. Both J! and J2 satisfy
a 4-transport equation. Depending on whether a < % or a > %, the instabilities
are created either by a source term or by an initial condition. J} is the most sin-
gular term as the corresponding data in the transport equation are proportional to
delta distributions both in space and momentum (when o < 1) whereas the data
corresponding to J2 are more regular in the momentum variables. This should be
related to the fact that J} is linear with respect to the power spectrum R while J?
is proportional to R? so that JL corresponds to the simple scattering contribution
to the scintillation while J2 corresponds to the double scattering and is therefore
more regular. Moreover, when o < a*, the double scattering contribution gives the
leading order, while it is given by the simple scattering when o > o*. It can also
be noticed that higher order scattering terms are negligible in the limit. Let us now
examine the different scenarios depending on the value of a.

Case 0 < a < % The initial condition a,o is more singular in the momentum
variables than in the spatial variables, with comparable singularities when o = %

The instabilities are created by the ballistic part of the wave through the source
term j2 supported at the spatial points © = y = o — tko with four configurations
for the momentum & and p: (i) k = p, the amplitude of k is given by 01 (0, k — ko)
3
given by o1 (0,p — po); (iii) p = po, the amplitude of k is given by cr%(O,k — ko);
(iv) k = p = ko. Instabilities are thus created along the wave propagation in the
direction of the initial condition k¢ but also in other directions.

when o < 1 and by J%(t,p — po) when o = 5; (ii) k = kg, the amplitude of p is

Case % < a < 1. The initial condition a,g is more singular in the spatial vari-
ables than in the momentum variables. This results in a stronger localization of
the instabilities, which undergo more scattering and decrease exponentially with
time. They are generated by an initial condition given by j!(0,-) when a > o* and
72(0,) when a < o*. When a < o*, instabilities are created at z = y = x¢ with the
same momentum configuration as the case 0 < a < % When a > «o*, instabilities
are still created at x = y = x¢ but with momentum k£ = p = ky. Note that these
instabilities are fairly singular since they are defined in this case by gradients of

delta distributions.

Case a = 1. This the most unstable case since instabilities are of order 5. Since in
this configuration the initial condition a,o is regular with respect to k, instabilities
are created at * = y = x¢ in all directions, which can be seen from the following
expression of Jl1 ’0, which is more regular in the momentum variables than J1-* for
a<1:

Iy (@, k,y,p)
= <7r /]Rd dwR(w)d(w - (k — p))G(w, k — ko, p — ko)

—H’p.v./d dwR(w) G(w,k—kmp—ko)) d(x — y)d(x — zo)

R w - (k—p)
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=)
%)),

Besides, J11 -0 belongs to X, is real-valued, and the principal value contribution
vanishes when ag is even with respect to the variable x.

Glw,k,p) = [Faao(—w, k+3)=Foao(—w, k=) [ Frao(w, p+5) ~Frao(w, p-

Case o = 0. This is the most stable case since instabilities are of order n?. The
initial condition is regular with respect to the spatial variables so that the source
term j2 is also regular. The situation is essentially the same as the case 0 < o < %
The main difference is that the instabilities are created not only at the ballistic
position at time ¢ (that is at = xg — kt), but on a larger domain related to the
spatial support of ag.

Finally, we remark that in the most stable configurations (when o < 3), the in-
stabilities persist with time while they decrease for more unstable configurations
(when o > 3).

When d = 2, the situation is similar: only the values of a* and o, change.

5.5. Transport equations for time-dependent Schrodinger. In the preced-
ing section, the random potential was replaced by a time dependent potential with
extremely rapid oscillations (modeled as the white noise limit of a very rapidly os-
cillatory function). In this section, we consider the more realistic model where the
fluctuations in the time domain are comparable or slow compared to the fluctuations
in the spatial domain. The temporal fluctuations (even without the white noise as-
sumption considered in the previous section) significantly simplify the analysis of
convergence compared to the time-independent case considered in [37]. Heuristi-
cally, since time does not loop back to previously visited positions in the state space,
random mixing is much more efficient when the potential is allowed to vary in time.
However, since the fluctuations are no longer modeled as white noise, the spatial
fluctuations also become important and the analysis is more involved than in the
[t6-Schrodinger setting.

Once again, we turn to the parabolic wave equation, and denote by t the direction
of propagation, and by x the transverse directions (or one may simply think of this
as a Schrodinger equation with a time-dependent random potential, regardless of
its murky wave origins)

31/15 t x
et + 2 Awg f"<g’g)1f’e—° (5.49)
w(o,w) = 92(%;0).
Here, the initial data depend on an additional random variable ( defined over a
probability space (S, 3, i), so that we consider a mixture of states.

We follow the presentation in [10, 11, 20]. For a related derivation of the kinetic

equation in the time-dependent setting, we refer the reader to [70].

5.5.1. Equation for the Wigner transform. We want to analyze the energy density
of the solution to the paraxial wave equation in the limit € — 0. As in the preceding
chapter, the Wigner transform is a useful tool. Let us define the Wigner transform

as the usual Wigner transform of the field 1. averaged over the parameter ( € S:
- ik-y R W Yy dy
Wettri) = [ e (= Fi0) b (o + Fi0) Gaulc). (550)

We assume that the initial data W.(0,z, k) converges strongly in L?(R? x R?) to a
limit Wo(z, k). This is possible thanks to the introduction of a mixture of states,
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i.e., an integration against the measure p(d¢). This is the main reason why the
space (S, %, p) is introduced, as we have previously discussed.

Using the calculus introduced earlier we verify that the Wigner transform satisfies
the following evolution equation

oW, 1 . P p|~/t dp
kYW, = —— [ ero/s|lwok—2y_w (k4L V(a )— 5.51

kv L [ [4 D) -welk+ 5|V (50) - 551
Here, V (¢, p) is the partial Fourier transform of V (¢, z) in the variable . The above
evolution equation preserves the L?(R? x RY) norm of W_(t,-,-):

Lemma 5.9. Let W, (t,x, k) be the solution of (5.51) with initial conditions W (0, x, k).
Then we have

||VVE(7,L7 ‘y ')”LZ(RdXRd) = ||WE(O, 'y ')HL2(R"’><]R’1)7 for all t > 0. (552)

Proof. This can be obtained by integrations by parts in (5.51), in a way that is
similar to showing that (5.49) preserves the L? norm. 0

5.5.2. Hypotheses on the randomness. We describe here the construction of the
random potential V (¢, z). Our main hypothesis is that V (¢, ) is a Markov process
in the ¢ variable. The Markovian hypothesis is crucial to simplify the mathematical
analysis because it allows us to treat the process t — (V(t/e,x/e), Wc(t, 2, k)) as
jointly Markov.

In addition to being Markovian, V (¢, x) is assumed to be stationary jointly in
(t,z), mean zero, and is constructed as follows (this construction is quite standard).
Denote by V = CL(R?) the space of R—valued functions that are bounded and
continuous together with the first derivatives. It is equipped with the standard
supremum norm that shall be denoted by || - ||y. Suppose that {V;, ¢ > 0} is a
Markovian process with the state space V and for v € V, define V(v) := v(0).
We assume that 7 is the invariant distribution under the dynamics of the process.
Moreover it is also spatially homogeneous, i.e. 77, = =, for all z € R? Here
Tz + ¥V — V is defined by 7,v(-) := v(z + ). The random field is defined as
V(t,x) :== V(7 V). The correlation function R(t,x) of the field is defined as

R(t,z) =E{V(s,y))V(t+s,2+y)} for all (¢,z), (s,y) € R1*9, (5.53)

Its Fourier transform R(w,p) as

R(w,p) = / e WP T R(t x)dtd, (5.54)
R1+d

is called the space-time power spectrum of the field. We shall also use the partial
Fourier transform in the spatial variable and denote it by

R(t,p) = /R , e PTR(t, x)dx. (5.55)

Moreover the L?(7) generator @ of the process is supposed to satisfy the spectral
gap property, i.e. there exists o > 0 such that

(f,(=Q)f)x = alllflli2@ — (£, 1)7) f€ L (m).

With this assumption we can guarantee that the Fredholm alternative holds for the
Poisson equation. Namely, for any f € L?(r) such that (f, 1), = 0, we have

||6TQf||L2(,T) < C||fHL2(7T)e—(0¢/2)7”_ (5.56)
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Given the above hypotheses, the Fredholm alternative holds for the Poisson equation

Qo= /. (5.57)

It has a unique solution g with (g,1), = 0 and g € L?(r). The solution g is given
explicitly by

flv)y=- /OOO (eng(v)) dr, (5.58)

and the integral converges absolutely thanks to (5.56).

The unitary representation of the group of shifts {7,z € R?} on L?(7) is given
by Tpf := fot,, » € R? for f € L?(7). We assume that it is strongly continuous,
so, by the spectral theorem, there exists its spectral resolution. It can be used to
construct V(dp), the stochastic measure, defined on (V, B(V), ), that corresponds
to T,V := V o 7,. This measure is L?(r)-valued and satisfies: V(—dp) = V*(dp)
(because V is real valued) and

R(p)d(p — q)dpdg = (V(dp)V*(dq))x, (5.59)

where (-), we denote the expectation with respect to ,
R(0,z) = /eip‘”’]%(p)dp.
We shall also use the notation V (¢;dp) := V (dp; V;), t > 0. We can write then

V(t,z) = / eV (t; dp),

where the right hand side is interpreted as a composition of the appropriate sto-
chastic integral and the process V;. The equality is understood in the L? sense. In

fact, the stochastic integral [ (p)V (¢;dp) can be defined for any complex valued
function that satisfies

12, = / (p) 2R(p)dp < +oo. (5.60)

Denote by H the space consisting of complex even function ¥(p) (i.e. ¥(—p) =
1*(p)) such that the above condition is satisfied. It is Hilbert when equipped with
the norm || - ||%.

We assume also that

Vi := ess-sup||v||y < +o0, (5.61)

where the essential supremum is taken in 7 measure.

5.5.3. Main result of convergence to kinetic model. Let us summarize the hypothe-
ses. We define W_(t,z, k) in (5.50) as a mixture of states of solutions to the parax-
ial wave equation (5.49). The mixture of state is such that W_.(0,z, k), whence
We(t,z, k) for all t > 0 is uniformly bounded in L?(R??). We assume that the
initial conditions W¢(0,x, k) converge strongly in L%(R2?) to its limit Wy (0, z, k).
We further assume that the random field V' (¢, z) satisfies the hypotheses described
above. By L2 (R??) we denote the space L?(R??) equipped with the weak topology.
Then we have the following convergence result.

Theorem 5.10. Under the above assumptions, the processes described by the Wigner
distribution {W(t), t > 0} converge, as € — 0, in probability in the topology of
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C(]0,+00); L2 (R2?)) to the deterministic process corresponding to the solution W
of the following transport equation

ow S —

s +k-V,W=LW, (5.62)

where the scattering kernel has the form
_ [ aflp2 =1k dp
LW (x, k) = /]R d R( k) (W) Wk ) oha 6.

The above statement means that for any test function A € L?(R?d) the process
{{(W.(t),\), t > 0} converges, as € — 0, to {{W(t),\),t > 0} in probability as
e — 0, uniformly on all finite time intervals.

Note that the whole process {W.(t), t > 0}, and not only its average E{W_(¢)}
converges to the (deterministic) limit W (t). This means that the process is statisti-
cally stable in the limit € — 0. The process W, (¢, x, k) does not converge pointwise
to the deterministic limit: averaging against a test function A(x, k) is necessary.

We now summarize the main ingredients of the proof before a detailed proof
is presented in Section 5.5.4. Recall that the main assumption is that V (¢, z) is
Markov in the t variable (but this assumption may be greatly relaxed — see [39]).
Let us set T > 0 and consider ¢ € [0,T]. The Markov assumption on {V;, ¢ > 0}
allows us to show that (V(t/e,z/e), W.(t,x,k)) is jointly Markov with the phase
space V x By, where By = {||W||2 < C} is an appropriate ball in L%(R2%).
Evolution equation and random process.

Recall that W, satisfies the Cauchy problem

oW,

Sk VW = LW (5.64)
with W.(0,z, k) = W2(x, k), where formally
_ e ipx/e _Py_ p
LW = oz |V dne Welak=5) = Wela k+ D). (5.65)

The solution to the above Cauchy problem is understood as a process, adapted to the
filtration { 7., t > 0} whose trajectories belong to C([0, +00); L*(R*) N L> (R?%))
and such that for every test function A(t, x, k) belonging to C*([0, +00); L2(RY)@H),
it satisfies

OV0.00) = W2AO) = [ 0001, (5 + T+ £2) o).

Here, we have used that L. is a self-adjoint operator for (-, ).
Tightness of the family of e—measures. The above construction defines the
process W, (t) in L?(R2%) and generates the corresponding measure P. on the space
C([0,4+00); L?(R2?)) of functions continuous in time and with values in L?(R%). We
denote by {M;, ,t > 0} the filtration of o-algebras generated by coordinate maps
t — W(t). The o algebra M generated by the filtration coincides with the Borel
o-algebra on the space. We recall that intuitively, the filtration renders the past,
i.e. events described at times s < t measurable, i.e., “known”, and the future t > s
non-measurable, i.e., not known yet.

The family P. will be shown to be tight as ¢ — 0, i.e. for any sequence &, — 0
one can choose a weakly convergent subsequence of measures from {F;, ,n > 1}.
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More precisely, we can extract a subsequence still denoted by P, , such that for any
continuous and bounded function f defined on Cr := C([0, T]; L?(R?%)), we have

Efen {f} = /c f(w)dP;, (w) — f(w)dP(w) = EF{f}, as  n — +oo.

Cr
(5.66)
The limiting measure P does not depend on the subsequence — it is the d-type
measure representing the law of the deterministic process {W (¢), t > 0}. This in
turn implies that P. converges weakly to P, as ¢ — 0.
Construction of the first approximate martingale. Once tightness is ensured,
the proof of convergence of the processes W, (t) to its deterministic limit is obtained
in two steps. Let us fix a deterministic test function A € L?(R29). We use the
Markovian property of the random field V(¢,2) to construct the first functional
Gy:CL— C[O,T} by
K ON
CAIW(E) = (W (L), A(t)) — /0 (W(s), 5+ k- VoA + LA(s))ds. (5.67)
Here, £ is the limiting scattering kernel defined in (5.63). We will show that
{G(t), t > 0} is an approximate P.-martingale (with respect to the filtration My).
More precisely the above means that there exists a constant C r > 0 such that

[EP {GAW](1) M} = GA[W](s)] < Crrv/e (5.68)

uniformly for all W € Cp and 0 < s < t < T. Choosing s = 0 above, the two
convergences (5.66) and (5.68) (weak against strong) show that

EF {GA[W](t)} = 0. (5.69)

We thus obtain the transport equation (5.62) for W(t) := EF {W(¢)} in its weak
formulation.

Construction of the second approximate martingale and the convergence
of the full family of e—measures. So far, we have characterized the convergence
of the first moment of P.. We now consider the convergence of the second moment
and show that the variance of the limiting process vanishes, whence the convergence
to a deterministic process.

We will show that for every test function A(¢,z, k), the new functional

i O\
Ga[W](t) = (W, 0)*(t) — 2/ (WA OW, 0+ k- Vad + LA(OdC (5.70)
0
is also an approximate P.-martingale. We then obtain that
E {{(W,0)%} = (W, A% (5.71)

This crucial convergence implies convergence in probability. It follows that the limit
measure P is unique and deterministic, and that the whole sequence P. converges.

5.5.4. Proof of Theorem 5.10. The proof of tightness of the family of measures P-
is postponed to the end of the section as it requires estimates that are developed in
the proofs of convergence of the approximate martingales. We thus start with the
latter proofs.

Convergence in expectation. To obtain the approximate martingale prop-
erty (5.68), one has to consider the conditional expectation of functionals F' €
C(]0,4+0); Cyp(Bw x V)), with respect to the (joint) probability measure P. that
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is the law of {(W.(t),V;c), t > 0} on C([0,T]; Bw x V). In fact the only func-
tionals we need to consider are those of the form F(t,W,v) = (W, A,(t)) with
A € L®(V;CL([0,T); S(R??))). Given F us above let us define the conditional
expectation

Eig,  {F(r, W (r),V(7)} :i= B {F (7, W (7),V(7))| W(t) = W, V() = v}, 7 > t.
Using Markov property of the process {V;, ¢ > 0} and the fact that W¢(t) solves
(5.64) we obtain

B AP+ b W+ R),V(E+h)Y

0
= L(W,QX(1)) + <W (at +k -V, + =Ko, ]) )\U(t)>.
Here, for any (v,2,A) € V x R? x S(R??) we let

Klv, 2\, k) = Y / iz n+f>ﬂ< 2)dz

o=%+1

= (27r)d Z / e Z)‘ 1‘ k+ 7) (dp;’U),
o=%1

where 5\(:13,2) denotes the partial Fourier transform of A with respect to the
second variable. Equality (5.72) implies that

GH () = W Mvio®) = [ (W) L) s (.72

where L5, :=e'Q+0s+k-Vy+ec V/2K[v,x/e], is a P.-martingale since the drift
term has been subtracted.
Given a test function \(t,z, k) € C1([0, L]; S) we construct a function
Ac(t, 2, k) = Mt 2, k) +VEX] v (82, k) + X5 vy (t, 2, k), (5.73)

with A ,(t), i = 1,2 bounded in C([0,L);V ® L*(R??)). This is the method of
perturbed test function. Rather than performing asymptotic expansions on the
Wigner transform itself, which is not sufficiently smooth to justify Taylor expan-
sions, we perform the expansion on smooth test functions.
The functions A;, ¢ = 1,2 will be chosen to remove all high-order terms in the
definition of the martingale (5.72), i.e., so that
G5 () = GA()||L2(x) < Orve (5.74)
for all ¢ € [0, L]. Here G5_ is defined by (5.72) with A replaced by A, and G is
defined by (5.67). The approximate martingale property (5.68) follows from this.
The functions X§, ¢ = 1,2 are as follows. Let Ay ,(¢, 2,7, k) be the m-mean zero
solution of the Poisson equation
k- VaAiw(t) + QM w(t) = =Ko, n]A(t). (5.75)

It is given explicitly by
Mot 2y, k) = / @ (K[, n+ krlA(E 2, k) dr. (5.76)
0

The improper integral on the right hand side exists because

<{IC[',n n kr])\(t,:zz,k:)}2>w - <{/C[-,77]A(t,x,k)}2>7r <400, Wr>0. (5.77)
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Then we let \f ,(t,2,k) := A1 (¢, z,7/¢,k). A direct calculation, invoking (5.59),
yields
(Klv,n]A10), = LA (5.78)

To define the second order corrector we introduce

MOt x,m, k) = LA (t, 2, k) — (K[v, n] A1 (t)) (2, k).

<[Ag’3) (t,z,n,/lc)r>7r < o0.
(

Therefore we can define A5 (¢, z,k) := A2 (t, 2,2/, k) where \a ,(t, 2,1, k) is the
mean-zero solution of

k- Vn>\2,v + Q)\2,v = /\E;ﬁ) (ta Z, 1, k)ﬂ (579)

which exists thanks to (5.78).
The explicit expression for Ay, is given by

Aoy(t,x,m, k) = —/ e CINE (4, + kr, k)] dr.
0
Using (5.75) and (5.79) we have
HER, AW E+m A +m)Y

= (W, L5, (A(t) + VEX , (1) + X5, (1))

_ <m <§t+k-vm+£) A(t)>
# (W (4092 ) (VN0 + 235, (0) + VAR £035,0))
_ <W @ CkVatL A(t)> +VEW, QL (1),

with
2,(8) 1= (0 + k- V) AT () +VE (O + k- Vi) A5, (1) + Ko, ;Ai,v(t)o

The terms k- V;Af ,(t) above are understood as the differentiation with respect to
the slow variable z only, and not with respect to 1 = z/e. Let (2 (t) := 2y ;) (1)
It follows, see (5.72), that

63,0 = WO 0)- [ (W (24894 £) A6) ) ds—VE [ 07,0
(5.80)

and is a martingale with respect to the Borel measure P. on C([0, T]; By x V). The
estimate (5.68) follows from the following two lemmas.

Lemma 5.11. Let A € C'([0,T];S(R*?)). Then the correctors XS, (t), i = 1,2
satisfy the following bounds
2
> } < +00.
L2(R2d) [/

C;:= sup  sup {<||A;U(t)||‘;‘2(R2d)>ﬂ+<H(at+k.vm;v(t)\
(5.81)

te[0,T] e€(0,1]

We stress here that the derivative k -V, concerns only the slow variable.
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Let K. ,\(z,k) := K[v,z/e]\(z, k) for any X € L?(R?9).
Lemma 5.12. We have

K, :=ess-sup sup | K oll12(m2d)— 2 @) < +00.
veEV  e€(0,1]
Lemma 5.12 follows immediately from the definition of K (see the first equality
in (5.72)) and bound (5.61).
With these lemmas we conclude easily that there exists a constant C' > 0 such
that for all € € (0, 1] we have

BT (W (1), (1)) = B (W (t), \o(t))| < CVeE
and
EP |2 ()[|22(geay < C, V€0, L] (5.82)

so that (5.68) follows.
Proof of Lemma 5.11. Suppose A € L?(R??). Using (5.56) and (5.77) we obtain
that

1A o (£ 22, K [ 2y < /

QK[ L+ kAt k)H dr
€ L2(m)

dr
L2(m)

< C Ooe—(a/Q)r

K[, g + kr]/\(t,a:,k)’

_ QSOH;C[., It k)|

L2(r)

Hence, from Lemma 5.12 we get

(XS @12 g2y ) w < C UMz (ga0)

for some constant independent of £ € (0,1] The bounds on A5, as well as on the
partials, are very similar in spirit and we omit them.

Lemma 5.11 and Lemma 5.12 together with (5.80) imply the bound (5.74). The
tightness of measures P;, as € — 0, claimed in Lemma 5.14 below implies that the
expectation E{W,(t,z,k)} converges weakly in L?(R??) to the solution W (¢, x, k)
of the transport equation for each ¢ € [0, T].

Convergence in probability. We now prove that for any test function A\ the
second moment E { (W.(t), \)?} converges to (W (t),\)?. This will imply the con-
vergence in probability claimed in Theorem 5.10. The proof is similar to that for
E {(W.(t), A)} and is based on constructing an appropriate approximate martingale
for the functional (W (t) @ W (t), u(t)), where u(t,z1, k1,22, k2) is a test function,
and W @ W(t,x1, k1, x2, ko) = W(t,x1,k1)W (¢, z2, k). We need to consider the
action of the infinitesimal generator on functions of W € L?(R??) and v € V of the
form

F(VV,’U) = <W® Wﬂv(t»v

where 1, (-) € C1([0, +00); S(R??)) is a given function. The infinitesimal generator
acts on such functions as

ARG LW @ W(t+ h), p(t+ 1)}
1
9

(5.83)
(W@ W,Qu,(t)) + (W e W, Hsu,(t)),
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where for any function u(zy, k1, ¥2, ka) from S(R??) we let

2
1 T
=20 2K [0 2 ks Ve, (5.84)
j=1
with K; acting on variable k; by formula (5.72). Therefore the functional
ezt
: . (5.85)
= (W@ W (1), () / (W@ W(s), 25, v (s) ) ds,
with
1 0 1 T x
2e._ = il . ) il o1 L2
'Cs,v' EQ+aS+k1 Vm1+k2 Vm—kﬁ(lﬁ[v, €]+IC2[’U, E]),

v. Denote z = (z1,23), and k 1,k2). We will also use the following notation

is a P° martingale. We let u € S(R?*! x R2?) be a test function independent of
w5tz k) = pjv(t z, x/e, k), j =1,2, with y1;, are to be determined later,

2

2
Qk ::Q+ij'vnja K2 ::ZKj [v: 73]

j=1 j=1
and Vt7172 =0 + Z?:l k‘j : ij.
We define an approximation
pe(t, x k) = p(t, x, k) + Vepi(t, o, k) + eps(t, 2, k).

We now use (5.83) to get

Ds(t) = EW,v,t<W®W(t+h)’M€(t+h)>

d

iih’h:o 1
= (WeW,Qru(t)) + 7 (W oW, Qkp,o(t) + KM2pu(t)) (5.86)

[2mm] + (W @ W, Qk g (t) + K210 (t) + Vi1 2p(t))

[2mm] ++/e (W @ W, KD 2o (8) + Vi,2 (k1,0 () + Vep(t))) -

The above expression is evaluated at 7; = z;/e. The term of order ¢! in D.(t)
vanishes since p is independent of v and the fast variable 7. We cancel the term of
order e~1/2 in the same way as before by defining {1,» as the unique m-mean-zero
(in the variables v and 1 = (11, 72)) solution of

Qrpo(t,z,n,k) + KV p(t,z,n,k) = 0. (5.87)
It is given explicitly by
/u’l,v(ta Z, 1, k) = / erQ [K1’2M(t, z,mn + klra 12 + kQTa k)} dr.
0
When £ has the form p(t) = A(t) ® A(t), then py ,(t) has the form 1, = A (1) ®

At) + A(t) ® A1, (t) with the corrector Ay ,(t) given by (5.76). Let us also define
w2, (t) as the mean zero, with respect to m(dv), solution of

QK,LLQ(ta xz,n, k) + IC172,LL1 (ta xz,n, k) = <IC1’2/1/1 <t7 Z, 1, k/))>7T (588)
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The function s ,(t) is given by

2.0 (ta €, 1, k) = / erQ{<K:172M1(t7 T, + k:17"7 12 + kQT, k)>‘n’
0
—KY 2y (t, 2,m + ki, ma + ko, k) Ydr.

Unlike the first corrector us ,(¢), the second corrector s ,(t) may not be written
as an explicit sum of tensor products even if u(t) has the form p(t) = A(t) @ A(t)
because pi1,,,(t) depends on v.

The P°-martingale G2 (t) is given by

G2E(t) = (W @ W (1), pe(t)) —/0 (W OWE), (Vara+ £5)uls)) ds (5.89)

t
VE [ s W), (s))ds,
0
where C£(t) := K12 u5(t) + Vs 1,2(15 + v/Eu5) and the operator L5 is defined by
Coult,a,k) = = Y21, Ajult,w, k) + Beplt,z, k) (5.90)
where for any function f(z, k), with © = (x1,x2), k = (k1, k2),
1 e ~
B k) = —— R
ef(wv ) (271')d 017022;:‘:1010—2-/0 e (T7p)
PRI ) (@, g, 0 (p)rdp,

Aab) = g 3 [ [ RS O k) — oK)

r1—T2
€

% (eip 2221 birksp + el

As acts analogously but on the variable ko. Here for any o = +1, we let A (p) :=
(k1 + op/2,k2) and k,(,2)(p) := (k1,k2 + op/2). For any 01,02 = £1 we also let
koy02(p) i= (k1 + 01p/2, k2 + 02p/2). N

Recall that R(r,p) is given by (5.55). We have used in the calculation of £§ that
for a sufficiently regular function f, we have

V(dq) © TeTQ R . _ [ . ~ . ; -
</ ot J, e [ Vs aM>> | [ Rensep -

The bound on ¢#(t) is similar to that on (2 (¢) obtained previously as the correctors
15 (t) satisfy the same kind of estimates as the correctors A5 (#):

Lemma 5.13. There exists a constant C), > 0 so that the functions ui 5 obey the
uniform bounds

2
Cj(, ) = Ssup Ssup {<Hﬂj(t)||i2(R2d)>
te[0,L] e€(0,1] i

(5.91)
+ (IVe12m5(O3agmany) <400, G=1,2.

The proof of this lemma is very similar to that of Lemma 5.11 and is therefore
omitted. Analogously to what has been done before we can also conclude from this
lemma that

B (W & W(t) 1o(1)) ~ EP(W @ W(0), u(0))| < OVE
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and E- ||C§(t)|\2L2(R2d) < C for all t € [0, L]. These facts allow us to take the limit
of the first and third term on the right hand side of (5.89). Unlike the first moment
case, however the averaged operator 25 still depends on €. Therefore in order to
prove the convergence we have to deal with this term as well. The a priori bound on
W, in L? allows us to tackle this issue and show strong convergence. This is shown
as follows. The terms corresponding to A; are independent of €. For example A;

gives the following contribution:

& d p2fk%
Al#(tal‘,k) = / d’/’/ pd |: rnp— kl 2 (,U(t,ﬂ?,p, kQ) - u(taxakla kQ))
0 Rra (2)
LR Ry )T (u(t, ., k) — it ko k)

Using the fact that R(—r,—q) = R(r,q) and integrating out the r variable we
conclude that Ay pu(t, z, k) = Li, p(t, z, k), where Ly, denotes the operator £ acting
in the &y variable. Likewise we get Aop(t, x, k) = Ly, u(t, z, k).

The term corresponding to B, is oscillatory and its contribution tends to 0 as
€ — 0 for sufficiently smooth test functions.

Since B.p(t) and u(t) are real valued quantities, we can take the real part of the
above term and, after the change of variables r —+ —r and p — —p, obtain from
(5.91)

Bep(t,z, k)

= (ngr)d 0102/ / (r,p)
oo==+1

g1,

x cos(p - =75 cos(r(ky + ko) - p/2)p (tyx,km,az(p))drdp

To — T
= 271-)d Z 0102/ kl +k2) 2 )exp{ wp - Zl}ﬂ(tax’kﬂl-ﬁz(p))d}l

o1,02=%1

We have

B0 = € S I[e |, dzdnapdaft (<G + ) - 5.0)

=+1,5=1,...,.4j=1
R( (k1 + ko) - 4, )ez(p*q)'m2

(5.92)
o p(t, 2, Koy oo (P)) 11, 2, Koy 0y (D))

Using the density argument we may assume that p has the form

p(t, z, k) = po(t) i (z1 — w2)pa (1 + 22)p3 (k1) pa (k).

Then the expression on the right hand side of (5.94) equals

i Y Il / dodkdpdqRR (—(ky + ka) - 2.p) B (=(ks + k2) - £,q)

oj—il,_y 1,...,4 =1
xe T P02 ($1)M2(332)M3(k1 + S palke + %58 ps(ky + S )pa(kz + 57)

P
= Cup()lp2llFe@my Y. H o; /dk:dpdqR (—(lﬁ 4 ko) - i’p)

=+1,j=1,...,4j=1

xR (—(k1 + ko) - 27(1) (P ) ps(ky + P ) palke + ZP)ps(ky + 5 pa(ke + %5)
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where v(z) = p?(z). We introduce G(p) = sup,, R(w,p) and use the Cauchy-
Schwarz inequality in k1 and ko:
||BEN(t)||%2(R4d) < CU(Q)(t)||H2||2L2(Rd)HN3||2L2(Rd)||N4H%2(Rd)
D=4
< [ dpdaGp)Gla) o)
R2d S

We use again the Cauchy-Schwarz inequality, now in p, to get

IBep(®)17 2 gaay < CllialZaga)lsllZe @ 84l 22 oy |Gl 22 (ra)

X Rdqu(Q) (/Rd dp ‘f/(f)r) -

< O 1y 2 gy 3l 2y 1 e oy 1 2y G 1

This proves that ||B.pu(t)||12rsay — 0 as e — 0. Note that oscillatory integrals
of the form

/ ¢ u(p)dp, (5.93)
Rd

are not small in the bigger space A’, which is natural in the context of Wigner
transforms. In this bigger space, we cannot control the norm of B u(t) and actually
do not know whether the limit measure P is deterministic; see [10].

We have therefore deduced that

GL(t) = (W@ W(t), u(t))

9]
I <W OW(s), (5o + k1 Vi, + ko Vay + L, + %)u> (s)ds
is an approximate P. martingale. Suppose that P is a weak limiting measure for
the family P., as € — 0. The limit of the second moment

Wa(t,z, k) = EP {W @ W(t,z,k)}
thus satisfies (weakly) the transport equation

W
p U Vay ke - Vi )Wa = (Liy + L) We, (5.94)

with the initial data W5(0, 2, k) = Wy(x1, k1)Wo(z2, k2). This implies that
EP {W(ta L1, kl)W(t7 T2, k2)} = ]EP {W(t7 I, kl)} EP {W(ta €2, k?)}

by uniqueness of the solution to (5.94) with initial conditions given by the product
Wo(z1, k1)Wo (22, k2). This proves that the limiting measure P is deterministic
and unique (because characterized by the transport equation) and thus We(t, z, k)
converges in probability to W (¢, x, k), as e — 0.
Tightness of P..

Our principal result is the following.

Lemma 5.14. The family of measures P. is weakly compact in C ([0, +o00); L2 (R??)).

Proof. A theorem of Mitoma and Fouque [65, 40] implies that in order to verify
tightness of the family P. it is enough to check that for each A € C1([0, T], S(R??))
the family of laws P, on C([0,T]; R) of the random processes W (t) = (W (t), A(s)),
considered over (C([0,T]; L2 (R2%)), M, P.), is tight.
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Note that we have

(W (£), A(1)) = G5_(£) — VEW (1), 35 (1)) — (W' (£), A5(8))
' S A S S e t S A S S
+/0 (W(s), LaA(s))d +f/0 (W (s), O (s))ds,

where [lt = % + k -V, + L. Denote
2D (t) == G5 (1)
23 (t) = VE(W (1), A (1)),
t
d9(0) = [ W) LA
0
2 (t) 1= e(W (1), A5(0)),
2Ot \f/ ))ds.
Tightness of the family P., as € — 0, follows upon proving;:
Lemma 5.15. Each of {x(])( t),t >0}, j=1,...,5 is tight in C[0,+o0)

Proof. We claim that for j = 2,...5 the processes {a:gj)(t), t > 0} satisfy the
following Kolmogorov-Chentzov moment condition [23]

B {2 (1) - 2 ()| 20 () = 20(s)| } < Cae = )17, (5.95)

forall 0 < s <u <t <T, with~v,8 > 0 and C) independent of . It implies
tightness, see the explanation given after (2.29).

To demonstrate (5.95) we shall only discuss the case j = 2, as the other cases
can be done similarly. Let K.[t,k,z,v] :== 0y + k- V, + (1/y/€)K[v,z/e]. We have

2
B {[o2(0) - o

2 -
} < 2{1@1’5

/ (VEW (), Ku[r 2, k, V()N (1)) dr
+oRP / (W (s), VED NS ())dr

| }
S C(t - 5)27
thanks to the bounds established in Lemmas 5.11 and 5.12. Estimate (5.95) then
follows for {xéz) (t), t > 0}, withy = 8 = 1, upon an application of Cauchy-Schwartz
inequality and (5.96).
For j = 1 the processes {G§_(t),t > 0} are martingales. Their tightness follows

from tightness of their quadratic variation {(G5_):, t > 0}, see Theorem VI.4.13, p.
358 of [50]. We will now compute it explicitly. First,

HEG, AW+ R+ )Y
= 2(W, Ae.o ()Y (W, Kc[t, b, 2, 0] Ao (1)) + 2Q [(W, Ac0)?]

so that
(W(t), A (1))

-/ {2<W<s>, A()) (W (), Kols, by, V(SIIA(S) + 2Q [(W () Au(s))?] <V<s>>} ds

g
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is a martingale. Using (5.72), we conclude that

(G = /0 {IQKW(S), A ()2)(V(5)) — 2 (W (). () (W (s), ka(s»} ds

e g
=/O {Q [(W(5), \i(5))?] = (W (s), X (5))(W(5), QA (s)) } ds
HVE [3 Ho(s,W(s),V(s))ds
with
He (s, W,v) := 2y {QUW, A] , (8)) (W, A5, (s))] = (W, AT, () (W, (QA5(s)) (v))
—(WX5,, () (W, QAL , (5)) } + £ { QW A5(s))?]

—2(W, 75, (8)) (W, (QX5(3))(v)) } -

Recall that sup;q [W ()| 2(r2) remains deterministically bounded P. a.s. Using
bounds on [|Af[|L2(x), j = 1,2 from Lemma 5.11 and the fact that @ is a contraction

on both L!(r) and L?(7) we conclude that EF=|H_(s)| < C for all s € [0,7]. This
yields EP= {(G5 )¢ — (G5.)s} < C(t — s) whence for a fixed T > 0 the family of
random variables <G§\€>T is tight, as ¢ — 0. By gathering of Theorems 3.8 and
3.10 and Remark 3.9 of [51] this demonstrates tightness of the family of increasing
processes {(G5_)i, t € [0,T]}, as € — 0, in D[0, 7], thus in our case in C[0,77] as
well. This ends the proof of tightness.

5.6. Fluctuations of the Wigner transform with an OU potential. Now,
that we know that (at least in some situations) the Wigner transform of the solutions
of the random Schrédinger equation converges in probability to the deterministic
solution of the kinetic radiative transport equation, we would like to understand how
its fluctuations behave. This question was partially addressed in Section 5.4 where
we have discussed the scintillation of the Wigner transform in the It6-Schrodinger
regime. Here, following [56, 59] we describe what happens for the full fluctuation
process (scintillation is just the second moment of the fluctuation) when the initial
data for the Wigner transform is localized in space.
As before, we consider the Schrédinger equation with a weakly random potential,
in the appropriate long time, large distance scaling;:
0 g2 t x
% 4 S ng.—vav(t Do. =0
The Wigner transform of the solution (without any consideration of mixtures of
states for the moment), defined as

dy
(2m)4’

Wit k) = [ ot~ it + J)

satisfies
OWe(t,x, k)
ot

_ 1 V(t/€,dp) ip-z ap
_\/gozila/ 2 e W€<t,x,k—|— 2).

+k-V,W(t,x, k)
(5.96)

As we have seen in the previous section, when the initial data Wy for (5.96) is in
L?(R2%) the solutions converge in probability, as € | 0, to W (¢, z, k) the solution of
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a linear Boltzmann equation

oW (t,x, k) +k -V W(t,z, k) = LW (t, 2, k),
i (5.97)
W(O7 Zz, k) = Wo(ﬂf, k)a

where the operator L is given by

- p? — k? dp

LW (2, k) = /R( 5P E)(W (2, p) — W (z, k))w

It is important, in particular, for inverse problems, to understand the fluctuations
of W, around this self-averaging limit, as wave energy fluctuations are often large
in practice [6, 7, 14] despite being theoretically small. As we have seen in the
It6-Schrodinger case, the size of the fluctuations depends on the regularity of the
initial Wy — both spatially and wave vector localized singularities in Wy produce
stronger fluctuations than smooth initial energy distributions. Here, we consider
the fluctuations of the Wigner transform

Zo(t,a, k) = e V2W.(t, 2, k) — W(t z, k)]

when Wy(z, k) = 6(x)f(k) and f € S(R?), that is, the initial wave energy distri-
bution is spatially localized but smoothly distributed in various directions. The
fact that the fluctuations have the size O(1/€) comes from the spatial singularity of
the initial data — their size would be smaller were Wy (z, k) more regular in space.
However, physically this is a very important case — the localized source.

We assume that the random potential V' (¢, ) is of the Ornstein-Uhlenbeck type
— see [59] for the detailed construction of such potentials. The main result, which
we will describe informally to avoid the rather technical but physically irrelevant
details, is as follows. Let Z(t) be the solution of the deterministic kinetic equation

2 2
%—f kY7 = /R <|k|2|ﬂ k- p) (W(tsz,p) — Wt 2, k))dp,  (5.98)
with the random initial data Z(0, x, k) = 6(z)X (k). Here X is a real valued Gauss-
ian distribution that can be written down explicitly in terms of the random potential
(see [59] for the explicit formula). Informally, X (k) is obtained as follows, from the
initial layer problem for the fluctuation. In the fast variables s = t/e, y = /e
equation (5.96) may be re-written as

oW/ p , CiP / op
s S+ k-V,W. = dgzﬂ/ Vsde(sy,qu?)

where W/(s,y, k) := W.(es, ey, k). We introduce a formal asymptotic expansion
Wi (s,y, k) =W'(s,y, k) +VeZ'(s,y,k) + ...
The leading order term satisfies the homogeneous transport equation
Witk -V,W' =0, W(0,y,k) =e"(y) f(k),
and is, therefore, given by W'(s,y,k) = e 45(y — ks)f(k). The equation for
Z'(s,y, k) is

052" (s,y, k) + k- VyZ'(s,y, k) = —i Z / et yV (s, dp)W’ (5 y, k+ ;)
o==+1
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with the initial data Z’(0,y, k) = 0. This gives an explicit formula for Z(s,y, k):
Z'(s,y k) =—i Y / / P Wk (1 y — k(s — 1),k + 2 5 PN (7, dp)dr
o==+£1
— _jed etp(ktop/2)7 ¢ (1L TP\ 5o 1o — PP N (r an)d
SIS o s (e )= B

We obtain therefore:
Z(t,x, k) =Z'(t/e,x /e, k)

t/e
_ / /IRd ¢ip-(k+op/2)7 (k+ )

><<5(z€*f(sr:jEi kt + eopr /2))V (7, dp)dr

and since e~%5(z/¢) = §(z) we obtain that for small t < 1 the quantity eopr <
pt < 1 can be neglected, thus

Z(0,2,k) ~ —id(x) H_ / /R ’P““*"P/”f(m—) V (1, dp)dr = 6(x) X (k),
o==%1

which gives an explicit expression for X (k).

The physical reason why randomness of Z. appears in the limit only as a random
initial data for the deterministic radiative transport equation is that after the short
initial time layer the leading order term W (¢, x, k) is no longer as localized in space
as at t = 0. Therefore, the fluctuation produced at ¢ > 0 is not of the size O(y/¢)
but is smaller and it appears only in the higher order terms. Essentially, the main
contribution to W, — W at ¢ > 0 comes only from the evolution of the random
fluctuation produced near ¢ = 0. On the other hand, if the initial data Wy (z, k)
would be smooth, we expect the fluctuation of W, (¢, x, k) to be of the smaller size
and to satisfy a radiative transport equation with a random force. This, however,
is currently an open problem.

As the proofs of this fluctuation theorem are somewhat technical, we refer the
reader to [56, 59] for the rigorous statements and proofs.

5.7. Different kinetic regimes for time-dependent Schrodinger. In the pre-
ceding sections, we considered the Schrédinger equation with a random potential
whose oscillations in the time domain that were as rapid as its oscillations in the
spatial domain. We now discuss how one can generalize the convergence analysis
to cases where the temporal random fluctuations are slower than the spatial fluc-
tuations of the potential. We also want to include spatial correlation lengths larger
than the wavelength, as in the random Liouville problem (random geometric op-
tics). Finally, we want to be able to pass directly from a wave model to a diffusion
model, which is an approximation of the kinetic model in the limit of vanishing
mean free path. All of this is included in the following Schrédinger equation with
time dependent potential
o Bt}
gltd aga 0 Awg —e'T V(ga% E%)we =0, (5.99)
with the same initial condltlons and mixtures of states as in the preceding section.
We define v = 8 + min(8 — «,0). We consider the case of spatial dimension d > 2.
Various values of the parameters «, 3, v and § correspond to various relations
between the macroscopic and microscopic scales. The resulting regimes appearing
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are follows. Set § = 0 first — this is a “hyperbolic” scaling. Then, 5 = 1 corresponds
to the radiative transfer regime (wave length is comparable to the spatial correlation
length of the medium) with white noise scattering kernel when o > 1 (the random
medium oscillates faster in time than in space), inelastic scattering when o = =1,
and elastic scattering when o < 1. Also, 8 < 1 corresponds to the Fokker-Planck
regime with white noise scattering kernel when o > f, inelastic scattering when
a = f (the random media oscillates on comparable temporal and spatial micro-
scales), and elastic scattering when o < (8 (the temporal scale of the random medium
oscillations is longer than the spatial scale).

When § > 0 (this is a longer time scale than the radiative transport time scale),
we are in the diffusive regime when o > (. The case of elastic scattering a <
should hold for all @ > 0 since we expect the results to hold in the limit of no
time-dependent regularization. Here, we describe how the proofs based on the
Markovian methods and the perturbed test function method can be developed for
the case a/3 > 3/4 and extended to the case a/f > 1/2 with a reasonable amount
of unspecified work. For slower time fluctuations of the medium, other techniques
than the Markov regularization considered here presumably need to be developed,
and the use of the diagrammatic techniques might be unavoidable.

The equation for the Wigner transform is now

oW
07" ¢E .
€ " +k-VIW,

e ~ t jzp gl=p gl=8 d
-2 /]RdV(m,p>ezsﬂ (Wg(t,x,k— 5 Py - Welt,a b+ —+ p)) (Qf)d.
(5.100)
We assume that the above equation is augmented with initial conditions of the
form W, (0, z, k) = Wy(z, |k|), which, to simplify, we assume is independent of e and
k.

5.7.1. Convergence to various kinetic models. The main results are as follows

Theorem 5.16 (Transport and Fokker-Planck regimes). Let § = 0 and d > 2.
Then W, converges weakly in L?(R%?) and in probability to the solution W (t,x, k)
of the following transport equation

%+k-vmwzcm W (0,2, k) = Wz, |K|), (5.101)

where the scattering kernel has the following form

; ) [k|* — Ipl*\ _dp
S<a<p=1 LW= RdRo(p—k)(W(p)—V‘/(’f>)5( 2 )(27r)d
(5.102)
o [ R =1 a
a=p=1 LW= y R(#vp — k) (W(p) N W(k)) (2m)d
— = » - - dp
a>f=1 W= R(0,p— k) (W(P) W(k)) (2m)d
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38 ! ; _dp_
L Se<B<l LW =V ( Rdé(k p)Ro(p)p®p(2W)d)VkW
(5.103)
_ _1 ; dp
a=f<l LW = Vi (/RdR(k p,p)p®p(2ﬂ)d)vkw
1 - dp
a>p<l LW =V ( 9 R(o,p)p®p—(2ﬂ)d)vkw.

Theorem 5.17 (Diffusion regime). Let §(«, 8) > 0 sufficiently small and d > 2.
Then W, converges weakly in L?(R2?) and in probability to the solution W (t,z, |k|)
of the following diffusion equation

ow 1
Lylk| R

ot

(5.104)
where Tg is the volume S and x is the mean-zero solution of the system of
equations k = Lx, where L is given by (5.103) for % <a<f<1and by (5.102)
for % <a<p=1

We thus observe that the different choices of correlation lengths and mean free
paths may yield to all “classical” kinetic regimes of wave propagation in random
media, namely, the radiative transfer, Fokker Planck, and diffusion regimes.

The case of kinetic models for Schrodinger equations with time independent
potentials would formally correspond to the case & = 0 and f = 1 (and § = 0).
The proofs do not extend to this case. The case of Fokker-Planck models with time
independent fluctuations would correspond to the case « = 0 and S < 1 (with 6 =0
still). This is also not accessible by the current method of proof. Note however,
that Fokker Planck models of the types seen before occur as soon as a < # < 1.
This means that Fokker Planck models occur as soon as the correlation length is
significantly larger than the wavelength. In the case a = 0 treated in earlier sections,
we need the correlation length to be very large compared to the wavelength (larger
than |Ine|~!). We do not require such a large gap in the presence of time dependent
potentials.

5.7.2. Sketch of the derivation. The derivation of the above results is very similar to
that of the radiative transfer model obtained in Section 5.5. The main difference is
that the approximate martingales we now construct involve an averaged operator L.
that depends on € and thus needs to be approximated by an e—independent operator
L. We mainly outline here the construction of the approximate martingale to obtain
convergence of the expectation and leave to the reader the extension of the proof
of convergence of higher moments and tightness of the measures generated by the
Wigner transforms.

Convergence in expectation.

We consider the conditional expectation of functionals F(W,v) with respect to
the probability measure P. on D([0, L]; By x V), the space of right-continuous
paths with left-side limits [23] generated by the process (W,v). Note that W is a
continuous function in ¢ thanks to the evolution equation it solves. The process
V however need not be continuous. Given a function F(W, V) let us define the
conditional expectation

Ei;vyt {F(W, f/)} (r) = E™ {F(W(T), V()| W(t) =W,V (t) = V} o>t
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For a function of the form F(W, V) = (W, A(V)) with A € L*(V; C*([0, L]; S(RQf))),

the weak form of the infinitesimal generator of the Markov process generated by P.
is then given by

ddh]Efvvt{< (V)}(t—i-h)’
= (W, QN + < (6—|—I<;V+52 v, ]>A>’ (5.105)

where the operator K is defined as

dV (p)

. 1 in- np np
’ 7k Y ) k—— ) vk Y } ’
KV stk V) = 5 [ G [k =) = vk + )
(5.106)
where 1 = '8, Note that the operator K applied to smooth functions is of order

O(n).
Let F; be the sub-o-algebra on D([0, L]; By xV) generated by ((Vz(s), W(s)),0 <
s <t). Then (G5(t), Fi), where

¢ 1 0 e x
S(t) = (W, NV () — — 6 Ve /,— d
a0 mcwm>4<m<w - E[Vﬂ>>®&
_ (5.107)
is a P.-martingale.
Given a test function A(z,, k) € C1([0, L]; S) we construct a function
Ae(z, 2,k V) = Nz, 2, k) + XS (2,2, k, V) + X5 (2,2, k, V), (5.108)

where the functions Af 5(t, z, k, V) =M o(t,x,e Pk, V) will be chosen to remove
high-order terms in the definition of the martingale (5.107). For functions of the
form A(t,z,y, k,V), the operator in the brackets in (5.107) takes the form

) NP
Qe S ek Yy ke Vot eIV ).

The first corrector is defined as the mean-zero (with respect to the invariant measure
of V) solution to the Poisson equation

e QA 4 Pk VA + e T K[V, y)A = 0. (5.109)

The latter solution is given explicitly by

gt d aBlppri
/ drerQ/ 7‘/( ) gire"kpriyp MMz, k — @) — Mz, k+ @)] .
e 2 2

(2m)d
(5 110)
For smooth test functions A, we obtain that A; is at most of order 0(775“*7*1)
O(e*=F+73%).
The next-order corrector is given by

ETOQAy + e Pk -V hg + e T (IC[V,y]/\l - ]E{IC[V,y}/\l}) —0.  (5.111)



96 GUILLAUME BAL, TOMASZ KOMOROWSKI AND LENYA RYZHIK

It admits an explicit expression, from which we deduce that it is at most of order
O(n?e?0t7=0-2) = O(g20=26+7=9). The expression for E{K[V,y])\} is given by

E{K[V.yln} .
= _go‘Jr—YTi& E{/ dV(p) eip'y d’l“@'r‘Q/ dvi(q)ehdsaiﬁ(ki%).qeiy.q
€ Ri(2ﬂ—>d 0 R4 (27T>d
x(/\(x,k—n¥)—/\($7k—77]%)) +c.c
=38 % D a— np
_ et / / R(r,D) iree=sk +7>'P(A(:c,k) - /\(x,k+np))dp Fee
£ R Jo (27T)d
a2zt [ R(E“P(k+nE) - p,p)
=T = R4 (2m)d ()\(x, k) = Mz, ke + np))dp
et 50 R(E"_lwy - %) p
== _/Rd (2m)d ()\(x,k) — M@ 5))@.

The next-to-last expression is useful when 8 < 1, i.e., n < 1. The last expression is
useful when =1, i.e., n=1.

Up to a lower order term, the drift term in the martingale (5.107) is thus given
by

5? +k-VA+e°L,
where
R(e*~P(k p,p
L= €a+fy72/ ( ( + 772) ) (/\(1-7 k+ 'r]p) — /\(1‘, k))dp
R (277)

A(Eoc—1|k‘2_\”7p‘2 (5.112)

— o2 /Rd (272r)d ) ()\(x, %) - )\(m,k))dp.

The remainder is given by

9 s (e
G = (& + k- V)OF +45) +71575 (KIV .yl

The two main contributions are A\; and Ay and are of order

O(sa*BﬂTﬂs) and  O(e2 33000,

ly=e—Ba

Consider the case a < . There, we verify with v = 3 that the error is the minimum
of

a<fB: ¢ = O( a—3(B+96) Ae aff(,BJr&))
This requires that o > (ﬁ + ¢) in order for the error to be < 1. When a > f,
so that § = 0 since no dlffusmn is possible then, we verify that the error, with
y=28—aq,is
a>B: (=0,
It remains to evaluate the limit of £, in the various cases of interest. Let us

consider the case a > . Then by simple Taylor expansion, we find using v = 28—«
that

vl d
lim £ = 5(/}R R(o,p)(p-vk)Q(Qf)d)A(x,k), <1,

- /Rd W(’\(% k) — )\(Z‘,p)>dp, B=1.

(5.113)
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The first contribution explicitly uses the fact that R and its derivative with respect
to the first variable are even with respect to all variables. Consider now the case
a = 3. We verify that

. 1 . i
A 2(/]& Rl p.p)p- Vi) g ) e ) <1, (5.114)
:/Rd R(5|k| z272r|)Z| p—k) (/\(I,k)*k(x,p»dp, P

We finally consider the more delicate case o <  with v = 8. The limits are
given by

tig 23 = 3 ([ 60 Ralp)p- 9 A 5l
k|2 — |p|*\ Ro(p — &
= /Rd 5(| | 2 |p‘ ) 0((2pﬂ_)d ) ()‘(ka) - )‘(xap))dpa 6 = 1(5 115)

Here Ro(p) = fR R(v,p)dv. The proof is given in Lemma 5.18 for the case § = 1.
Moreover, the same lemma shows that, denoting by £ the above limit, e7°(L. — £)A
converges to 0 in the L? sense for sufficiently small values of §. More precisely, the
latter is of order e(#=®)/2=9 5o that 26 < 3 — «a is necessary. This allows us to pass
to the diffusive limit. The case § < 1 is handled similarly.
Approximations of operators.

Let R(v, p) be a smooth even powerspectrum and let us define

Ro(p) = /R R(v, p)dv. (5.116)

We consider the following difference
2 _ 2

10 = [ (w5 k= p) 5

for A a smooth test function A\(k) € D(R?), which moreover we assume is supported
away from k£ = 0. Then we have the following result

k2*p2

)BRolo = k) ) A(k) = A(p))dp, (5.117)

Lemma 5.18. Let A(k) € D(R?) supported away from k = 0. We assume that R
is a smooth (non-negative) function such that v — |v|R(v,-) is uniformly integrable
and such that the integral of R(v) over |v| >V is of order V1.

Then we verify that

Il Lo (rey < Can'/?, 1<p<oo. (5.118)
Proof. Let us first consider
R k 2 _ I3 2 k 2 _ I3 2\ . R .
1) = [ (o 52 )= (P D) R - 0) R - A,
R4
(5.119)

where k = k/|k|. Using the change of variables 0 < |p| — v(|p|) = (k% = |p|?),
and p = |p|%~tdpdp, and the definition u(v) = |p|?~!(v)dp/dv, we calculate that

[ o S e ety = A

- / R (70, p — p(0)p) (K1) — A(K[3)p(v)dvdp.
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Now for k£ away from 0, we verify that

[kI®/2 .
L/ B0, p — p(v)dp)u(v)dv = Ro(k — |k|p)(0) + O(y~).

— 00

Using the integrability and boundedness of A in k and the change of variables
[E16(5(Ipl* — %[*)) = d(|k| — [p]), we deduce that

C
11| Lo ey < Py 1<p<oo
It remains to address the term
_ o L R R
Iy (k) = y Rk = p)A(k[p) = Allp|p))dp. (5.120)

Note that I(k) = Ii(k) + I2(k). We verify as above that ||I3]|je®e) < C and
calculate that

Agwakséwémk—m@y»M@—Mw@ﬁ»mﬁw@%.<amn

Now for |v| < 7, the regularity of X and |p| — v(|p|) imply the existence of a function
¢(k) € D(R?), which we can also choose supported away from k = 0 though with a
larger support than A, such that

A@@—A@@ﬁ)sc@%@» o] < n.

This shows that the contribution in (5.121) for |v| < is bounded by O(n~!) since
| R(v, ) is mtegrable The other contribution |v| > 7 yields a contribution bounded
byf‘ |>n v,-)dv < Cn~! by hypothesis on R. This shows that 2]l L1 (ray < Cn—t
The result follows by interpolation for 1 < p < oco. 0O

6. Kinetic models for correlations. So far, we have used the radiative transfer,
Fokker Planck, and diffusion equations to model the energy density of the waves.
The energy density may be seen as the correlation function of a random field with
itself, as is apparent from the definition of the Wigner transform. More generally,
we may consider the correlation function of two vector fields, corresponding, for
instance, to different initial conditions, and propagating possibly in two different
media. We will see later in this section applications for such correlation functions.
Such correlations also satisfy kinetic models, and in this section we describe the
corresponding kinetic models.

6.1. Radiative transport equations for correlations. We first consider the
weak-coupling regime for the Schrédinger equation

e

Vi 1 Ay~ VEV (e =0, (6.1)

for j = 1,2 corresponding to two possibly different media.
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6.1.1. Formal derivation with iterated Duhamel expansion. As is standard in all
kinetic models derived so far, in the limiting equation, the influence of the random
fluctuations is characterized by the covariance function of the random potentials
defined by

Ryn(z) = E{Viu(y)Va(y + )}, m,n=1,2. (6.2)

The power spectra Rmn(k) are then their Fourier transforms. The correlation func-
tion of the two wave fields after Fourier transform is defined as the following Wigner
transform

. d
xm@@¢)(Afmwsz?wawx+§6@%w (6.3)

We assume here that d = 3 to simplify. First we obtain that W, solves the following
equation:

O kW= [ Kea ki~ p)Wet, ), (64)
R3

where the convolution kernel K. is given by

Ke(w,p) = —5—= (Vi(@p)e™ /= — V(—2p)e™27/%). (6.5)

23\f

Inverting the free transport operator d; + k - V we obtain that

t
W.(t,z, k) =W5(07x—tk,k)—|—/ /KE( — sk, k —p)W.(t — s,x — sk, p)dpds.
0

After one more iteration we have

We(t, x, k)

t
=W€(O,x—tk,k)+/ /Kg(z—sk:,k—p)WE(O,x—sk—(t—s)p,p)dpds

t—s
//K x — sk, k — p/ /K (x — sk —up,p — q)

xWe(t — s —u,x — sk — up, q)dgdudpds.

(6.6)
We now average the above equation with respect to the realizations of the random
medium. We assume that E{K. @ K.W.} = E{K. ® K.} E{W_.} and that W, is
sufficiently smooth. Of course, this assumption is only formal and cannot be justified
but it is exactly equivalent to the assumptions about the leading order term in the
asymptotic expansions for the Wigner transform that we have considered previously
in our formal arguments. It is known to yield the correct result in the weak coupling
regime where rigorous derivations are also available. In the following section, we
will present a rigorous result obtained in the setting of Schrédinger equations with
time dependent potentials.

Using that

E{Vn®)Va(@)} = 20 R )00+ 0), =12
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we deduce that
E{K.(y,k —p)K-(y —up,p — q)}
1 . . . .
= — = (R 20k = p)e D226k — g) — Ria(2(k = p))e 5P 2426k + g — 2p)

—Roy (—2(k — p))e21k=PPu/25(k 4 g — 2p) + Rop(2(k — p))e2ik=P)pu/es(f — p))'

The power spectrum Ryn isa2x2 positive definite matrix such that Rmn(—p) =
an(p)7 m,n = 1,2. After the changes of variables 2p — k — p and u — eu and
replacing W, (t — s — eu, x — sk — eup, q) by W(t — s,x — sk, q) we deduce that the
ensemble average of the last term in (6.6) is approximated by

t (t—s)/e e 1p1? _in 2 =1pI?
(= e 5 Ry p — k) — e R — b))
0 0

XE{W.} (t = 5,2 — sk, ) + (255 4 eSS ) Ry (o — )
dudpds

E € T o4 T ’ . .

xE{W.} (t — s,x — sk, p) E (6.7)

We now pass to the limit ¢ — 0 and replace E{W_} by its limit W. We first
observe that

w

/ e dy, = 7o (w) £ k
0

Thus in the limit € — 0 we obtain the equation

W(t,x,k)=W(O,x—tk,k)+/0t(/Rgl(p—k)W(t—s,x—sk,p)

k> —|p[*, dp
> (2n)y

where the total absorption and phase modulation terms are given by

)
5 2 (2m)? (6.8)
H(k) :][ (Rll(p — k) — RzQ(p - k)>|]€|23|p|2(2d7'&1'0)3

The latter integral defining IT has to be understood in the principal value sense. We
assume that the power spectrum R,,, is such that the above integrals exist. This
is the integral formulation of the following radiative transfer equation

xd( )

— (D(k) + iTI(k))W (t — 5,2 — sk, k))ds,

aa—‘f+k~vw+(Z(Ic)ﬂ'n(k))w:/1%21(;0—k)W(t,z,p)a(‘k| ;|p| )(zip)?'
(6.9)

The initial conditions for W are given by the Wigner transform of the two fields
;. These initial conditions need not be equal.

Such derivations may be generalized to other equations; for an explicit expression
for acoustic wave equations, we refer the reader to [21].
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6.1.2. Rigorous results for time dependent potentials. We consider in this section the
general problem of the correlation of solutions of the linear paraxial Schrodinger
equations in two different albeit correlated random media. We let %.(¢,z) and
¢ (t,x) be the solutions of the family of Cauchy problems

877sz t x -
NN (52)v.- (6.10)
¥e(0 ,m) = ¢2(z;¢)
and
. 00, t
a(i + A¢E \/EVQ <€7 l:) (b& = 07 (611)

¢6(0,$) = 92(x;0)

with two different random potentials V3 and V5. The initial data depend on an
additional random variable ¢ defined over a state space S with a probability measure
du(¢), as we are going, once again, to consider mixtures of states. The cross Wigner
transform is defined by

. - dy
WE t? 7k = ey € (t7 - ﬁ’ ) € (t’ ﬁ7 ——d .
k) = [ e (to = Fi0) b (1 Gic) adut)
The evolution equation for the Wigner transform is
oW,

ot ] (6.12)
= 2 Jra €™ [V (Lp) We (k= §) = Va (L0) We (k4 )] 5.

Here f/(t,p) is the partial Fourier transform of V(¢,x) in = only. We will make
the same assumptions as in Section 5: we assume that the initial data W(0, z, k)
converges strongly in L2(R? x R?) to a limit Wy (z, k), which is possible due to the
introduction of the mixture of states . We also make all the assumptions on the
random processes Vj 2(z) that we assumed about V' (¢, z) in Section 5, so we do not
repeat them here.

The main result of this section is that under the above assumptions, the following
theorem holds. Let us define the operator

B Rir (2552 p k)4 Roo (2552 p—k)
ﬁf(:l?,k) - p R12( 7p k)WO( ) 2 WO(k)
R
X (z‘f,p)d H(k)Wo (k)
with
1 ~ ~
M(k) = f/ dr/ oy a2l T8 oxep {ir (k — p/2) - p}sgn(r)
1 R R4

_ Y Ros(w,k —p) = Riy(w, k —p) dwdp
L I (2r)d+

Here, ]:2(7" p) is the partial Fourier transform of R in ac only. We denote the standard
inner product on L2(R?%) by (f,g) = Jfgaa f( g(z, k)dzdk. Then we have the
following result.
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Theorem 6.1. Under the above assumptions, the Wigner distribution We converges
in probability and weakly in L*(R??) to the solution W of the transport equation
ow —
ﬁ—&-kz-VzW:EW. (6.13)

More precisely, for any test function X € L*(R??) the process (W.(t), \) converges

to (W(z), A) in probability as ¢ — 0, uniformly on finite intervals 0 <t <T.

The proof of the above theorem is very similar to that of Theorem 5.10. We refer
the reader to [20] for the details.

6.1.3. Correlations and It6-Schrédinger models. The above results may also be de-
rived for the It6-Schrodinger model (white noise limit) for wave propagation. Since
we have access to exact equations for moments of the wave functions, the derivation
is significantly simplified.

Let 1 and 9 satisfy

1
@ (t,7) = 5 (880 = Kn(0) Jiom (t,2)dt + ithns (t,2) B (8, 5),  m = 1,2,
(6.14)
The Wiener measures Bj 2 are described by different statistics Ko for the for-
ward propagation (index 1) and the backward propagation (index 2). The cross-
correlation of the two media, is defined by

E{B(z,t)Bn(y,t')} = Kpmn(z —y)t At 1<m,n<2. (6.15)
We define the second moment mg(x,y) as
€ . €
mg(t, z,Y, "{) = E{wl(tv T+ ?yv 5)1/)2 (ta T = Eya /i)} (616)

By an application of the It6 calculus [66] we obtain that
d(1(t, 2)P3(t,y)) = Y1t )ds (t y) + dr (t, 2)3 (t, y) + dipi (8, 2)diz (E, y).

We insert (6.14) into the above formula and taking mathematical expectation, ob-
tain after some algebra [2] an equation for mao:

Omeo K11(0) + K2(0)
Tl V- Vymg — ( 5 - K12(y))m2- (6.17)
Now, defining the Wigner transform of the two fields as
1 ik €Y gy
Wia(t,z, k) = —— Ty (tx — = )s(tx + —)d 6.18
12(,:17, ) (27T)d/Rde 7/}1(5‘7: 2)¢2(3I+ 2)y7 ( )
we find that
ma(t,z,y) = / eFYE{Wia}(t, x, k, k) dk. (6.19)
R4
Therefore, E{W15} solves the following equation:
ow K11(0) + K92(0 .
OV kv 4 Bl EROy [ i ywyap. (620
Rd

The initial condition for W is simply given by the Wigner transform of the two wave
fields (in the limit ¢ — 0). This formal derivation may be turned into a rigorous
derivation as in the case of energy densities: see [20].
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6.2. Fokker-Planck equation for correlations. Equations for correlation func-
tions may also be obtained when the correlation length is much larger than the
wavelength. In such a regime, we recall that the energy density solves a Fokker-
Planck equation in the limit of vanishing correlation length.

Let us assume that propagation occurs in media with some mismatch. The
function . satisfies

. Oy
;f + Awa Vs(2)t. =0 (6.21)
and the function ¢. satisfies
. 09
2202 4 E Mg~ Vs(a) + 256 =0 (622)
Both of the functions ¢. and wg satisfy initially
Ye(0,2) = ¢ (0, 2) = ¢g () (6.23)

to simplify, although different initial conditions can also be considered as in the
preceding section. The family ¢? is e-oscillatory and compact at infinity. The
random potentials V5 and S5 vary on a scale § that is much larger than the wave
length € of the initial data but is much smaller than the overall propagation distance
that is of the order O(1): ¢ <« § < 1. To keep a non-trivial correlation of 1. and
¢ the mismatch of the potentials has to be weak — hence the coefficient ¢ in front
of S5. We will see that in order to produce an order one contribution we will have
eventually to take Ss(z) = 6~1/25(x/d) making the overall strength of the mismatch
be of the order O(e/V5).

In order to study the correlation of ¥. and ¢. we introduce the cross Wigner

transform as
_ ik-y AN €y dy
We(t,x, k) /e e (t,x 5 ) O (t, x+ > ) )’ (6.24)

The distribution W, (¢, z, k) does not have to be real if ¢. # V.. Its phase measures
the decoherence of the functions ¢. and .. In order to obtain an equation for W,
we differentiate the Wigner transform with respect to time:
oW,
ot

L[ ) Vil B e (e D - D e+ D) e

Passing to the limit € — 0 we obtain an equation for the distribution Ws(¢, z, k),
the weak limit of W, as ¢ — 0:

ow,
aité +k-V,Ws —VVs(x) VW5 = iS(;(Z‘)W(;. (6.25)
In order to obtain a non-trivial limit of Ws(¢, x, k) as the correlation length 6 — 0

we choose the random potential Vs(x) and the mismatch S5(z) to be of the form

Vi) = VoV (5), i) = %s (%)

Then (6.25) becomes

% + k- -V, W5 — %VV (%) -V Ws = %S (g) Ws (6.26)

W(0,z,k) = Wy(z, k).
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The initial data Wy(z, k) is simply the limit Wigner measure of the family ¢C.
Equation (6.26) is the starting point of our analysis.

A formal derivation of the Fokker-Planck limit may be obtained as follows. We
introduce a multiple scales expansion

Ws=W(t,z, k) + \/5W1(t7m7y, k) + oWs(t,x,y, k) +..., y=a/6

and insert it into (6.26). As usual we make an additional assumption that the
leading order term W (¢, z, k) is deterministic and does not depend on the fast scale
variable y. In the leading order we obtain

k-N,Wi +60W, =VV (y) - ViiW +iS (y) W.

Here € > 0 is an auxiliary regularizing parameter that we will send to zero at the
end. Define the correctors x; and 7 as mean-zero solutions of

aVv
J

k-Vyn+0n==5Sy).
They are given explicitly by

X;(y, k) =/ WLy = 5k) 0 4 (6.27)
0 dy;
and
n(y, k) = / e %S (y — sk)ds. (6.28)
0

The function Wi is given in terms of the correctors as

d
oW (t,x, k .
Wl (t7 x,Y, k) = Z Xj(yv k)% + ”7(11/» k)W(tv &€, k)
=1 !
The equation for W5 is
ow .
o +k-V,WHEk-V, Wy =VV(y)- - ViW1 +iS(y)W.

Averaging under the assumption that E{k - V, W2} = 0 we obtain the following
closed equation for the leading order term W:

ow
W +k-V,W=E {VV(y) VWi + ZS(y)Wl} =Jr+Jr. (629)

The two terms on the right side are computed using the explicit expressions (6.27)
and (6.28) for the correctors. The first term may be split as
Jr =E{VV(y) - ViW1} = J; + J}
with
0 oW (t,z, k)
JP=E —(y)— |xm(y, k) —2"2
i { W) 5k {x (y, k) Ol ]}

J

0 ov OV (y—sk) _ps oW (t,z, k)
— g{ == 2T o A
ok; [ {ayj ) /0 oy ¢ m
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where the diffusion matrix Dj,, is given by

0o 2pVVvV
/ O*RVY (ks) |

Dinn (k) = = 0x,0x

N

1 [T 92RVY (s > (6:30)
:_m/ st, m,n:].,,d?k:k/“d

— 00

The term J? is

o ov oo o
= igt; [E{ gy @) | St sk s Wb

with the drift
* ORSV (sk)
By = [,

ax]-
Now we look at the second term in the right side of (6.29)
Jrr =E{iS(y)Wh} = Jir + Jip (6.31)
with
. OW (t,xz, k
7t = {iswntr ) 2
. OV (y — sk) _gs oW (t,x, k)
= zE{S(y)/O oo e "°ds Ol
. oW (t,x, k)
_ 1 s Ly
= zEm(k)iakm
with
00 4pVS 0o gpSV(_ 0 sv
E;,T:_/ OR (sk:)dS:/ OR>Y ( Sk)dS:/ OR (Sk)ds.
0 dz; 0 Iz; —oo O
Note that
.0 ) oW (t,x, k)
JE+Ji = ok (B (k)W (t,z,k)) + i (k) =5 ==
t,x, k
=i(E; + E]’-’)iawélf’ ) +i(Vy - ENW (t,z, k)
J
L OW(t, k)
with B
> ORSV (sk)
Ej=E,+E = /m 0 (6.32)
and -
F=Vy B = / sARSY (sk)ds. (6.33)
0

The last term in (6.31) is

T2 =B {iS(2)n(z, k)W (t,z,k)} = —k(E)W (t,z, k)
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with the absorption coefficient
(k) = / RSS (sk)ds. (6.34)
0

Putting together all the terms above we get the equation for W:

ow , . 0 ow
rra +k-V W =4E(k) Vi W +iF(k)W + e <Dmn(k)8kn> — k(k)W. (6.35)
If S and V are independent then F' = E = 0 and this simplifies to
ow 0 ow

In its simplest version, we therefore see that a mismatch in the random fluctuations
generates absorption (k) for the limiting correlation function W. This is consistent
with the picture obtained for the radiative transfer equation in the preceding section.

6.3. More general models for correlations. The preceding kinetic equations
for correlations were derived for a Schodinger wave model. Kinetic equations may be
obtained for more general dispersive and non-dispersive wave models. Such models
were derived for scalar wave field models in e.g. [3]. We will present a brief summary
of the kinetic models derived in that reference, to which we refer the reader for the
details.

Consider an equation of the form

R(eD)pe + Hepe =0, He = be(2)B(eDy)de(x)y(eDy). (6.37)

The operators R(eD;), (eD,), and v(eD,,) are pseudo-differential operators with
constant coefficients and with symbols defined by R(iew), B(ick), and v(eik), re-
spectively. This means that R(eD;) = F ! R(ciw)F, where F is the Fourier trans-
form, with similar expressions for 3(eD,) and v(¢D,). We assume that R(iw) is
real-valued and that 5(¢D,) is the formal adjoint operator to y(eD,).

For instance, the scalar wave equation

1
2(x)

corresponds to the case R(iw) = —w? and v(ik) = ik with b(x) = ¢* and d(z) = 1.

The advantage of the formulation (6.37) is that other (dispersive) equations such
as Klein Gordon with R(iw) = —w? + o2 or Schrédinger with R(iw) = —w. Dis-
cretization effects may also be accounted for, for instance by choosing R(iw) =
i%, where A is a time discretization step. The derivation of kinetic models is
thus possible for a large class of wave models. Here, as in [3], we restrict ourselves to
scalar models although the generalization to vectorial wave models is possible. The
above model (6.37) is not sufficiently general to account for spatial operators of the
form —A + V¢ as for the Schrodinger equation. We thus consider scalar equations
of the form

dip = Ap,

M
R(eDy)p? + HEpe =0, HE =D HE, 1<¢<2, (6.38)
p=1 ’

Hio =05 (2)B,(eD2)df (v)yu(eDy), 1<9 <2, 1<pu< M.
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Here M > 1 is a fixed positive integer. We define the operators

N
H(z, k)= H,(x,k),

H#(x, k) = buo (f)duo (x)ﬁlt (ik)'Yu (ik),

for 1 < p < M. We assume that the random fluctuations and the power spectra
are given by

x x
bﬁs(x) = buo(m) + \/gb;fl($7 g)v dﬁs(x) = dﬂo(l') + \/gd;fl(x7 g)v
(xvy)e{(b7b)7(bud)7(d7d)}7 1§%¢§27 1§M7V§M
Let us now define the Wigner transform of the two wave fields:
We(t,w,z, k) = WpL, p?](t,w, z, k).

We want to find a kinetic model to represent the evolution of W, (t,w,z, k) in the
limit e — 0. Since the random fluctuations have a negligible effect on the dispersion
relation, we find that

(R(iw) + H(z, k:))W(t, w,z, k) = 0. (6.40)
This implies that W (t,w, z, k) is a distribution supported on the manifold given by
R(iw) + H(z, k) = 0, (6.41)

which we assume admits w, (z, k) as distinct solutions. We assume that all solutions
wn(x, k) are real-valued. When R(iw) = S(w?), they come in pairs w_,, = w,. The
(even) number of modes indexed by n may be finite or infinite but is assumed to be
independent of (x, k). This generalizes the case of the wave equation where n = +1.
This allows us to decompose Wy as

Wo(t,w, 2, k) = bo(2) Y an(t,z, k)3(w — w (@, k). (6.42)

In other words, the correlation function peaks at those values of w given by the dis-
persion relation. It remains to find equations for the various amplitudes a, (¢, z, k).
Generalizations of the techniques developed earlier in this paper allow us to obtain
that the modes a,,(t, z, k) then satisfy the following equation

%am {wm (@, k), am} + (B (@, k) + T (2, %))

t
:z Jm(x,k,q)Zan(q)d(wn(x,q)—wm(x,k))dq.

d

Here, the Poisson bracket is defined as

(PWHa, k) = (Vo P - VW — VW - Vi P) (2, k). (6.44)
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The coefficients appearing in the above kinetic equation have the form

M 11 22
B k JrB k
(2, k) / (z,k,q) (7, k, q) Z
Re 2| R (i (w, k))|2

n

dg
X(S(wn(x7Q) — W (, k))W’
o, K) = 2> 5" Bllokn - Bilako) dg
m\ZL, R’ (zwm xZ, k' ]Rd - H(LE,q) (27T)d7
M 12
B2 (2, k,q) 1
() uuz |R! (iwm (, k))|? (2m)d—1’

af (2,p,k,q) = duo ()b, (2, 9) B (i) (iq) + buo(x)ds, (2, p) B (k) (iq),

By (2,k,q)0(0) = (2m) "E {af (2, k — ¢, k, @) (x,q — k, ¢, k) } -
(6.45)
Such models may be applied for scalar wave equations, Klein-Gordon equations,
Schrédinger equations as we mentioned earlier, but also for some systems of Maxwell’s
equations; see [3] for the details.

The above kinetic equations were obtained for scalar wave models. There is
no fundamental difficulty to extend the algebra to the systems analyzed in [71]
although such calculations have not been carried out to date, except for the system
of acoustic waves that will be presented below.

7. Application to time reversal.

1. Time reversal modeling. Propagation of acoustic waves is described by the

following linear hyperbolic system
ou Ou
A()at+D87—o reR? (7.1)

with the vector u = (v, p) € C*. The matrix A = Diag(p, p, p, x) is positive definite.
We recall that the 4 x 4 matrices D7, j = 1,2, 3, are symmetric and given by D}, = =
Omaln; + 0padmj. We use the Einstein convention of summation over repeated
indices. We restrict ourselves to the case of dimension d = 3 for concreteness
although spatial dimension d > 2 may be treated similarly.

The time reversal experiment considered here consists of two steps. First, the
direct problem

4+ DI =0, 0<t<T 7.2
Vor T pm T Usts (7:2)

u(0,z) = S(z)

with a localized source S centered at a point zq is solved until time t = T to
yield u(T~,x). At time T, the signal is recorded and processed. The processing is
modeled by an amplification function x(z), a blurring kernel f(z), and a (possibly
spatially varying) time reversal matrix I'(z), which in the ideal case is given by
I' =Ty = Diag(—1,—1,—1,1). After processing, we have

u(T*, @) =T(f = (xw) (T~ 2)x(). (7.3)
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The processed signal then propagates for the same time duration 7":

Ou . Ou
Alw) 5 + D)5 =0, T<t<2T (7.4)

u(T*, @) =T(f* (w))(T™, 2)x(@).

To compare the signal u(27T,x) with the initial pulse S, we need to reverse the
acoustic velocity once again and define the back-propagated signal

u®B(z) = Dou(2T, z).

The main question is whether the back-propagated signal u?(z) = Tgu(2T, z) refo-
cuses at the location of the original source S(z) and how the original signal has been
modified by the time reversal procedure. Notice that in the case of full (2 = R?)
and exact (f(z) = d(z)) measurements with I' = Diag(—1,—1,—1,1), the time-
reversibility of first-order hyperbolic systems implies that u?(x) = S(z), which
corresponds to exact refocusing.

When only partial measurements are available we shall see that u(27T, x) is closer
to I'S(x) when propagation occurs in a heterogeneous medium than in a homoge-
neous medium. This is one of the main striking results of the theory of time reversal.
Kinetic models offer a very precise quantitative description of this behavior.

7.2. Kinetic model for the refocusing signal. Let G(T,x;2) be the Green
matrix solution of

6G(tax7y) J
o P
G(0,z5y) = I6(x — y).

Az) —0,0<t<T (7.5)

The back-propagated signal may thus be written as

u?(z) = Tou(2T, z) =/ CoG(T, ;)Y )G(T, y's 2)x(w)x(¥') f(y—y)S(2)dydy'd=.

RQ
(7.6)
We observe that the signal involves the product of two Green’s functions, which
has the units of an energy density. It is therefore tempting to believe that in some
regimes such a product will be the solution of a kinetic equation and that the kinetic
model will offer the right transition kernel from the source S to the back-propagated
signal u?.

We consider an asymptotic solution of the time reversal problem when the sup-
port A of the initial pulse S(z) is much smaller than the distance L of propagation
between the source and the recording array: ¢ = A\/L < 1. We also take the size
a of the array comparable to L: a/L = O(1). We consequently consider the initial
pulse to be of the form

u(0,z) = S(L—20

).

Here x is the location of the source. The transducers obviously have to be capable
of capturing signals of frequency e~ and blurring should happen on the scale of
the source, so we replace f(x) by e ?f(¢~'z). Finally, we are interested in the
refocusing properties of u?(z) in the vicinity of zg. We therefore introduce the
scaling x = xo + €£. With these changes of variables, expression (7.6) is recast as

uP (& x0) = / DoG(T, zo + €& y)T (Y )G(T, y's 20 + €2)x(y, y')S(2)dydy’ dz,
]RQ
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where
Xw,9) = xw)x@) (2 — L.

We are interested in the limit of u?(¢;20) as e — 0.
Let us introduce some notation. We define the adjoint Green’s matrix, solution

(7.7)

of

aG*(t7$7y) 3G*(t7x,y)

x
G.(0,z;y) =T(x)ToA" (2)d(z — y).
This solution is useful because G, (t,x;y) = I'(y)G(t,y;x) A~ (2)Ty. Define now

(7.8)

Arzo) = [ GTmpN)e dy,
: | (7.9)
QuToma) = | GuT,my)x(y)e """/ dy,
R
and the Wigner measure
Wtz k) = | f(@U:(t,z, k; q)dg, (7.10)
R4
where
L — ikey _ &y, &Y. % 11
Utakig) = [ Q- FigQuite+ Fiaghy @)
Then some algebra [18] shows that
) dzdk
uB (& 20) = / e R E=AT W(T, xo + 2 +§J€)F0A(CE0 +¢e2)S(z) (; - (7.12)
RS d

We have thus reduced the analysis of u(&;xo) as € — 0 to that of the asymptotic
properties of the Wigner transform W.. But we already know that the Wigner
transform solves a kinetic equation in appropriate regimes of wave propagation. In
the weak-coupling regime for instance, we obtain for sources of the form

S(z) = (quég)) (7.13)
that in the limit € — 0, the Fourier transform & — k of the back-propagated signal
is given by

@B (k; 20) = a_ (T, o, k) Sy (k)by (w0, k) 4+ ay (T, 0, k)S_(k)b_(z0, k).  (7.14)
The eigenvectors by associated to the eigenvalues wy (z, k) = tc(z)|k| of the dis-

persion relation are as in (4.71).
The propagating amplitudes a4 solve the following kinetic model

+ COI;' ' V:zta:I: = /]Rd a(k,p)(ai(t,x,p) - ai(t,fﬂ, k))6(00(|k| - |p|))dp (715)

8ai

ot
The scattering coefficient o(k,p) is the same as before. The initial conditions for
the amplitudes a4 are given by
ax(0,2,k) = [x(@) 2f (k) (Ao(2)T(@)bs (a,k) - be(a. k). (7.16)
Here Ay = Diag(po, po, po, 50). Note that when I'(z) = Ty, then ay(0,z,k) =
x(2)[* f (k).

We thus see that the refocusing properties of the time reversal experiment are
captured by the behavior of the amplitudes a.
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7.3. The random medium in time reversal: a filtering process. Equation
(7.14) thus shows that the underlying medium acts as a filter for the time reversal
experiment. A refocused signal will be “good” if it looks like the emitted signal.
This means that the filter in (7.14) should be as close as possible to a constant
value.

In a homogeneous medium with I'(x) = Ty, we observe that

ax(t, o, k) = [x(wo F cokt)|*f (k). (7.17)
Unless x is uniformly equal to a constant (when there are detectors everywhere)
and f (k) = 1 (when measurements are perfect), we observe that these amplitudes
become more and more singular in k£ as time grows since their gradient in k grows
linearly with time. In a random medium however, multiple scattering renders the
solution smoother and smoother as time grows (see [18] for a concrete definition
of this). In the limit of vanishing mean free path (highly scattering media), the
amplitudes

ay(t,x, k) = a_(t,z, k) =~ alt, z, |k|),

asymptotically solve a diffusion equation

alt = kD) _ pikpasalt, o, k) = o,
ot L1 ) (7.18)
(0.2 6) = X@)P s [ F@)s(ll = k.
In this setting, we obtain that
@? (k5 20) = alT, zo, |K[)S(k), (7.19)

for a solution a(T, o, |k|) that is quite smooth (in the |k| variable).
Assuming that p; = 0 and that E{#1(p)#1(q)} = k3Rod(p+ ¢q), then we find that

C2 Co
D(k|) = ==— = —. 7.20
D) =558 = Gmniir (7:20)
When f(k) = f(|k]), the solution of (7.18) takes the form
; 3r[k|* Ry \ 3/2 32| k[* Rolao — y[? 2

T = STt - .

T 1K) = F) (Ton®) [ oo s (w)Pdy
(7.21)

When f(z) = 6(z), and Q = R? so that y(z) = 1, we retrieve a(T,x¢,k) = 1,
hence the refocusing is perfect. When only partial measurement is available, the
above formula indicates how the frequencies of the initial pulse are filtered by the
single-time time reversal process. Notice that both the low and high frequencies are
damped when x(xg) = 0, i.e., there are no detectors at the source location.

The reason is that low frequencies scatter little from the underlying medium so
that it takes a long time for them to be randomized. High frequencies strongly
scatter with the underlying medium and consequently propagate little so that the
signal that reaches the recording array 2 is small unless recorders are also located
at the source point: xg € Q.

Expressions such as (7.19) and (7.21) give both a quantitative and physically
simple explanation for the good refocusing properties of time reversed waves in
highly heterogeneous media. Note that the statistical stability we obtained for
kinetic models extends to the analysis of time reversed waves, at least in those
regimes of wave propagation where rigorous results may be obtained.
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7.4. Time reversal and changing media. Let us now assume that the medium
in which the back-propagating signal propagates in the second stage of the time re-
versal experiment is different from the medium in which the first signal propagated.
From the point of view of the modeling, this is straightforward. All we need to do
is to replace (7.6) by

uB(z) = Tou(2T, z)

= /Rg oG (T, z;9)T(y ) G1L(T, v's 2)x(y)x (') f(y — v')S(2)dydy' dz,

(7.22)
where G is the Green’s function corresponding to propagation in medium j = 1
for the forward propagation and j = 2 for the backward propagation. The Wigner
transform in (7.10)-(7.11) thus needs to be modified accordingly. But we have
already obtained kinetic models in the weak coupling regime for the correlation of
wave fields propagating in different media.
Consider fluctuations of the form

x
(Cf)Q(l‘) :c%—\/gV‘/’(g)7 p=12,
1 C

2 __ _ 0 ¥

cg=—— V¥ (x) = —ki(z

f= e V@) = ki),
where c¢g is the average background speed and xf and V¥ are random fluctuations
in the compressibility and sound speed, respectively.We assume that V¥ (z), ¢ =
1,2, are statistically homogeneous mean-zero random fields with correlation
functions and power spectra given by:

gR?Y(x) =E{Ve(y)V¥(y+2)}, 1<pp<2,
(2m)lchReY (p)o(p+q) = E {V“"(p)W(Q)} :

Then we find [21, 71] that a4 (¢, x, k) solves the following equation

‘%* + cok - Vag + (S(k) +iT1(K))as
_ 7;(";75)@ [ R = 0 @6 @) i () da

2 (k) P11 | pH22 (7.23)
o) R+ R
S(k) = —= k—q)d —wy(k))d
() = Sopmt |, g (k= 00(n () — v (0)dg
. MYt - - wj (k)w(q)
(k) = —L== p.v./ (Ru —RQQ) k—q)————"T1_dq
)= "4amt PV b =9 = ()
Here, we have w+ (k) = %c|k|. The other mode is given by a_ (¢, z, k) = a’ (t, z, —k),
a property which is always satisfied by uniqueness of the transport solutions and
which ensures that the back-propagated signal is real—vah}ed. The bouncary condi-
tions, as in (7.16), are still given by a4 (0,x,k) = |x(z)|>f(k) assuming ['(x) = Ty.
Let us consider a very simple example where the randomness is SpatiallyA shifted
by a factor e before back-propagation. This corresponds to assuming that V?2(p) =
e?TV1(p). Then we observe that R'' = R??2 = R and that R'?(p) = e""P " R(p).
As a consequence, oy (t,x,k) = P Ta(t,x, k) solves the transport equation (7.23)
with 7 = 0 (i.e., the transport equation when both propagating media are the
same).
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In the diffusion approximation, with perfect detectors f (¢) = 1, we thus obtain
that

t k
9otz V) iy asa(t,a, k) = 0,
a(0 jtk|>—| @ P g [, €80~ kg | @psnlrie (720
IR =@ e L q =X G
As a consequence, we find that
. 1 k N
AP (ki) = o~ SR o kDS ), (7.25)

)
it

where ao (T, o, |k|) is the solution of (7.18) obtained for 7 = 0.

In the simplified diffusive regime of propagation, we thus obtain the following
striking result: if the random medium is shifted by %, then the the filter for the
corresponding wavenumber A|k| = 27 vanishes. There is simply no refocusing for
such a frequency. This behavior as a sinc function, which should be replaced by a
Bessel function is two dimensions of space, was very well reproduced in numerical
simulations [21] as well as experimental data [61].

Even though time reversal is relatively robust with respect to errors in the mea-
surements (modeled by blurring f(z) or by very inaccurate time reversion I'(x)), it
is seen to be quite unstable with respect to changes in the random medium between
the two propagation stages of the experiment. This also explains the degrading
refocusing properties observed in time reversal oceanic experiments [36] as the het-
erogeneities in the ocean change as a function of time.

7.5. Time reversal and imaging. Time reversal enhanced refocusing properties
at first look very promising in imaging of buried inclusions in random media. If the
inclusion may be made active, then the back-propagated signal will indeed refocus
at the location of the inclusion. If back-propagation is performed numerically on
a computer rather than in the physical environment, then time reversal seems to
provide a very powerful method to localize such inclusions.

In most applications, however, the underlying heterogeneous medium (the medium
we have modeled as random for want of a better description) is not known very accu-
rately. Back-propagation on the computed will therefore inevitably occur using an
approximation of the underlying medium. How accurate should this approximation
be for the refocused signal to be tightly focused at the location of the inclusion? The
answer, unfortunately, is that the approximation should be very accurate. The the-
ory of time reversal in changing media seen above was precisely devised to quantify
how accurate the approximation should be.

We have already mentioned that refocusing was “good” when the transport so-
lution was smooth. And what generates the smoothness of the transport equation
is strong scattering. Yet, the scattering operator in the above equation is seen to be
proportional to the quantity R'2_in other words to the cross-correlation of the two
random media. When such a correlation is large, then refocusing will be very strong.
When the correlation is weak, then refocusing will be weak as well. Assuming that
we know the statistics of the random medium, it is relatively easy to construct a
realization of the random medium. If that realization is chosen uncorrelated with
the “true” heterogeneous medium in which the physical signals propagate, then we
may conclude that the two random media V! and V2 are uncorrelated, in which
case R'2 = 0. This is often the best we can achieve on a computer unless detailed
knowledge of the highly oscillatory random medium is available. Back-propagation
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will thus occur with ay solutions of transport equations with no scattering. We
know that such solutions are not smooth and that the refocusing properties of the
reconstructed signal will be poor. For this reason, time reversal is difficult to use
as an imaging methodology.
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