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Abstract

This paper concerns the reconstruction of the absorption and scattering parameters in
a time-dependent linear transport equation from knowledge of angularly averaged mea-
surements performed at the boundary of a domain of interest. We show that the absorption
coefficient and the spatial component of the scattering coefficient are uniquely determined
by such measurements. We obtain stability results on the reconstruction of the absorption
and scattering parameters with respect to the measured albedo operator. The stability
results are obtained by a precise decomposition of the measurements into components
with different singular behavior in the time domain.

1 Introduction

Inverse transport theory has many applications in e.g. medical and geophysical imaging. It
consists of reconstructing optical parameters in a domain of interest from measurements of
the transport solution at the boundary of that domain. The optical parameters are the total
absorption (extinction) parameter o(z) and the scattering parameter k(z,v’, v), which measures
the probability of a particle at position z € X C R™ to scatter from direction v € S"~! to
direction v € S"1, where S"~! is the unit sphere in R".

The domain of interest is probed as follows. A known flux of particles enters the domain
and the flux of outgoing particles is measured at the domain’s boundary. Several inverse theories
may then be envisioned based on available data. In this paper, we assume availability of time
dependent measurements that are angularly averaged. Also the source term used to probe
the domain is not resolved angularly in order to e.g. save time in the acquisition of data.
More precisely, the incoming density of particles ¢(t,x,v) as a function of time ¢, at position
x € 0X at the boundary of the domain of interest, and for incoming directions v, is of the
form ¢s(t, z,v) = ¢(t,z)S(x,v), where ¢(t,x) is arbitrary but S(z,v) is fixed. This paper is
concerned with the reconstruction of the optical parameters from such measurements. We show
that the attenuation coefficient is uniquely determined and that the spatial structure of the
scattering coefficient can be reconstructed provided that scattering vanishes in the vicinity of
the domain’s boundary (except in dimension n = 2 and when X is a disc, where our theory
does not require £ to vanish in the vicinity of 0.X). For instance, when k(x,v',v) = ko(z)g(v', v)
with g(v/,v) known a priori, then ky(z) is uniquely determined by the measurements. Similar
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results were announced in [1] when measurements are available in the modulation frequency
variable, which is the dual (Fourier) variable to the time variable.

Several other regimes have been considered in the literature. The uniqueness of the recon-
struction of the optical parameters from knowledge of angularly resolved measurements both
in the time-dependent and time-independent settings was proved in [9, 10]; see also [17] for a
review. Stability in the time-independent case has been analyzed in dimension n = 2,3 under
smallness assumptions for the optical parameters in [14, 15] and in dimension n = 2 in [18].
Stability results in the presence of full, angularly resolved, measurements have been obtained
in [3, 4, 19]. The intermediate case of angularly averaged measurements with angularly resolved
sources was considered in [13]. The lack of stability of the reconstruction in the time indepen-
dent setting with angularly averaged measurements and isotropic sources is treated in [6]. See
also [2] for a recent review of results in inverse transport theory.

The rest of the paper is structured as follows. Section 2 recalls known results on the
transport equation and the decomposition of the albedo operator. In section 3 we define and
decompose the averaged albedo operator (Proposition 3.1) and we study its distributional ker-
nel (Theorems 3.2-3.5). Our main results on uniqueness and stability are presented in section
4 (Theorems 4.1-4.2, Theorems 4.4-4.5 and Corollary 4.6). We show that the absorption co-
efficient and the spatial structure of the scattering coefficient (the phase function describing
scattering from v to v" has to be known in advance) can be reconstructed stably from angularly
averaged time dependent data. The reconstruction of the scattering coefficient requires invertion
of a weighted Radon transform in the general case. In the specific case of a spherical geometry
(measurements are performed at the boundary of a sphere), then the scattering coefficient may
be obtained by inverting a classical Radon transform. In section 5 we prove Theorems 3.4-3.5.
In section 6 we prove Theorems 4.1-4.2, Theorem 4.5 and Theorem 4.4 (4.13). In section 7
we prove Theorem 3.2. In section 8 we prove Theorem 3.3. In section 9 we prove Lemmas 7.1,
8.2-8.4 that are used in sections 7-8. In section 10 we prove Lemma 8.1 that is used in section
8. In section 11 we prove Proposition 3.1.

The derivation of the results is fairly technical and is based on a careful analysis of the
temporal behavior of the decomposition of the albedo operator into components that are multi-
linear in the scattering coefficient. Our results are based on showing that the ballistic and single
scattering components may be separated from the rest of the data. These two components are
then used to obtain our uniqueness and stability results. It turns out that the structure of single
scattering is different depending on whether k vanishes on X or not. When k does not vanish
on 0X, the main singularities of the single scattering component do not allow us to “see inside”
the domain as they only depend on values of k£ at the domain’s boundary in dimension n > 3.
The singular structure of single scattering and the resulting stability estimates are presented
in detail when both k vanishes and does not vanish on 0.X.

This is the extended version of a submitted paper [5].

2 The forward problem and albedo operator

2.1 The linear Boltzmann transport equation

We now introduce notation and recall some known results on the linear transport equation.
Let X be a bounded open subset of R", n > 2, with a C* boundary 0X. Let v(z) denote the
outward normal unit vector to 9X at z € 9X. Let 'y = {(z,v) € 90X x S"' | +v(z)-v >0}
be the sets of incoming and outgoing conditions. For (z,v) € X x S~ we define 74 (x,v) and
T(z,v) by 74(z,v) ;= inf{s € (0,400) | x £ sv € X} and 7(z,v) := 7_(x,v) + 74 (z,v). For



z € 0X we define S} ' :={v e S" ! | £v(z) v >0}
Consider 0 : X x S ! — Rand k£ : X x S*! x S"! — R two nonnegative measurable
functions. We assume that (o, k) is admissible when

0<oel®X xS,
0 < k(z,0',.) € LY(S"!) for ae. (z,0') € X x S" 71

op(x,v) = /S B k(z,v',v)dv belongs to L®(X x S"1).

(2.1)

Let T > n > 0. We consider the following linear Boltzmann transport equation

%(t’ T, U) tuv- Vﬂcu<t, z, U) + U(CL’, U)u(t, x, U)

= k(x, v, v)u(t,z,v")dv', (t,z,v) € (0,T) x X x S" !,
Sn—l (22)

U|(0,T)xI"— (t, z, U) = ¢(t7 z, U>7

w(0,z,v) =0, (z,v) € X x S,
where ¢ € L*((0,T), LY(T_,d€)) and supp¢ C [0, n]. Here, dé(x,v) = |v - v(z)|dvdpu(x), where
du is the surface measure on X and dv is the surface measure on S"~!. In other words, we
assume that the initial condition is concentrated in the n-vicinity of ¢ = 0 and measurements

are performed for time 7', which we will choose sufficiently large so that particles have the time
to travel through X and be measured.

2.2 Semigroups and unbounded operators
We introduce the following space
Z = {fel'XxS" N |v V.f e LN(X xS 1}, (2.3)
[fllz = |l fllrexsn-1y + v - Vo fllexsn-1);

where v - V, is understood in the distributional sense. B
It is known (see [7, 8]) that the trace map v_ from C*(X x S"!) to C(T'_) defined by

7-(f) = fir_ (2.5)

extends to a continuous operator from Z onto L'(T'_, 7, (z,v)d¢(x,v)) and admits a continuous
lifting. Note that L'(T'_, d€) is a subset of the spaces LY(T'_, 7, (z,v)dé(x,v)).
We introduce the following notation

Af=—of, Asf = k(z, o' v)f(z,v")dv'. (2.6)
S§n—1

As (o, k) is admissible, the operators A; and A, are bounded operators in L'(X x S*71).
Consider the following unbounded operators

Tlf:_v'vxf+A1f7 D(Tl):{fez|f|l—‘7:0}v .
T =Tif + Asf, D(T) = D(T) (25)

It is known that the unbounded operators 77 and T are generators of strongly continuous
semigroups in L'(X x S"71) U, (t), U(t) respectively (see for example [11, Proposition 2 pp
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226]). In addition U;(t) and U(t) preserve the cone of positive functions, and U;(t) is given
explicitly by the following formula

U(t)f =e” Is ole—sov)ds £ty 0)O(z,z — tv), for ae. (z,v) € X x S"7, (2.9)

for f € L'(X x S"7!), where

1if x + —x) e X for all p € (0,1],
@(:c,y) :{ o 0 o)therwise pel ] (2'1())
for (z,y) € R™ x R".
We recall the Dyson-Phillips formula
+o0
Ut) =Y Hult) (2.11)
m=0
for t > 0, where
Ho(t) = / Ur(t — 81—+ — 5,) Aol (51) - AU (5 )dss - - dsp, m > 1, (2.12)
§12>0,..., sm >0
s1+...+sm <t
t
H,(t) = / Hy 1 (t — 8)AUy(s)ds, m > 1, (2.13)
0
Ho(t) = Uy(t). (2.14)

2.3 Trace results

We introduce the following space

W= {ue L'0,T) x X x S" 1) | (% +v- vx> we LN(0,T) x X xS}, (2.15)

: (2.16)
L1((0,T)x X xSn—1)

0
Jullw == HUHLI((mT)xXxsn—l) + H (5 + - Vx) U

where % and v - V, are understood in the distributional sense. B
It is known (see [7, 8]) that the trace map y_ (respectively v, ) from C*([0,T] x X x S~ 1)
to C(X x S" 1) x C((0,T) x I'y) defined by

= (w) = <w(07 ')7 wI(O,T)Xl—‘f) (respectively ’Y+(¢) = W(T, ')7 w|(O,T)><1"+) (217>

extends to a continuous operator from W onto L'(X x S"7! 7, (x,v)dzdv) x L'((0,T) x
I min(T — ¢, 7, (z,v))dtdé(x,v)) (respectively LY(X x S 7_(x,v)dwdv) x L'((0,T) x Ty,
min(t, 7_(x,v))dtdé(x,v))). In addition v4+ admits a continuous lifting. Note that L'(X x S*~1)
is a subset of L}(X xS"™! 7, (x,v)dxdv). Note also that L*((0,T)xT_, dtd€) (resp. L*((0,T) x
[, dtd€)) is asubset of L'((0,T)xT_, min(T—t, 7y (z,v))dtdé(z,v)) (resp. L'((0,T) T, min(t,
T_(z,v))dtde(z,v))).

We now introduce the space

Wi={ueW |~v_(u) € LN(X x S x L}((0,T) x T'_, dtd¢)}. (2.18)

We recall the following trace results (owed to [7, 8] in a more general setting).

4



Lemma 2.1. The following equality is valid
W={ueW |v.(u) e L' (X xS x L'(0,T) x Ty, dtd¢)}. (2.19)
In addition the trace maps

Yo W — LHX xS X LY ((0, T)xTy, dtd€) are continuous, onto, and admit continuous lifting.
(2.20)

2.4 Solution to equation (2.2)

We identify the space L'((0,7), L'(T'y, d€)) with the space L'((0,r) x Ty, dtd§) for any r > 0.
We extend by 0 on R outside the interval (0,7) any function ¢ € L*((0,7), L'(T'_, df)).
Let ¢ € L'((0,n), L*(T_,d€)). Then we consider the lifting G_(t)¢ € W of (0, ¢) defined

T_(x

v ole—sov)dsyy (t_7 (z,0), x—7_(x,v)v,v), for ae. (t,x,v) € (0,T)xX xS" 1.
(2.21)

Note that G_(.)¢ is a solution in the distributional sense of the equation (& +v-V,)u+ou =0

in (0,7) x X x S"! and

1G-()ollw < (1 + [lollo)[G-()ollLr0mxxxsn-1) < (1 + l|oflo) Tl|O— || Lr(0myxr - atag)- (2:22)
To prove this two latter statements, one can use the following change of variables (see [10]).

Lemma 2.2. We have

7+ (z,v)
/Xxgn1 [z, v)dedy = /1“¢ /0 flx £ tv)dtde(z, v), (2.23)

for fe LH{X x V).
From (2.22) we obtain that the map i : L'((0,7), L' (T'_, d¢)) — W defined by
i(9) = G-(.)o. ¢ € L'((0,n), L'(T-, d¢)), (2.24)

is continuous.
The following result holds (see [11, Theorem 3 p. 229]).

Lemma 2.3. The equation (2.2) admits a unique solution u in W which is given by

u(t) =G_(t)p + /Ot Ut — s)AsG_(s)pds. (2.25)

where U(t) is the strongly continuous semigroup in L'(X x S"™1) introduced in subsection 2.2.

Using (2.25) and the Dyson-Phillips expansion (2.11) we obtain that the solution u of (2.2)
may be decomposed as

u(t) =G o+ /_ CH(— $) G (5)dds. (2.26)

for t > 0 and ¢ € L'((0,n) x 0X,dtdu(x)). The first term in the above series G_(t)¢ is the
ballistic part of u(¢) while the term corresponding to m > 1 is m-linear in the scattering kernel
k. The term corresponding to m = 1 is the single scattering term.

From (2.24), Lemma 2.3 and (2.20), we also obtain the existence of the albedo operator.
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Lemma 2.4. The albedo operator A given by the formula
A = uor)xr,, for ¢ € L'((0,n), L'(T_, d€)) where u is given by (2.25), (2.27)
is well-defined and is a bounded operator from L'((0,n), L*(T'_,d¢)) to L'((0,T), L}(T, d§)).

We refer the reader to [9] for the reconstruction of the optical parameters when the full
albedo operator is known. We assume here that only partial knowledge of the albedo operator
is available from measurements.

3 The operator Agy and its distributional kernel

3.1 Angularly averaged measurements

We now define more precisely the type of measurements we consider in this paper. The direc-
tional behavior of the source term is determined by a fixed function S(x,v), which is bounded
and continuous on I'_. We assume that the incoming conditions have the following structure

os(t', 2!, v) = S, )t o), t € (0,n), (2/,v)eTl_, (3.1)

where ¢(t, z) is an arbitrary function in L'((0,7) x dX). We model the detectors by the kernel
W (z,v), which we assume is a continuous and bounded function on I'y. The available mea-
surements are therefore modeled by the availability of the averaged albedo operator Agy from

LY((0,m) x 0X, dtdu(z)) to L*((0,T) x 0X,dtdu(x)) and defined by
Aswo(t,z) = /s" 1 A(ps)(t, z,v)W (z,v)(v(z) - v)dv, for a.e. (t,z) € (0,T) x 0X. (3.2)

The functions S and W are fixed throughout the paper. The case W = 1 corresponds to
measurements of the current of exiting particles at the domain’s boundary.

The decomposition of the transport solution (2.26) translates into a similar decomposition
of the albedo operator of the form

Aswo(t, v) Z Amswo(t, z), (3.3)
for (t,z) € (0,7) x 0X, where we have defined

Aoswlt.0) = [ (o) W) (G-(008) gryer, (b0}, (3.4)

A swol(t, ) :/S;;(V(m) v)W(x,v (/ Hy1(t —5)AsG_(s )gbgds)( (t,z,v)dv, (3.5)

O,T) ><F+

for a.e. (t,z) € (0,T) x 0X where ¢g is defined by (3.1). The kernels of the operators A,, sw
can be written explicitly.



3.2 Distributional kernel of the operators A,, sw

Consider the nonnegative measurable E from 0X x X — R defined by
_fol-’lil—l‘Zl (wl 87‘1171;| 7‘11 zo] f - Xf 11 0 1
E(x1,25) =4 € *if z1 + p(ze — 1) € X for all p € (0,1), (3.6)
0 otherwise,
for a.e. (1, x9) € 0X x0X. For m > 3, we also define the nonnegative measurable real function
E(zq,...,2,) by the formula

Ti—Ti4] Ti—Ti4]

e D Q) (2, Ty )T T20 (2, Tis1), (3.7)

7227111 ‘937, ’LJrl‘ 0‘(]71'78

E(zy,...,xy) =

for a.e. (z1,...,2,) € 0X x (R")™ 2 x 0X, where © is defined by (2.10). The function
E(xy,...,x,) measures the total attenuation along the broken path (z1,...,z,) € 0X X
R™2 x 90X provided (wg, ..., Ty 1) € X2

For m € N, m > 1 and for any subset U of R™ we denote by yy the characteristic function
from R™ to R defined by xy(y) = 1 when y € U and xy(y) = 0 otherwise. Using (3.4)—(3.5),
(2.21) and (2.13)—(2.14) we then obtain the following result on the structure of the kernels of
the albedo operator.

Proposition 3.1. We have

A (0)(t,7) = / ot — ¥, 2,2 o)t ), (3.8)

(0,n)x0X
for m >0 and for a.e. (t,x) € (0,T) x 0X, where
E(z,x)

Yo(r,m,2') = m (W (z,v)S(2',v)(v(x) - v)|v(z') - UH”:@%;\ or—lz—2), (3.9)
71(7—7 l’,l'/) = X(O,—O—oo)(T B ’Q?, - ‘1.')/ I(V(l’) ’ U)W(:L‘,U) [E(:c,x — SV, xl)k(‘x — 8v, Ula ’U)
sn-!
2021 — (z— ') - v)" 3
X X (S W) st e = v, (3:10)

for (t,xz,2") € Rx0X x0X and where 7y, form > 2 admits a similar, more complez, expression
given in Section 8 (see (8.12)—(8.13)).

Because the above formulas are central in our uniqueness and stability results, we briefly

present their derivation and refer the reader to Section 11 for the rest of the proof of Proposition
3.1.

Derivation of (3.9) and (3.10). From (3.4) and the definition of G_, we obtain Ay swo(t, z) =
fS::}(V(.CL’)'U)W(ZE,’U)E(%,QZ—T,(‘I,U)U)S("L’—T,(,I’,U)U,U)gﬁ(t—T,(x,U),w—T,(;U,’U)U)d’U, (t,x) €
(0‘, T ) x 0X and for ¢ € L*((0,n) x 0X). Therefore, performing the change of variables “x'”=
x—7(x,v)v (dv = |g|cl' z/l')nvhdu( ') and 7(x,v) = |z — 2']), we obtain (3.9).

From the definition of A, and G_ we note that A,G_(s)¢s(z,w) := [, k(2,0 w)E(z, z—
7 (2,0 )W) S (2 — 7_ (2,0 )W, 0" )p(s — T_(2,0'), 2 — 7_(2,v")v')dv’, for a.e. (z,w) € X x S""! and
for ¢ € L'((0,n) x 0X). Performing the change of variables “a’ = z — 7_(2,v')v"”, we obtain

the equality (A,G_(s)ps = Jox k(2,0 w)S(, 0 p(a') - v']], e EEED (s — |2 —
o
2’|, 2")du(z'), for a.e. (z,w) € X xS" ' and ¢ € L'((0,n) x 0X). Usmg also the definition of
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A1 sw (see (3.5) for m = 1) we obtain the following equality for any ¢ € L'((0,7) x 0X) and
for a.e. (t,z) € (0,7) x 0X

sw@ta) = [ ] = =0t )S@ ) i, (010)0)
E(z,z — (t — s)v,:;:’)

T (=)= x,‘n,l@(x, x— (t—s)v)p(s — |z — (t — s)v — @'|, "YW (z, v)du(z")dsdv. (3.11)

Then performing the changes of variables “s”’=t — s and “t""=t —s — |z — sv — 2/| (s =
APl A0l e obtain (3.10). 0

2(t—t'—v-(z—2a'))’ ds lz—a'—(t—t")v|?

To simplify notation, we define the multiple scattering kernels
Te =Y Ym. (3.12)
m=k

3.3 Regularity of the albedo kernels

The reconstruction of the optical parameters is based on an analysis of the behavior in time of
the kernels of the albedo operator. Our first result in this direction is the following.

Theorem 3.2. Assume that k € L>®(X x S"~ ! x S"1). Then the following holds:

72 — |z — 2Py (1,2, 2") € L((0,T) x 0X x 0X) when n = 2; (3.13)
_ !

M%(T,x,x') € L>((0,T) x 0X x 0X) when n = 3; (3.14)

Tlz — 2" 2y (1, 2,2') € L=((0,T) x 90X x 0X) when n > 4. (3.15)

In addition, assume that k € L®°(X x S" ! x S"1) and that there exists § > 0 such that
suppk C {y € X | sup,cpx |z —y| > 3}, i.e., the scattering coefficient vanishes in the vicinity
of 0X. Then, the following holds

(r— |z — ') T (rz2) € L°(0,T) x 0X x 8X) when n > 2. (3.16)

Theorem 3.2 is proved in Section 7. The results (3.14) and (3.15) of Theorem 3.2 correspond
to singularities of the single scattering contribution that depend on the values of £ on 0.X. The
above theorem shows that the structure of the single scattering coefficient is quite different
depending on whether k& vanishes on dX or not.

The following result describes some regularity properties of the multiple scattering. It is
because multiple scattering is more reqular than single scattering, in an appropriate sense, that
we can reconstruct the scattering coefficient in a stable manner.

Theorem 3.3. Assume that k € L>®(X x S"~ ! x S"1). Then the following holds:

Lo(r,z,2") € L=((0,T) x 0X x 0X), when n =2; (3.17)
Tlx — 2'|To(T, 2, 2")

, 2
(r— |z —2) (1 +1In (—:ji:i/}))

_ ‘,L,I|n72

€ L>((0,T) x 0X x 0X), when n =3; (3.18)

%FQ(T,I,JJ/) € L*((0,T) x 0X x 9X), when n > 4. (3.19)
T—|v—x



In addition, assume that k € L>®°(X x S"~! x S"™1) and that there exists § > 0 such that
suppk C {y € X | sup,ecox | —y| > 6}. Then the following holds:

i

-1
(1 —|z—2)7" (1 +1In (m)) Lo(r,z,2") € L=((0,T) x 0X x 0X), when n = 3;

(3.20)
(r— |z — /) T To(r, 2,2') € L®((0,T) x 0X x 0X), whenn > 4. (3.21)
Theorem 3.3 is proved in Section 8. These results quantify how “smoother” multiple scat-

tering is compared to the single scattering contribution considered in Theorem 3.2.

3.4 Small time asymptotics of the single scattering term

In this subsection we assume that X is also convex. We give limits for the single scattering
term in two configurations given by:

the nonnegative function ¢ is bounded and continuous on X x S*~!,

: : : : > 22
the nonnegative function k is continuous on X x S"~1 x S*~1; (3.22)
or

there exists a convex subset Y C X with C' boundary such that o(x,v) =0

for (z,v) € (X\Y) x S"! and the nonnegative function o is bounded and

continuous on Y x S*~!: and there exists a convex subset Z CY C X (3.23)

with C' boundary such that 6 := inf(, ,yecoxxz |z — 2| > 0 and k(z,v,v) =0
for (z,v',v) € (X\Z) x S*"! x S*~1, and the nonnegative function k
is bounded and continuous on Z x S"! x S*~1,

When either (3.22) or (3.23) is satisfied, we want to analyze the behavior of the function
71 (7, x,2") given by the right hand side of (3.10) for all (7,z,2") € R x 90X x 0X. We need to
introduce some notation. Let ¥y : S*™! x X — R be the function defined by

Bo(v,2) = (7_(z,0)7(2,0)) T, (v,2) € S" ' x X, (3.24)
and consider the weighted X-ray transform Py, defined by

T+ (20)
Py, f(v,z) = / Yo(v, tv + x) f(tv + x, v)dt, (3.25)

7—(z,0)

for a.e. (v,7) € S"! x 90X and f € L*(X x S" 1, 9y(v, z)dxdv). The first result analyzes the
behavior of 4; under hypothesis (3.22).

Theorem 3.4. Assume that the open subset X of R™ with C* boundary is convex. Let (z,x}) €
0X? be such that x+ s(x —x}) € X for some s € (0,1). Put vg =

ey and to = |z —ag|. Then
0
under condition (3.22), we have the following results. When n = 2, then

|lx—x

) L VAW w)S(eh ) ble)  wlvlr) vl )
Y V= Vio (3.26)

1
ngokUO(vo,x)—l—o( ), as T — tg,

VT —to




where Py, is defined by (3.25) and ky,(y,v0) := k(y,v,vo) for (y,v) € X x S"~L.
When n = 3, then

1 T

n(rz,ag) = ln(?to)%

W (i, v0)S (g, vo) (v () - vo) [v(x) - vol E(x, ()

X (k(x,v,v0) + k(z5, vo, v0)) + o(ln( )), as T —t§.  (3.27)

T — to
When n > 4, then
(z,v)(v(x) - v)k(z, v, v)

v
1—v-19

dv

n w
H(raay) = th"E(r,a) [s<xg,vo>|u<xs>-vo| L.
z,+

k(. ', v0) S(20, V') (v(2p) - V')

v

W o) o) [ o
z(y,—

+o(1), as T — t§. (3.28)

Theorem 3.4 is proved in Section 5. Note that 7; depends on the value of £ on 90X in
dimension n > 3. Under hypothesis (3.23), i.e., when the optical coefficients vanish in the
vicinity of where measurements are collected, we have the quite different behavior:

Theorem 3.5. Assume that the open subset X of R™ with C* boundary is also conver and
assume that condition (3.23) is fulfilled. Let (x,z}) € 0X? be such that z, + s(x — () € Z for
some s € (0,1). Put vy = ;:—igl and to = |z — x}|. Then we have the following.

When n = 2, then (3.26) still holds.
When n > 3, then

(T, @, xy) = (1 — to)nT_g(2t0)1_TnVoln_2(S"_2)S(x6, vo)W (2, v0)|v(xg) - vo|(v(z) - vo) (3.29)
X E(x, x) Py ko, (z,v0) + o((T — to)"T), as T — td, .

where Py, is defined by (3.25) and ky,(y,v) := k(y,v,vo) for (y,v) € X x S*~1.

Theorem 3.5 is proved in Section 5. Theorem 3.5 may remain valid under different condi-
tions from those stated in (3.23). For instance, when o is bounded and continuous on X and
k is continuous on X x S"! x S"~1 and k(z, .,.) decays sufficiently rapidly as = get closer and
closer to the boundary 90X for any z € X, then the same asymptotics of v; holds.

4 Uniqueness and stability results

We denote by v := Iy = Z:f:oo ¥m the distributional kernel of Agy . Then v — v = I'y
denotes the distributional kernel of the multiple scattering of Agy . For the rest of the paper,
we assume that the duration of measurement 7' > diam(X) := sup(, ,exz |z — y| so that
the singularities of the ballistic and single scattering contributions are indeed captured by the
available measurements.

Let (5,k) be a pair of absorption and scattering coefficients that also satisfy (2.1). We
denote by a superscript ~any object (such as the albedo operator A or the distributional kernels
% and ) associated to (&, k). Moreover if (o, k) satisfies (3.23) for some (Y, Z) and (&, k) also
satisfies (3.23) for some (Y, Z), then we always make the additional assumption ¥ = Y and
Z = 7. Let ||.|lnr = |l 221 (0mx0x)),L1((0,7)x8X)) -

10



4.1 Stability estimates under condition (3.22) or (3.23)

Theorem 4.1. Assume that the open subset X of R™ with C! boundary is also convex. Let
(0,k) and (6, k) satisfy condition (3.22). Let x(, € 0X. Then we have:

E — E|(z, ! ~
[ B, )0 o) o) el ol | i) < s = Aslyr
X |95 - 370\ to:lz*wf)\
e

(4.1)
Let x € 0X be such that pxy+(1—p)x € X for somep € (0,1). Put vy = ;:—z:o' and ty = |x—xp).
0
When n = 2, we have

W($, UO)S(xé)a UO)(V(:E) . 'UO)|V(:E6) : U0| ’E(gjv xg)Pﬂokvo(UO’ ZL’) - E([B, $6)P190];5U0 (UOv $)
< % H\/TQ — |z — 22Dy = Ty)(7, 2, 2)

where || -+ [|zoe == || - ||z (o) x0x x0x), Poo is defined by (3.25) and ku,(y,v) := k(y,v,v) for
(y,v) € X x S" ! (k,, is defined similarly).
When n = 3, then

, (4.2)

Lo

‘E(SL’, $6)<k<l’,vo, UO) + k(xibv()v,UO)) o E(l’,&l{))(%(aj‘, U(]?UO) + ];Z(.’IZ‘B, Vo, UO))

7|z — 7 0y —T)(r 22| .(4.3)

, 1

X W (1, 00) S (. 00) (1) - vo) [w(h) - wo| < = || ————~
™ (=)

Loo

When n > 4, then

W(z,v)(v(z)-v) < .

Sz, vo)|v(xg) - vol 1 — E(x, z))k(z,v,v) — E(z, xg)/;(:c, 0, v)) dv

S(xp, v)|v(xy) - v ., . ~
+W (x,v0) (v(x) - vp) /S ( 01 _)L},(. ;0) | <E(a:, zg)k(zg, v, vo) — E(x, 25)k(zg, v ,vo)> dv’

n—1
T, —

< HT|Z — z/|"_2(F1 — fl)(T, z,2")

(4.4)

‘LOO

Theorem 4.1 is proved in Section 7. It shows that the spatial structure of £ may be stably
reconstructed at the domain’s boundary. More interesting is the following theorem, which pro-
vides some stability of the reconstruction of the scattering coefficient when it vanishes in the
vicinity of the boundary 0.X.

Theorem 4.2. Assume that the open subset X of R™ with C* boundary is also convex. Assume
also that inf yer_ S(2',v") > 0 and inf, e, W(z,v) > 0. Let (0,k) and (5,k) satisfy
condition (3.23). Let x{, € 0X. Then there exist constants C; = C1(S, W, X,Y) and Cy =
Co(S, W, X, Z) such that

/ |E — E|(xf + 74 (2, vo)vo, 20)[v(4) - voldve < Chl|Asw — Aswllns (4.5)
st

0

B (@, 3) Pagkig (vhs 76) — B, @) Pk (v, %)

/ /
0 0

< (Cy

(r= |z =) (@ = D) )|

(4.6)
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for x € 0X such that pzj + (1 — p)x € Z for some p € (0,1) where v, = x_—xél, Py, is defined
0

|lz—x

in (3.25), and ky (y,v) = k(y,v,v}) for (y,v) € X x §*! (];3% is defined similarly).

Theorem 4.2, which is one of the main results of this paper, is proved in Section 8.

4.2 The case when X is a ball of R"

When X is an open Euclidean ball of R", which is important from the practical point of
view in medical imaging as it is relatively straightforward to place sources and detectors
on a sphere, we are able to invert the weighted X-ray transform Py, f, f(xz,v) = f(x) €
L*(X, sup,egn-1 Uo(v, )dz) using the classical inverse X-ray transform (inverse Radon trans-
form in dimension n = 2). In the next subsection we shall consider a larger class of domains
X, which requires one to solve more complex weighted X-ray transforms.

Up to rescaling, we assume X = B, (0, 1), the ball in R centered at 0 of radius 1. Consider
the X-ray transform P defined by

+($,’l})
Pf(v,z) = / f(sv+ x)ds for a.e. (v,7) € S" ' x X, (4.7)
7—(z,v)

for f € L*(X) (we extend f by 0 outside X). We have the following Proposition 4.3.

Proposition 4.3. When X = B,(0,1) we have

Py, f(v,2) = P(of)(v,2), for a.e. (v,x) € S" ' x X, (4.8)

_n—1

for | € L*(X,sup,egn-1 Yo(v, x)dx) where o(y) := (1 - [y[))""2, y € X.

Proof of Proposition 4.3. 1t is easy to see that

et +quiv) = V1= FL, (4.9)
do(v,7) = (1—@ -7 = (1—|z]>)"7, (4.10)

for (t,q) € R?, t? 4+ ¢*> < 1 and for (v,vt) € S" 1 x S*7 1 v . vt =0, where z = tv + qut (we
remind that Jy is defined by (3.24)). Then Proposition 4.3 follows from the definition (3.25). [

Assume that (o, k) satisfies condition (3.22) when n = 2 or (3.23) when n > 2. Assume
also that k(z,v,v") = ko(z)g(v,v") for ae. (x,v,0") € X x S*™1 x §"~! where g is a given
continuous function on S"! x S"~!inf, cgn-1 g(v,v) > 0, and where ky € L>(X). Then from
the decomposition of the angularly averaged albedo operator Agy (Proposition 3.1) and from
Theorems 3.2, 3.3, 3.4 and 3.5, and from Proposition 4.3 and methods of reconstruction of
a function from its X-ray transform, it follows that (o, k¢) can be reconstructed from the
small time-asymptotics of Agw provided that ¢ = o(z) and infy )er_ S(a',v') > 0 and
inf(; vyer, W(z,v) > 0. In addition we have the following stability estimates.

Theorem 4.4. Assume X = B,,(0,1) and inf(, yyer_ S(2’,v") > 0 and inf, yyer, W(z,v) > 0.
Let (0,k) and (5,k) satisfy either condition (3.23) or (3.22). Assume that o, & do not depend
on the velocity variable (o(x,v) = o(x)) and suppo Usupps C Y, where Y C X is convex with
C' boundary, and let M = max(||o||poyy, |0]|1o(y)). Assume k(z,v,v") = ko(x)g(v,v') and
k(z,v,0") = ko(z)g(v,v), g(v,v) > 0, for (z,v,0") € X x S" 1 x 8" where g is an a priori
known continuous function on S*1 x S*1,

12



Then there ezists Cy = C5(S, W, X, Y, M) such that

~ 1
lo —all 03||0—0||Loo wllAsw = Aswll; 7 (4.11)

H 3(y) =

When n > 2 and (o, k) satisfies (3.23), there exists Cy1 = Cy1(S, W, X, Y, Z, M, g) such that

~ 1 ~ ~
lo(ko — ko) < Caallko = kol[& (HkoHooHAs,w — Aswllnr (4.12)

1
2

I3
o G R R VICEDT
When n =2 and (o, k) satisfies (3.22), there exists Cyo = Cy2(S, W, X, M, g) such that
lotho = o)ll,-3 ) < Callko — Roll (W%OHOOHAS,W — Al (4.13)

1
—i—H\/ |z — 2/|2(T"y — Tzz)H )4.
LOO

Theorem 4.4 can be proved by mimicking the proof of Theorem 4.5 given below for a larger
class of domains X. However we give a proof of estimate (4.13) in Section 6.

Note that the left-hand side ||o(ko— ko) HH,%(Z) of (4.12) can be replaced by || ko — ko”H*?(z

since o~ € C®(Z) and the operator f — ¢ 'f is bounded in H~2(Z) for any open convex
subset Z (with C! boundary) of X which satisfies Z C X.

Under the assumptions of Theorem 4.4 and additional regularity assumptions on (o, k) one
obtains stability estimates similar to those given in Corollary 4.6 given below for a larger class
of domains X.

4.3 Uniqueness and stability estimates for more general domains X

Theorem 4.5. Assume that the open subset X of R™ is convex with a real analytic boundary
and that inf s yyer S(2/,0') > 0 and infe, e, W(z,v) > 0. Let (0,k) and (5,k) satisfy
condition (3.23). Assume also that o, & do not depend on the velocity variable (o(z,v) = o(x))
and k(z,v,v") = ko(2)g(x,v,v") and k(z,v,v') = ko(x)g(z,v,0"), g(z,v,0') > 0, for (z,v,0') €
X x S x S"! where g is an a priori known real analytic function on X x S"1 x S*~! and
where suppko Usuppko C Z, (ko, ko) € L®(Z). Then estimate (4.11) still holds and there exists
Cy=Cy(SSW, XY, Z, M g) such that

ko = koll ;-3 ,, < Callk — k% (Hf%HooHAs,w ~ Aswllyz (4.14)

(2)
e (G EREd R eI GRS

where M = maX(HJHLoo(y), H&HLoo(y)).

Theorem 4.5 is proved in Section 6. Assume that X is convex with a real analytic boundary
and that inf e S(2',0v") > 0 and inf(, yer, W(z,v) > 0. Let Y and Z be open convex
subsets of X, Z € X, Z C Y C X, with a C' boundary. Let ¢ be an a priori known real
analytic function on X x "1 x §"1 g(z,v,v’) > 0 for (x,v,v') € X xS" 1 xS"1 Let r; > 0,
ro > 0. Consider the class

N = {(o,k) € HT™(Y) x L®(Z xS ' x ") | o1l 5+m 3y < M,

k = kog, suppko C Z, ”kOHH%+T2(Z) < Mg}. (4.15)
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Note that there exist a function D : N x (0, +00) — (0, 4+00) such that

lollzeevy < Da(n,ro)llollggam gy < Da(n, )M,
||]{?0||Loo < Dl(TL T2>||k0||H2+r2( S Dl(TL,Tg)MQ, (416)
1kl Lo (2) S 91l oo (2 | ol| Lo (2) < Dl(n,Tz)MQHQHLoo(Z),

for (o,k) € N. We also use the interpolation formula

sg—s

121 (0) 171

/1

s 51 (4.17)

Hs(0) < Hf H#52(0O

for s1 < s < sy and for (O, s1,s2) € {(Y,—3, 24+ 1), (Z, —%, % 4 132)}. Using Theorem 4.5 and
(4.16), and applying (4.17) on f =0 — ¢ and f = ko — ko we obtain the following result.

Corollary 4.6. Let (0,k), (7, l?:) € N. Then, for —% <s< 5 +rand for 0 <1 <1y, there
exists Cs = Cs(S, W, X, Y, My, 11, s) such that

lo=6llasvy < Csllo =6l iyl Asw — Aswl Zr, (4.18)

/

lo=0llgg+ryy < CollAsw — AswllZ (4.19)

where (k,K') = ("H(Trs) 2r, ) ) and Cs = C2™7 Dy(n,r)5~ (Di(n,r) is defined by (4.16)).

n+142r1 > n+142r
In addition, there exists Cy = C7(S,W, X, Y, Z, g, My, r1, M3, 19, 8) such that

+|r = 12 = 2D @ = By 2, 2)

ko = Follirszy < Crllko = Foll iz (IAsw = Aswlln (4.20)
L)
e/

ko — ];’0||H%+T(z) < Cy <||AS,W — Aswllnr + H(T — =) F =T Z’Z/)HLoo> -
(4.21)

1 n+2(ro—s) 2(ro—r
for =5 < s < G4+ and 0 < r < 1y, where (k,K') = <n+1(f2r2),ni12+2,?2> and Cy =

CZ+ Dy(n,r)=+ (Di(n,r) is defined by (4.16)).

Remark 4.7. (i.) Theorem 4.5 and Corollary 4.6 remain valid when: X is only assumed to be
convex with C? boundary; the weight ¥, defined by (3.24) (resp. the function g which appears
in the assumptions of Theorem 4.5 and Corollary 4.6) is sufficiently close (in the C? norm) to
an analytic weight 6y, on the vicinity of Z x S"~! (resp. an analytic function g, on the vicinity
of Z x S"~1 x §"71); see proof of Theorem 4.5 and [12, Theorem 2.3].

(ii.) When n = 3 then under hypothesis (3.23), we have

o0

Z (Am,S,W - Am,S,W)

m=1

| =1z == =Tz =

L(LY((0,n)x0X),L>((0,T)x0X))

where the distributional kernel of the bounded operator Z;o:ol (Am757w—14m757w) from L'((0,n) x
0X) to L*((0,T) x dX) is given by I'; — I';. Therefore when n = 3 and under condition (3.23),
the right-hand side of the stability estimates (4.14) and (4.20) can be expressed with operator
norms only (instead of using a norm on the distributional kernel of the multiple scattering).
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5 Proof of Theorems 3.4, 3.5

Proof of Theorem 3.5. For the sake of simplicity and without loss of generality we assume
vo = (1,0,...,0). Assume that condition (3.23) is satisfied. For n > 2 consider the following
open subset of (0, +oc0) x S*71 x §"!

D :={(s,v,0") € (0,400) x SL ! x Szgi | s € (0,7—(z,v))}. (5.1)
Then we introduce the bounded function ¥,, on D defined by
W (5,0, ') = 272W (2,0) () - 0) B, & — 50, 5 — s0,0',0)S(wh, o) (wy) - o], (5.2)

for (s,v,v") € D. Note that from convexity of X it follows that 7. is continuous on I'z and

|x—956—sv\

e_fos o‘(;t—p'u,'u)dp—fo 0’($—sv—p|

IE—$/0—5U .1‘—51)/0—81) )dp l
forveS;, and 0 <s <

1'7167511\ ’ |r7z675v\

E(z,x — sv,xp) =
7_(x,v). Under (3.23) we obtain that

U, (s,v,v') = 0 for (s,v,0') € (0,+00) x SI' x Sza_i such that z — sv & Z,

5.3
and the function ¥, is continuous at any point (s, v,v’) € D such that z — sv € Z. (5:3)

We first prove (3.26) for n = 2. Let 7 > ¢y. From (5.2), (3.10), it follows that

raay) = [ —— ()W (s, v,0")] a0
T\T, T, Ty - e T — to COS(Q) X(0,7— (z0))\S) ¥2(5, U, U :,::(‘;35(305)1223
T;:t%

5= 3=t cos())

- ’71,1(7—7*%7‘7;6) +ry1,2(7_7x7x6)7 (54')

where Sp7" = {(cos Q,sinQ) | —ap < Q<7 — o} (0<ap <) and

A " X(Oﬂr—ao)(Q) / A
71,1(7_7 xz, xO) — /0 T —to COS(Q) [X(O,'r_(:c,v)) (8)\1[2<S7 v,V )} :/::((t:gs(ln,és)li?’u) ds? (55>

e
5= 2(T—tg cos(2))

0
oo X(—a070)<Q) / _
71,2(7—7 Z, 1’0) = /;W T —to COS(Q) [X(O,T—(l“,v))(s)qb(s? v, v )] :i‘;g??@lig dS2. (5'6)
L2 42

ST 2(r—t( cos(Q))

We shall prove that

W (x,vo)S(xfh, vo)(v(z) - vo)|v(xy) - vol| E(xf, ) /to k(x — svo, v, UO)ds
0

VT —tona(T,x, x)) —
071, ( O) \/2—150 S(to — S)
as T — tar, (5.7)

for i = 1,2. Then adding (5.7) for i = 1 and i = 2, we obtain (3.26). We only prove (5.7)

for i = 1 since the proof for ¢ = 2 is similar. Let 7 > ¢;. Using the change of variables
= 243 ¢ )
5= 3(r—to coZ(Q)) — 5%, we obtain

X(O,ﬂ: (z,v(s,7))) (5 + T_Tm>q12(8’ U(Sa 7-)7 U/(Sa T))

1 fo
T, T, Th) = ———— rao)(Q(s, T
71,1( 0) \/7_27_2%/0 X(07 0)( ( )) S(t() — 8)

dr.
(5.8)
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where

7'2—tg
7— —
v(s,7) = (cos (s, 7),sin Q(s, 7)), Qs, ) = arccos (%) :
0

5.9
) to(1,0) — (s + 52) v(s,7) (59)
V' (s, T) = —r )
S
Let s € (0,%9). From (5.9), it follows that
v(s,7) — (1,0) as 7 — t, V'(s,7) — (1,0) as 7 — 1. (5.10)

Note that using the definition of vy and using the assumption xj + e(z — z[) € X for some

e € (0,1) we obtain ty = 7_(x,v). Note also that the function s +— (2 S, 5 € (0,t0), is
s(to—s

integrable in (0, 7). Therefore, using (5.3), the boundedness of ¥y on D and the Lebesgue
dominated convergence theorem, we obtain (5.7). This proves (3.26) when n = 2.
Let n > 3 and prove (3.29). From (5.2) and (3.10), it follows that

— toug -
71 (Ta z, 'IEJ) = / (T oo U)
S

n—1 |t0U0 — 7'1)’27174L X

n—3

(0400) (V(2) - V)V, (5,0,0") | _tgvg=—sv dv, (5.11)
727—:1%
=3(r—tgu-v0)
for 7 > |z — x{).
Let ®(Q,w) = (sinQ, cos(Q)wy, ..., cos(Q)w,—1) for Q€ (=7, 7) and w = (w1,... ,wn-1) €
Sn=2. Using spherical coordinates we obtain

/2 (T — tosin(Q))"3
oo 0)"—2 0 12
(7,2, 20) /—w/2 cos(2) (12 + 72 — 2to7 sin(Q) )2 512

/ X(07+OO)(V("L‘) ) (I)(Qa w))\ljn(s’ @(97 w)7 U,) o= 1000 =52 (Qw) dwds,
S§n—2 T—S

7242
ST 2(r—tg sin(Q))

242
for 7 > t,. Performing the change of variables “r = 5— D __ _ 7=t” o the first integral on

2(T—to sin(Q?)) 2
the right-hand side of (5.12), we obtain

o neg [t0 r(ty — 7’)”_3
nma) = 2 | [<— TR e o1
T—1
/Sn2 X(®<Q7 W))\Dn (r + 07 ®<Q7 w)’ U,)dw Q:arcsin(tal(rfg%) dr'

2(r+ 1510

s—rt T—Qto

U,:tgvgfsd)(ﬂ,w)

T—S

Therefore using (5.13), (5.3) and (5.2) and using Lebesgue dominated convergence theorem, we
obtain (3.29). This concludes the proof of Theorem 3.5. O

Proof of Theorem 3.4. For the sake of simplicity and without loss of generality we assume
vo = (1,0,...,0). Assume that condition (3.22) is satisfied. We consider the measurable function
VU,, defined by (5.2) for all (s,v,v") € D where D is defined by (5.1). Under (3.22) we obtain

that
the function ¥, is continuous at any point (s,v,v') € D

(. for any (s,0,0') € (0,+00) x S} 7' x 81,1, @ — sv € X), (5.14)
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The proof of (3.26) under condition (3.22) is actually similar to the proof of (3.26) under
condition (3.23). Note that (5.4)—(5.6) still hold so that we have to prove that (5.7) still holds
for i = 1,2. Again we only sketch the proof of (5.7) for i = 1. Note also that (5.8)—(5.10)
still hold. Then using (5.8)—(5.10), (5.14) and (5.2) and using Lebesgue dominated convergence
theorem, we obtain (5.7) for ¢ = 1. This proves (3.26).

Let n > 3. Formula (5.12) still holds. Now assume that n = 3. We shall prove (3.27). Let

T > to. Using the change of variables “c = ln(t%JlrrT(Q(;itt%T)zs;li(ﬁzz;ié()z)_to)2)”, the equality (5.12)
gives
T+t
o (5)
——

2t07

(T, 2, 25) = Y,1(7, @, 20) + Y1,2(T, @, 7)) (5.15)

where

Ya(7T, @, 20) = /02 /51 X (0,400) (V(2) - R(QUT, €),w))Us(s(T, ), P(QT,€),w), v (T, w, €))dwde

(5.16)
ia(r 2, 7)) = / /S X042 () BT, ), ) W57, ), RO ), ),/ (7, €))ole
’ (5.17)
and
Q(r,e) := arcsin (TQ = _;to)j(l—&) T+ t0)2€) ; (5.18)
e t%
(&) = S s ) (5.19)
J(rw ) = tove — s(7,e)P(Q(T, 5),w)’ (5.20)

T —s(7,¢€)

for 0 <e<1,weS
We shall give some properties of Q(7,¢), s(7,¢) and v/(1,w, ) for 0 < e <1 and w € S*1.
From (5.18), it follows that

Q(r,e) — g, as T — tg, for all e € (0,1). (5.21)

From (5.18) and (5.19), it follows that

T(to + 7) (7 — to) %!
(to+ 7)(T — to) =71 + (7 + to) %’

B T(to+ 7)
Cto+ T+ (T —to)' =25 (1 + to)?

(5.22)

s(T,€)

s(t,e) =

for e € (0,1). From (5.22) it follows that
s(t,e) = 0" as 7 — tf, when ¢ € (1/2,1), s(1,6) = t; as 7 — tJ, when ¢ € (0,1/2). (5.23)
In addition, from (5.18)—(5.20), it follows that

—7(7 4 t0)*(T — to)* + 2637(7 + to)* + 7(T + to) (7 — 1)
2t07’2(7' + t0)2€

Y

V(rw,e) = (

V= = 10 (7 4 10)2 — (7 = t0)2(r + 1) + 22+ 1) (7 — )7 + 10)*

G to)' 7% (1 + t0)25)w
2toT(T + lfo)2‘E

(5.24)
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for 0 < € < 1. Therefore

V(T w,e) = vy = (1,0,0) as 7 — g,

(5.25)
for 0 < e < 1.

Using (5.16), (5.21), (5.23), (5.25) and Lebesgue dominated convergence theorem, we obtain

Y11(7, 2, 2p) / / lim W3(s, vg, vo)dwde
7'—>t0 S

1 s—ty

21 E (g, )W (2, v0)S (25, vo) (v(2g)ve) (v(2)ve) k(24, vo, vo)

(5.26)
(we al.so.used (5.2)).

Similarly, using (5.16), (5.21), (5.23), (5.25) and Lebesgue dominated convergence theorem
we obtain

Y2(T, @, 20) — 2w E (2, 2)W (2, v9)S (g, vo) (v (24 )vo) (v (x)ve) k (2, v, v0), as T — t]

(5.27)
Statement (3.27) follows from (5.15) and (5.26)—(5.27).
Let n > 4. We shall prove (3.28). From (5.12) it follows that
n(r, 2, 20) = 17, 7, 75) + Na2(7, 2, 20), (5.28)
where
110238 = X gy @ o (5.20)

></ . X (0,400) (P(2,w) - v(2)) X (0, (2,0(2.0)))) (8) Wi (5, P(Q,w), V), tgug—st@.e) dwd

2 42
= 3(r—tg s (@)
3 B — tosin(Q))" 3
, a2 (T—to 5.30
Y1.2(7, 7, %) /amsin(to) cos(§2) (t3 + 72 — 27 sin(Q) )2 ( )

X / X(O,—i—oo)(V(fE) . @(Q, w))x(o T_(x,<I>(Q,w))))<S)\I}n(3, (I)(Q, w), U/)v,:w dwdQ

7'271%
= 2o s ()
First we study ~v1,1. Note that
T — tosin(2) T — tosin(2s) (5.31)
12+ 72— 2to7sin(Qy) 13+ 72 — 2te7sin(Qy)’ '

for —7 <Oy <y < 7§ and for 7 > ¢. Therefore using also the estimate cos(2) < 1 we obtain
cos(Q2)"? (1 —to sin(Q))”_3
(t3 + 72— 2th sin (€2

3 cos( T — tosin(Q2) =3 C?
< Q n—4 < 0 5.32
< cos() 34712 — 2t07' sin( (t2 + 72 — 27 sm(Q)) = 2tyT2’ (5:32)

for Q € (-3, 5) and sin(Q) < 2 (we used (5.31) with “0Qy”= Q and “Q,”= 2, and we used the
estimate 2 + 72 — 2to7sin(Q) > 2te7(1 — sin(f2))), where
i 02 2 )
Co:= sup _sinle) u L,(). (5.33)
pe(2m) 1 — cos(¢) Qe(-3r,1) 1 — sin(Q2)
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Using (5.29), (5.32), (5.2) and Lebesgue dominated convergence theorem, we obtain

z 0 n—2
(T2, 2h) — 2 / F os( @ / () - B(,w)) Tim T, (s, B, w), vo)dwd2
— Sn—2

T—td T 1-— SIH(Q) s—0t
1 )
= 22—nt(1)—n /Sn_l 1_—1)1}0 S]ir[%_ U, (s,v,v0)dv
©,+
1
= t(l)_”E(xg, x)S (x5, vo) (v(xg) - vo) / 1—VV(x7 v)(v(z) - v)k(z, v, v)dv. (5.34)
sttt T Vo

Now we shall study 7, 2 defined by (5.30). Note that using the convexity of X we obtain

!
/ T—SV—x -1

v € Szé_i whenever v € S} and s € (0,7_(x,v)). Therefore using the change

= |z —sv—a(|
. ©os 27tg—(T24t2) sin(Q) 5, P— « 72—t2)2 cos(QV 9
of variables “sin(€) = TG, Q € (=5,5) (“cos(V G = oy e ) e
obtain
arcsin(%o) (7_ _ ¢t Sin(Q/))nfS
A Q2 0 5.35
7172(7_7 €, 370) /_ COS( ) (tg 472 Aot Sin(Q/))n—Q ( )

us
2

/ wesn—2 X(0,7— (x,@(Q(T,Q/),w)))(S(Tv Ql))\lln(s(Ta Q/)a CI)(Q(Tv Q/)a w)a UI)U’ZQ(Q’,—w)deQ,;
v(z)-®(Q(1,Q),w)>0
7V(16)»®(Q’,7w)>0

where
. [ 21ty — (7% + t2) sin(Q) 72 + 2 — 2to7 sin(Q)
Q(r, Q) = Q) = 5.36
(7, ) = arcsin < T2 4 13 — 2torsin(Y) )7 s(r, ) 2(1 — tosin(Y)) ( )
for ' € (=3, 7). Note that
Q(r, ) — z, Q(Q(1, ), w) — vy, (5.37)
Tﬂtg 2 Tﬂtar
s(r, Q) — o, (5.38)
T,

for (,w) € (=5, %) xS" 2 Note also that from (5.37), it follows that at fixed v = ®(Q/, —w) €
Szg’l_ the condition x(o,r_ (z,0(0(r,0)w)) (8(7,€)) = 1 (which is equivalent to x—s(7, ) ®(Q(7,?'),w) €
X due to convexity of X) for ®(Q(7,Q),w) € Si' is satisfied when 7 — ¢y > 0 is sufficiently
small. Therefore from (5.32) (with “Q” replaced by “©”) and from (5.35) and Lebesgue domi-

nated convergence theorem we obtain

e T cos(Q)n2
’7172(7',.%336) - 22 té / #H)(QI)/S Ly X(O,Jroo)(_y(xi)) ' (b(Q,? _w»

T—t, 5
1
X lim W, (s, v, ®(, —w))dwdQ = 22"1%"/ ———— lim U,(s,vp,v")dv’
s—ty S"fl 1—2- Vo s—ty
x(,—
1
=ty "E(x), 2)W (2, v0) (v(z) - vg)/ ms%, V) |v(ag) - k(2,0 v)du'. (5.39)
syt L= U o

0

Statement (3.28) follows from (5.28), (5.34) and (5.39). Theorem 3.4 is proved. O
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6 Proof of Theorems 4.1, 4.2, 4.5 and Theorem 4.4 (4.13)

Proof of Theorem 4.2. We now prove (4.5). Let z, € 0X. For ¢ = (g1,e2) € (0,+00)? and
g3 € (0,+00) let (f.,,g:,) € CHOX) x CH(R) satisfy

Gey > 0, fo, >0, suppg., C (0, min(es, 7)), (6.1)

supp/fe, € {2’ € 0X | |2’ — xp] < e1}, (6.2)
n

/ g, (t)dt' =1, / fe, (Ndu(z") =1, (6.3)
0 0X

for e = (g1, e9) € (0, +00)2. Therefore ¢. := g., f-, is an approximation of the delta function at
(0,25) € R x X for € := (e1,&2) € (0,+00)?. Let ¢, € L>((0,T) x dX) be defined by

wes (tv l’) - X(—€3,63)(t - ‘CL‘ - x6|)<2X(0,+00)((E - E)(‘r7 Ié))) - 1)7 (tv CL’) € (07T) X aX? (64)
for e5 > 0. From (3.8) and (3.12) it follows that

[ bl (Asw — Asw)on (b o)dtdutz) = Lo, 0.

(0,T)x9X

—i—/ Ve, (8, 2) (', ') (T — f’l)(t —t' 2 )dtdu(z)dt du(x"),  (6.5)
(0,T)x0X x(0,n)x0X

for e = (e1,22) € (0,+00) and e3 € (0, +00), where

E - FE !
Lo(¥ey, 0) = [O,T)tX_B)fg;xaxz, ey (8, 2) e (t — | — 2’|, 2") (xijz x/’nfﬂf@)
X W (,0)S (', 0)((a) - 0) (&) - v amay dbdp(@)dpe(@). (66)

From (3.16), (3.17), (3.20) and (3.21) it follows that

3—n

(1 — |z —2'))7 (Ty =Ty (1, z,2") € L®((0,T) x X x 0X). (6.7)

Combining (6.5) and the equality ||¢c | L1(0,nxox) = 1 and the estimate [|1)., || L=(0r)xox) < 1
and (6.7) we obtain

Io(%g, ¢€) S HAS,W - AS,WHW,T + OAl (%3, ¢5)7 (68)

for e = (e1,e2) € (0,+00) and g3 € (0, +00), where C' = ||(7 — |z — ac'|)3_Tn(I‘1 _T)(r 2, 2)
| o ((0,7)x0x, x0x,,) and

(0,T)¢ x0X g X (O,n)t, ><E)Xx/
lz—a|<t—t/

Ay (Vey, Pc) = / ey (B, )P (t, ") (t — ' — | — 2) "2 dtdp(z)dt' du(z)). (6.9)
Note that the function ®; ., : [0,7) x 0X — R defined by

Py, (t,2) = oo Ve, (L)t —t — |z — x'])an?)dtdu(x), (t',2') € [0,n) x 90X, (6.10)
\x—x/|<t—f’

is continuous on [0,1) x X for 5 € (0,+00). Therefore from (6.1)—(6.3) and the equality
Ay (Yey, ) = f(o n)xOX (V' 2") Py o (F, 2")dt' dp(2") it follows that

lim lim lim Ay(¢e,, ¢.) = lim Py .,(0,25) =0 (6.11)

E3—>0+ 52—>0+ 81—>0+ 83—>0
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(we also used (6.10), (6.4) and the Lebesgue dominated convergence theorem to prove that
limg, o+ ®1.,(0,25) = 0). Note that under condition (3.23) the function ®¢.,., : 0X — R
defined by

E(z,z') — E(z,2)

|$ _ x/|n—1

q)(),sz,ss (x/) - KO,T)tanx wes (t, x>gz-:2 (t - ‘x - Q3I|>

le—a!|<t

X W (x,v)S(a',v)(v(z)-v)|lv) - vl], "’ dtdu(x), (6.12)

is continuous on 9X, for (g9, €3) € (0, +00)?. Therefore from the equality Iy(t.,, d.) = fax Dp ey s ()
X fe, (2")dp(z") (see (6.6)) it follows that

Hm Io(tey, ¢2) = Poepes(3), for (e2,63) € (0, +00)2. (6.13)

e1—0t

Therefore using the Lebesgue dominated convergence theorem and (6.12) we obtain

‘E (z,2)) — E(z,z}) / ,
lim lim lim Io(¢e,, ¢-) /8 (W (z,v)S(xg, v)(v(x) - v)|v(zg) -v]]  ar du(w).

e3—01T e9—01 g1 =01 X, ZE — CL’/ |n 1 v=

(6.14)
Combining (6.14), (6.11) and (6.8) we obtain the formula (4.1). Using (4.1) and the estimates
infp vyer_ S(a',v") > 0 and inf(,yer, W(x,v) > 0 and the change of variables x = xz{ +

T4+ (2, Vo) Vo (‘w'j_(zg"f’,l du(x) = dvg) we obtain (4.5) where the constant C; which appears on the

right-hand side of (4.5) is given by C} = (inf (s wyer_ S(2/,v') inf 4 pyer, W (z, v))_1
We now prove (4.6). Let T € 0X be such that pxj, + (1 — p)x € Z for some p € (0,1). We
From (3.16), (3.17), (3.20) and (3.21) it follows that

lo=a)]

_ -
set to = |x — xp| and vy = —‘x o

(r = | — ap)) =" |71 Ful(r 2, 2h) < (1= |o — ap]) 2 |Po = Tyl (7, 2,2)  (6.15)
HI(s — |z = 2/]) = (01 = T1) (s, 2, 2 Lo ((0,1) s x0X. %050

for 7 > |z — 2. From (3.17), (3.20)—(3.21) it turns out that lim, o+ (7 — |2 — x0|) “|Ty —
Ty|(7, 2, 2') = 0. Therefore applying (3.26) and (3.29) on the left-hand side of (6.15) we obtain

21 — apl oS (i, wo)W (2, w0)(2h) - ol ((z) - o)

to o= Jo© o(zh+svo,vo ik (2 — puo, an vo) — €~ Jo© &(af+svo,v0 Vs | (2 — pug, vo, Vo)
/0 pT (to—p)T
< (s = |2 = 22" (01 = T1)(5, 2, 2) | (0.1, x0x. x0%.0)» (6.16)

where C,, = 2ifn = 2 and C,, = Vol,,_5(S"~?) if n > 3. Then note that Cx := inf, cyx, ez v(21)-
21=% ~ () since X is a bounded convex subset of R” with C! boundary and Z C X. Therefore

|z1—2]

(4.6) follows from (6.16) where the constant Cy which appears on the right-hand side of (4.6)
QnTildiarn(X)nTi1

CnC% inf,r yer_ S(z' ') inf($17vl)er+ W(z1,v1

X

dp

is given by Cy = 7 Theorem 4.2 is proved. ]

Proof of Theorem 4.1. We prove (4.1). Let 2, € 0X. For € = (e1,e3) € (0,+00)? and e3 €
(0, +00) let (fe,9-,) € CHOX) x CH(R) satisfy (6.1)-(6.3) and 1., be defined by (6.4). First
note that (6.5)—(6.6) still hold. From Theorems 3.2 and 3.3 it follows that

z— /" (7 — o — 2/))i(Dy — T0)(r, 2, 7)) € Lo((0,T) x 0X x 0X). (6.17)
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Combining (6.5), (6.17) and the equality ||de|| 11 ((0,7)xax) and the estimate [|1)., || Lo (0,1)xax) < 1
we obtain

IO<¢537 st) S ||AS,W - AS,WHn,T + CAQ(l/}a:w ¢€)7 (618>
for & = (e1,5) € (0,400), g3 € (0,400), where C = |||z —/|" i (7 — |z —2'|) i ([y =Ty (7, 2, 2')
| o ((0,7)x0x, x0x,, and

_ 1/}83 (tu x)¢6(t/7 lJ) / /
AZ(wsga ¢s) o ﬁo,T)txaxxx(o,n)t,xaxz, |l‘ _ $/|”—£(t _ |:L' _ 1"|)% dtdﬂ(l’)dt du(l‘ ) (619)
|le—a!|<t—t/

Note that the function ®; ., : [0,7) x 0X — R defined by

Ve, 7) dtdp(z), (t',2) € [0,n) x X, (6.20)

0T |o — /| (8 = — |z — @)

@3753 (t/, l’/> =

is continuous on [0,7)x0X . Therefore using (6.19), (6.1)—(6.3) and using the equality Ay (¢.,, ¢-) =

f(oyn)t/Xanl s, (', 2" )p(t', ' )dt' du(x") we obtain

lim lim lim Ay(¢e,, ¢.) = lirrol+ 5 .,(0,2)) = 0. (6.21)

€3—>0+ 82—>0+ 61—>0+ £3—

(we also used (6.20), (6.4) and Lebesgue dominated convergence theorem to prove lim., o+ P3.,(0, z() =
0). Note that under condition (3.22) the function ®,., ., : X — R defined by

Eoxxox(2,2') — Egxxox (2, ')
q)4753,52 (ZU/) - /(VO’T)tX;aXI 77b63 (tJ CC).g<‘32 (t - |I - x/|) : |l' _ .Z‘/|n_1 :

le—a’|<t

X W (z,0) S, v)(v(2) - v)|v(a’) - vl],_

is continuous on 9X . Therefore from (6.1)~(6.3) and the equality Io(1)e,, ¢=) = [5x fer (2/)Pu ey zp () dp(")
(see (6.6)) it follows that

Em Io(tey, 6) = Pucye, (7)), for (£2,€3) € (0, +00). (6.23)

e1—0t

s dbdp(z), (6.22)
x—a/|

Then using Lebesgue dominated convergence theorem and (6.22) we obtain

‘EaanX(x, 2}) — Eaxxox (2, x))

(6.24)

e3—0t e9—01t 1 =01

lim lim lim Iy(ve,, ¢.) = /
0X,

o ="

x W, 0)S(ah, o) () - 0)lway) o]y dp(e).

V=
le—al)|

Combining (6.24), (6.21) and (6.18) we obtain (4.1).
We prove (4.2)—(4.4). Let € 0X be such that pz{+ (1 —p)xr € X for some p € (0,1). Let
Bn:A{(1,2,2) € (0,T) x 0X x 0X | 2 # 2/, 7> |z — 2|} — R be defined by

VT2 — |z =22 itn=2,
Bu(riz,2) = iy Tn =3 (6.25)

Tlz = 2|"72, if n > 4,

for (1,2,2') € (0,T) x 0X x 0X, z # 2/, 7 > |z — 2/|. From (3.13)—(3.15) and (3.17)—(3.19) it
follows that

ﬁn(T, €, $6)|<’Yl - 5/1)<7-7 Z, .736)| < 6”(7_7 Z, I6)|<P2 - f2)(77 2y Z,)‘ (626>

+Hﬁn(5, Z, Z/)(Fl - Fl)(S, Z, z/)HLOO((O,T)SX(?XZXBXZ/)'
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From (6.25) and (3.17)(3.19) it turns out that lim, |, 4+ B (7, 7, 25)| (T2 — Ty)(7, 2,2")| = 0.
Therefore applying (3.26) (resp. (3.27), (3.28)) on the left-hand side of (6.26) we obtain (4.2)
(resp. (4.3), (4.4)). Theorem 4.1 is proved. O

Proof of Theorem 4.5. We first prove (4.11). We extend o and & by 0 outside Y. For a bounded
and continuous function f on Y consider the X-ray transform Pf :S""! x R® — R defined by
(4.7) (we extend f by 0 outside Y). We recall the following estimate

1Al 4y < (/S_ / |Pf(v,$)|2dxdv) B (6.27)

where IT, := {z € R" | v- 2 = 0} for v € S""'. Note that using the estimate ||o|o < M, we
obtain

7—+(I67 )
/ o(zg + sv,v)ds < M1y (xp,v) < Mdiam(X), for (z5,v) € T'_. (6.28)
0

Replacing o by & on the left-hand side of (6.28) we obtain an estimate similar to (6.28) for &.
Therefore using the estimate |et —ef2| > e=MdiamX) |1, )| for (ty,t) € [0, +00)2, max(ty,ty) <
Mdiam(X), we obtain

e~ OUF(EE]’U) o(zy+svw)ds _ e f0T+(z6'U>&(x6+sv,v)ds > efMdiam(X) |P(O’ . 6') (’U 376)‘ (6 29)
= ) ) .

for (zf,v) € I'_. Integrating the left-hand side of (4.5) over 0X and using (6.29), we obtain
/ |P(0 — &)(v,2p)| dé(v, 2}) < MBI (0X)Cy || Asw — Asw |y, (6.30)
r_

where (] is the constant that appears on the right-hand side of (4.5). Note that using that X
is a convex open subset of R" with C' boundary we obtain [, |P(o —&)(v, ()| d&(v, z() =
Jsnor [, |P(6 — &) (v, x)|dxdv. Therefore using (6.30) and the estimate |P(c — 7)(v,z)|* <
lo = || e vydiam(X)|P(o — 7) (v, )] for (v,z) € TS* ! (see (6.28) and the estimates o > 0,
g > 0) we obtain

1
2 ) B A
(/S . |P(o — 6)(v,x)|2dxdv> < Csllo — ||& || Asw — AS,WH;,T‘ (6.31)

. 1
where C5 = (diam(X)eM1#mXVol(9X)C1)?. Combining (6.31) and (6.27) we obtain (4.11).

We now prove (4.14). Let f € L*(X), suppf C Z. We consider the weighted X-ray trans-
form of f, Pyf, defined by

7+ (v,z)
Pyf(x,v) = / f(pv + )9 (pv + z,v)dp, for a.e. (x,v) € T_, (6.32)
0

where ¥ : X x S"71 — (0, +00) is the analytic function given by
Yz, v) = (T_(a:,v)7+(.r,v))_%g(x,v,v), for (z,v) € X x S" 1. (6.33)

From [12, theorem 2.2] and from [16, theorem 4] we obtain

1F1 -3 2 < ClPo Fllzae)s (6.34)
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where C = C'(X, Z, g) is a constant that does not depend on f. Let z, € X and let x € 0X
0

/

such that pz) + (1 — p)x € Z for some p € (0,1) where vy = ﬁ and ty = |x — x}|. Note that
using (3.23) (since k € L=(Z) and suppk C Z C {z € X | infyeox |# — 2’| > 0}), we obtain
T+ (z0,vh) E(y! + vl vl 0! R T4+ (z0,04)—6 1
/ n;1< 0 : 0/ 0 O)L1 dp < ||k||Loo(Z)/ = — —rdp
0 p 2 (T(xh,v5) —p) 2 g p 2 (T(xh,v5) —p) 2
< N8 OV () < [l Deliam(X) (6.35)

We use the estimate

Pallo — Fo)(ah vh)| < €™ b Pyl up)| e o) — e PoChst)

(6.36)

_|_€Po(1)6 ()

e‘PU(va’xé)ngO(xg, vp) — e_P&(”é’%)Pﬁ/;:o(x{p Ué)) )

Integrating both sides of inequality (6.36) over v} € Szgi and using the estimate e"7(0-70) <
eMdiam(X) “and using (6.35), (4.5)—(4.6), we obtain

[ 1Patka = Fol(ah oploth) - oo < 6 Daiamn(X)eM 500 | Asr = Asaellyr
<l —
V01<Sn—1)eMdiam(X) 02
+ ;
2 L((0,T)x0X x9X)
where C; and Cy are the constants that appear on the right-hand side of (4.5) and (4.6).
From the estimate | Py (ko — ko) (vh, 25)| < ||k — k|| (20~ " Ddiam(X) for a.e. (zf,vf) € I'—
(see (6.35)), it follows that

(r— |2 — 2)) (T, —fl)(T,z,z')H (6.37)

||Pﬂ(ko—l;?0)||%2(r_7dg) < ||k;—l;:||Loo(Z)5_(”_1)diam(X) /ax /Sn—l |Pﬂ(k0—]~fo)($67U())||V($6)'U|dvdﬂ($6)-
I/O’7

(6.38)
Combining (6.37)—(6.38) and (6.34) we obtain (4.14). O

Proof of Theorem 4.4 (4.13). We first prove (6.42) given below. Note that from (3.24)—(3.25),
it follows that

74 (2,0)
Py £ (0,2)] < ||l ! dt = C| o, (6.39)
/0 VT

x,v) —t)

for (v,z) € I'_ and for f € C(X) N L>®(X), where C = fol \/ﬁdt
Note that v(z) = z and v(z) - (x — z}) = |v(x}) - (x — xp)| for (x,x)) € X = S'. Therefore
from (4.2), it follows that

VT — |z = ZP(Ty = TY)(r, 2, 7))

[V(h)-vh[2 | e, 2) Pagko(th, @) — E(w, 24) Pagky(vhy 2)| < €'

LOO
(6.40)
for (z,z)) € 0X?, x # z}, and v}, = \z:—;& (we also used Py, ky,(vo, ) = g(vo,vo) Py, ko(vo, )
.. . . 7 . 1 oy
and the similar identity for k), where C' = 5 PRSI i ap— oS In addition, from (6.40),

(6.36) (with Py, in place of “Py”), and from (6.28) and (6.39) (with ko in place of f), it follows
that

() - 0o Poo (Ko — ko) (x5, vp)| SmemmCWNmk*m““—5%%%WW%%%|

+¢Mdiam(X) e_P”(”é’%)P,gko(xE), vy) — e_P&(”é’%)Pﬂfﬁo(a:g, Ué)’ lv(xf) - vpl?. (6.41)
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for (z(,v)) € T'_ (we also used the estimate |v(xf) - vy| < 1). Performing the change of variables
‘v = xy+ 7 (20, vo)vy” (- ;f,)ﬂo rdu(z) = dv}) on the left-hand side of (4.1), we obtain that the

estimate (4.5) still holds. Using (4.5), (6.41) and (6.40) (and (4.8)), we obtain that there exists
a constant C” such that

L e 1Pt = Fo) e iy < 07 (Wil Ay = Asarlyz

O +H\/ﬁrl TZZ)HLOO> (6.42)

for ), € X. Moreover, using (6.39) (with ko — ko in place of “f”) and Cauchy-Bunyakovski-
Schwarz estimate, we obtain

N|=

(/F |P(p(ko — ko)) | (vo, ) d€ (x, v0)>

VI

<kl | [ [ (1PGolho ~ Fo)l(ensap)lon - viah) ) dejauta)
ox Jst,

N

L3
< Cllko — ol &V /t/ (ko — Fo))| (s )l - vy Pdupdu(ah) | . (6.43)
ox Jsl,
Finally combining (6.42)-(6.43), (6.27) (and the identity [. ‘ p(ko — ko) (v, zp) d{(v,%) =
Jsn—1 iz, [P (ko — ko) (v, z)|2dzdv), we obtain (4.13). O

7 Proof of Theorem 3.2

For 0 < b < a we remind that

2m 1 2
— A = —. 1
/0 a — bsin(Q2) a2 — b2 (7.1)

We will use the following Lemma 7.1 to prove Theorem 3.2 (3.13), (3.14) and (3.15). We will
use the following Lemmas 7.2 and 7.3 to prove Theorem 3.2 (3.16).

Lemma 7.1. Let n > 2. Let N denote the nonnegative measurable function from (0,T) x 0X x
R™ to [0, +oo]| defined by

(1—(x—2')-v)"3
M) = xoumlr—lo =) [ D, @
for (t,xz,2') € (0,T) x 0X x R". When n =2, then
2
N(7,z,2") = X(0,400) (T — |z — ') , (7.3)
72 — |z —2/|?
for (1,z,2") € (0,T) x 0X x R™. When n =3, then
_ _ / o
N(T, m,xl) — 27TX(0’+OO) (T ‘:C T |) ln T + |$ T ’ , (74)
Tz — 2| T— |z —2a|
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for (t,xz,2’") € (0,T) x 0X x R". When n > 4, then

sup Tlz — 2" 2N (1, 2,2') < co. (7.5)
(myz,2")E(0,T) x 0X xR"™

Lemma 7.1 is proved in Section 9.

Lemma 7.2. Assume that

suppk C {z € X | sup |z —y| > &} for some 0 < 6 < diam(X). (7.6)
yedX

Let (1,z,2',v) € (0,T) x 90X x 0X x S~ such that v # x’ and T > |x —a'|. Then the following
statement is valid:

2

% — |z —2)?

if T <0, then x — sv & suppk for s = (=)o) (7.7)

Proof of Lemma 7.2. Let s := % Straightforward computations give
s+lx—a' —sv| =7 (7.8)
Therefore s < 7. Using (7.6) and (7.8) we obtain (7.7). Lemma 7.2 is proved. O

Lemma 7.3. Assume that k satisfies (7.6). Let (1,z,2',v) € (0,T) x 9X x 0X x S"7! such
that x # o', 7 > |z — 2’| and T > 5. Assume 2=%. = (1,0...,0) and put v = (v1,...,v,). Let

|z—a|

Nz =2 P-4 70 2+ |z — 2] — 0T

_ "= d "= 7.9
C (T,ZL‘,JZ) (S|ZL'—$/| an C+(T,ZE,I’) |[L'—$’|(27'—(5) ( )
Then the following statements are valid:
C(ryx,2') <1 and ((1,2,2") > —1, (7.10)
if C(rym,2") < =1 or ((r,m,2") > 1, then T > |z — 2| + 6, (7.11)
. / / T — |l‘ B ZL’/|2
if vy < (1,2,2") or vy > (4 (7, 2,2"), then x—sv & suppk for s = . (7.12)

2(r — (z — ') - v)

Proof of Lemma 7.3. We prove (7.10). Note that |z —2'[? =72+ 70— 8|z —2'| = (|z—2/| - §)? —

(7—2)% < 0 since we assume |z —2'| < 7 and § < 7. Therefore using the definition of {_ (7, z, 2')

(7.9)? we obtain (_(7,z,z’) < 1. In addition note that 72+ |z —2/|* =67+ 2|z —2/|7 — |z —2/|§ =
(1 + |z = 2|)(7 + |z — 2| — ) > 0 since we assume 7 > §. Therefore using the definition of
(1, z,2") (7.9), we obtain (7, z,2") > —1.

Now we prove (7.11). First assume (_(7,z,2') < —1. Then from (7.9) it follows that
(lz — 2| + £)? < (7 — £)?, which implies |z — 2’| + § < 7. Now assume (4 (7,z,2’) > 1. Then
from (7.9) it follows that (7 — |z — 2’| — 0)(7 — |z — 2'|) > 0, which implies 7 > |x — 2| + ¢
(since 7 > |z — 2).

Finally we prove (7.12). As we assume =2 = (1,0...0) we obtain

|z—a']

. 72— |z —2'|? _ 72— |z —2)? (7.13)
2(r — (x—2a')-v) 21— |z — 2'|vq)

and

72— |z — 2'|?

+ (7.14)

/ e —
lr—2' —sv|=7—s SE T
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72— |z—a'|?

Assume v; < (_(7,z,2"). Then (_(7,z,2") > —|v| = —1 and we obtain s < Sl (ra ) —
% < §. Therefore, using assumption (7.6) and (x,v) € 9X x S"~! we obtain x — sv & suppk.
Now assume v; > (4 (7,2,2). Then ((7,z,2") < |v] = 1 and using (7.14) we obtain
72 —|z—2'|? Fy

|z — 2’ — sv| < + 7 = § < 0. Therefore, using the assumption (7.6) and

- Q(Til'rix/'(“" (T,l‘,]?/))

(2',v) € 0X x S" ! we obtain x — sv =z’ + (x — 2’ — sv) & suppk. Lemma 7.3 is proved. [

We are ready to prove Theorem 3.2. First we give an estimate on the simple scattering
term. From (3.10) it follows that

(7,2, 2)| < 2" W [looIS | oo Klloo L1 (7, 2, ') (7.15)

for a.e. (1,2,2') € R x 0X x X, where

h(rea) = Xowm(r =l =) [

Sn—

Xsuppk(x - Sv)l 2 —|z—a!|2
1

=22

(=)o)

dv. 7.16
|z — x' — Tv|?r—t v ( )
Let (1,z,2") € (0,T) x X x 0X be such that x # 2’ and 7 > |z — 2/|. Assume without loss of
generality 2/ — x = |2/ — z|(1,0...0).
First we prove (3.13)—(3.15). From (7.16) and (7.2), it follows that

Li(r,x,2") < N(7,z,2"). (7.17)

Combining (7.3) (respectively (7.4), (7.5)) with (7.15) and (7.17), we obtain (3.13) (respectively
(3.14), (3.15)).
Now assume that k satisfies (7.6) for some § > 0. Using (7.16) and (7.7), we obtain

if 7 < 0 then (7, z,2") = 0. (7.18)

We prove (3.16) for n=2. Using (7.17), we obtain that [,(7,z,2") < ﬁ for 7 > 0.

Combining (7.15) with this latter estimate and (7.18), we obtain (3.16) for n = 2.
We now prove (3.16) for n > 3. Let n > 3 and 7 > ¢ (the case 7 < 0 is already con-

sidered in (7.18)). Performing the change of variables “r = 2(717;‘2'7\:2;‘12(9)) - 77|€71/|” with

“v = (sin(Q), cos(Q)w), Q € (—Z,Z), w € S"2?” on the right-hand side of (7.16), we obtain

T 2072

fwﬁ”ﬁx—ﬂﬂﬁif”“[ Vil =aT=1""
oL

|z — /|72 Tzl 4yl e

11(7_73:73:/) =

Xsuppkz(x - SU) I o 4 dw aresin(le—al =1 (r_ (T2=lz—a|2) dr. (719)
sn—2 s 2 —Jo—a| sin () Q=arcsin(|z—a/ |~ (7 Tty )
=3 (Q,w) 2§”+T)
n=ry T=lz=2’|

ol = z—z/ —n®(Q,w)
T—n

Now assume 7 > & + |z — 2’|. Then

—x' n—3
|QZ . xl’27n /|:t 4 ( \/7‘(|£L’ B IL‘/| _ r) dr
0

T*Iﬂ;*:v’\ + T)n—2(7'+|12*m/| — )2

5 4—2n o |z—2| 3 5 4—2n 1 5 4—2n

< 1 o V(e —a/| —r) dr = 2 Vr(l—r)dr < 2 .
0 0
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Therefore using (7.19) we obtain

4—2n
(7~ o = ) Rra) £ 27 Nol, o8 + dam(X)* (). 020

Finally assume § <7 < 2+ |z — 2/ and |z — 2/| <7 < T. From (7.12) it follows that

. r4(1,2,2") n—
Vol,_o(S"2)(T + diam(X))"2" / Ve —a[-n""
L TAC s

(r—|lz—a/|)""% L(r,2,2') <

dr,

(7.21)
where
2 2 _ _ ! _ o —
r(raa’) = 7% — |z — 2| Tz = _ |z —2'| + 77 (7.22)
2(1 — |z — 2/ |(_ (7,2, 2)) 2 2
72— |z —2|? T—|lr—2| T—0+|r—2|

o= — = . 7.23
PRE) S S - dGree) 2 2 729

Note that

le—a’|

L = R g S ) U
r= r
r T)niQ r—(r,z,x’) (

ety (L4 r)n72(%_zl‘ _ # o2 (Tl e

z—a’ z—a’
lz—zT]

2—n 2 1 2 1
<2 <Z> |:17—x'|”_3/ Ix Pl dr = 2"_172_"|:U—x'|”_3/ |$ P dr.
2 r_(r,z,x’) ( -+ 7') -2 r—(r,z,x’) ( ( + 7";
7.24

Using (7.22) we obtain

/Im a ! ~dr = C(n,7) p8), in (7.25)
/ r = n, = -n F\3—n . .
r_(raa) (ot ‘x 24y ! — <(g)3 (—)3 > otherwise.

2
From (7.21), (7.24), (7.25) and the estimates § < 7 < § + |z — 2|, it follows that

(r— |z —2'|) " L(r, 2,2') < 2"Vol,_5(S*2)6~ " V(T + diam(X))"z C(n,T),  (7.26)
where the constant C'(n,T') is defined in (7.25). Combining (7.15) with (7.18), (7.20) and (7.26),

we obtain (3.16) for n > 3. O

8 Proof of Theorem 3.3

We shall use the following Lemmas 8.1, 8.2, 8.3 and 8.4. Lemma 8.1 is proved in Section 10 and
Lemmas 8.2, 8.3 and 8.4 are proved in Section 9.

We introduce some notation first. Let m > 1 and 2/, x € X such that z # 2. Let 7 > 0.
We denote by &,,.,(T, z,2") the subset of (R™)™ defined by

Emn(Tyz, ) ={(21,. .., 2m) € R")™ | |za]| + ...+ |zm| +x —2" — 21 — ... — 20| <7} (8.1)

When 7 < |z — 2'|, then &, (7, z,2") = 0.
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Lemma 8.1. Let Jy be the function from (0,T) x 0X x R"™ defined by

1
e )= [ NG s )y (82
E1,n(u,2,2 ’y|

where N is defined by (7.2). Then the following statements are valid:

sup Jo(p, 2, 2") < 00, when n = 2; (8.3)
(py2,2')€(0,T) x X XR™
u>|z—2"|
sup (n—2=2"])"ulz—7 (1 +In (,u e /|>) Jo(p, 2, 2") < 00, whenn = 3;
(1,2,2')€(0,T) x OX xR ’Z z |
p>|z—2|
(8.4)
sup (n—|z—2') " ulz — 2" 2 Ja(p, 2, 2') < 0o, when n > 4. (8.5)
(wy2,2')€(0,T)x O X XR™
u>|z—2"|

Lemma 8.2. Let m > 3 and let J,, be the function from {(r,z,2') € (0,T) x R* x R | 0 <
|z — 2’| <7} to R defined by

jm(Ta x,7') = / 1 _d1y2 - -d;ym—l 2 (8.6)
S ) e e L e

for (t,z,2') € (0,T) x R" x R, 0 < |z — &'| < 7. When n = 3, then there exists a constant C
which does not depend on m such that

~ ~ —_ — ! o/ n—1 17 n—1 m—3
Jn(raa) < el el (1+ln(7—+’x “”))m Vol 1 (8" )7)” ° (g7

|z — a/| T— |z —2| (m — 3)!

for (t,z,2') € (0,T) x R* xR, 0 < |z — 2’| < 7. When n > 4, then there exists a constant C
which does not depend on m such that

m"L (Vol,,_y (S" 1) 7)™ ?

Jn(r,x,2") < C(r — |x — o))z — 2/|*™ (m—3)] ,

(8.8)

for (1,z,2") € (0,T) x R* x R", 0 < |z — 2'| < 7.

Lemma 8.3. Letn > 2. Let (1,z,2") € RxR™ X R" be such that 7 > |x—x'| > 0, the following
estimate s valid:

n—1
L _y(Sn-2 —o) (VP —r 2P
Vol (€1 n(r, 2, 2/)) < Yon=2 8T [ ””“( Tl x') S s9)

4 2

where &, is defined by (8.1).

Lemma 8.4. Let B be the function from {(u,2,2') € (0,T) x X xR® | u > |z — 2| > 0} to
R defined by

- —2 = — t0,0,0) —
Blu, 2,7 ::/ 1n<’“” yl+ ]z -2 yl)dy:/ ln(u ly| + (t0.0,0) y')dy,
E1,3(p,2,%") p=1lyl =z =2 —yl &1.3(1,40(1,0,0),0) w—ly| — [(to,0,0) — y]
(8.10)

for (1, z,2") € (0,T) x 0X X R™ where to = |z —2'|, 2z # 2/, u > |z — Z/|. Then we have:

_ -1
sup (w—1z—=27" (1 +In (M)) B(p, z,2") < o0. (8.11)
//l/_

/
(p,2,2')€(0,T) x OX xR3 |Z — Z |
u>|z—2'|>0, u>é8
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We also need the explicit expression of v,,, m > 2, to prove Theorem 3.3

alran) = [ [ 6@ W o) Bl - (=l = e+ p.0)

z/+yeX :’_Jrl

X0, @on (T = Y] = s)k(x — (1 — 51— |y])v, v1, v) k(2" + y, 0", v1)S (2, v")

21—yl = (=2’ —y) - 0)"?

() -] o = lz—a! —y—(r=lyDv|2 ; Al 1
= | — 2 =y — (T — |y|)v] |y

_x—a/—y—(r—s1—|yl)v

dydv, (8.12)

v1

and

Yo (T, 2, ) ::/ . /S (v(z)v)W (x,v)

n—1
(@' +ym -z’ +ym+...+yg)eXm—1 z+

2 (r— || — = Y| — (=2 g — = Y) 0)"
x n—1 n—1 _ el _ _ _ _ _ _ 2n—4
[yt Y =2 =y — = Y — (T = 2] — o = [Uml)Y]
X X0 (@) (T = 51— |yl — .. = [ym ) E(z, 2 — (7 — 51— |2] — ... — |yml|)v,
A Yoty @ Y, V(= (7= 51— Yo — .. — |ym|)v, V1, )

XEk(2' + Ym + -+ y2,02,01) o R A Y+ Yir1, Vig1, ) -
k‘(ZL‘, + Ym + Ym—1, Um—1, 'Um—2)k3(x, + Yms Ula Um_l)S(fL/, Ul)

/ /
’I/(% ) - v H vl:w—w’—yg—m—ym—(z—-ﬁ—Iy2\—~»—\yml)v dy2 s dymdva (81?))
51
o= le—a'—yo—...—ym—(r—|ya|—...—lym)v|?
120 —Tva = —Tom—11— =2~y —Um—1)v)
ol = Ym
[ym]
vi*\z?l i=2..m—1
1

for 7 € R and a.e. (z,2’) € 0X x 0X and for m > 3.

We are ready to prove Theorem 3.3. We prove (3.17), (3.18) and (3.19). Let 7 € (0,T") and
let x € 0X, 2/ € 0X and = # 2. We put tg = |z — 2'|. We first look for an upper bound on
|v2(T, 2, 2")|. Using (8.12) and the fact that o is a nonnegative function, we obtain

a(r, 2, 27)] < 2" W oo | Slloo 120 2(7, 2, 27), (8.14)

where Jy and &, (7, x,2’) are defined by (8.2) and (8.1). From (8.14) and (8.3)—(8.5) it follows
that there exists a real constant C' such that

2(7,2,2")| < CIW 1Sl 1115 sup Jo(s,2,2), when n = 2, (8.15)
(s,2,2)€(0,T) xR xR™
s>|z—2/|
and
Tz — 2|

Ty el < CIWlsollSlloclIKlIS,, when n =3, (8.16)
S P — Trir—r |
(=l =) (14 (Z=))

and
T|lr —2/|" 2

(7, 2, 2)| < CIW sl Sllsollll2, when n > 4. (8.17)

T— |z —2a|

Let m > 3. Using (8.13) we obtain

Yo (7, 2, 2)| < 272 NW [l 1S | oo Kl 26 T (7, 2, 2), (8.18)
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where

To(ra,a') = /5 L7 (H) w0 g (8.19)

_2n(Tx,2’) |y2|"_1 Ce. |ym—1‘n_1

and Jy (resp. En_on(T,z,2")) is defined by (8.2) (resp. (8.1)) and where § = (Y2, ..., Ym-1),
T(W) =7—|Yo| — - - — [Ym-1l, to(@) = |zt —2"—yo—. .. —ym_1| and w(y) =z —2" —yo— . . . — Y1
for y € (R™)™2.

Assume n = 2. Then using (8.19), (8.3) and spherical coordinates (and (8.1)), we obtain

1
In(T,2,2") < sup Jo(s, 2, z’)/ —dy
(S,z,z/)€>((‘),7;)>,<|]RTLXRn 5m72,n(77$1$,) |y2| Ce ‘ymfl‘
< (2m)m? sup JQ(s,z,z’)/ dsy...dSm—1
(s,2,2’)€(0,T) xR xR" 52+“““’5m—1§7
s>|z—z’\ 5,20, i=2...m—1
9 Tm—2 )
= @m)" 0 . 2
( ’/T) (m - 2)' (s,z,z/)E(SO]:lTI))X]R”X]R” JQ(S’ Z’ : ) <8 O>
s>|z—2'|

Finally combining (8.20) and (8.18), we obtain

m—2
— m T
[ (7,2, ) < 21)" 2 [ W oo S oo 1B ll5 5 sup Ja(s,2,2'), (8.21)
(M = 2)! (22101 xmn xEn
s>|z—2|
Statement (3.17) follows from (8.15), (8.21).
Assume n > 3. Note that
_ i i
polz=A g A (3.22)
u u

and

/ / 2 2
— |z — — 1
Pl (PEETENY oap e (1w (BEE)) L (s2m)
K p—lz— 2| s€(0,1) l—s

for (i, z,2') € (0,T) x R® x R™ such that |z — 2’| < p.
From (8.19), (8.22) and (8.4), (8.23) and (8.5), it follows that there exists a real constant
C such that
Jn(T, 2,27y < Cdp(7,2,2), (8.24)

where .J,, is defined by (8.6).
Assume n = 3. Combining (8.18), (8.24), (8.7), we obtain that there exists a real constant
C" (which does not depend on 7, z, 2’ and m) such that

— _ Al o n—1 Vln_ Snil m—3
(2, 27)] < W o o e 2= (1+1n(”'x x'))m Vol (" T)7)

|z — 2| T — |z — 2| (m —3)!

(8.25)
Statement (3.18) follows from (8.16) and (8.25).
Now assume n > 4. Combining (8.18), (8.24), (8.8), we obtain that there exists a real
constant C” (which does not depend on 7, z, 2’ and m) such that

m" ! (Vol,_(S""1)7)" ™

(7,2, 27)] < C[ Wl [ Sl l[ElIZ (7 — |2 — 2] — 2/ (m—3)!

(8.26)
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Statement (3.19) follows from (8.17) and (8.26).
We now prove (3.20)—(3.21). Let n > 3 and m > 2. From the expression of 7, (see (8.12)-
(8.13)), it follows that

(72, 2)| < 272 [ Wl 1S ool 22 o (7.2, ) (8.27)
where
N<T B ZZZQ ’yl|7 z, :E/ + E:lz yl)dym e dy2
In(r 2,2 = / 2 [P | . (8.28)

(Y2, Ym)€Em —1 n (T,2,2()
(@ +ym,. 2! + X y;) € (suppk)™ 1

where N and &,,_1,(7, x,x) are defined by (7.2) and (8.1). Note that

1=2

for (yo, .., Ym) € Em—1a(7, x,2") such that 2’ + yo € suppk and =’ + y» + ... + ¥, € suppk since
suppk C {z € X | sup,cox |y — 2| > 6}
First we consider the case n > 4. Using (8.28) and (7.5), we obtain

Im(Ter l’,) S HS|Z - Z/|n_2N(87 2, Z/)HLOO(RSXGXZXR:,)

X - — . (8.30)
/ 2"t Y| T — 2 — Zi:Q yi| "2 (T — Zi:Q |Yil)

(Y25 Ym) EEm_1 n (T,@,2()
x/+ym Esuppk
z/+z 7;2 y; Esuppk

Assume m = 2. From (8.29)—(8.30), we obtain
L(m,2,0") < 072"2||s]z — 2'|" 72N (s, 2, 2') || oo (R xox. xrr ) VOL(Eny (7, 2, @), (8.31)

Therefore using (8.9), we obtain

n—1
’ —on+2 1n—2 / n—2 ’ 72 — |z —a'|?
I (7, 2,2') < 8722 5| [N (5, 2, )| o o iy Vol (8" 2)m(r =) | Y il )

(8.32)
Assume m > 3. From (8.29)-(8.30), we obtain

Ay, . .. d
Im(T, z, (L’/) S 5—2n+2||8|z . Z/|n—2N(s, z, Z/)”LOO(RSXBXZXRZ,) / |y |n_:1y |y Y2 |n_1 .
2 e Ym—

(Y25 Ym) EEm—1,n (T,2,2")
(8.33)

Note that |y |+ |2 —2" = Ym| < |yo|+. . .+ |ym|+|z—2" —yo—. . .—ym| for (y2, ..., ym) € (R")™ 1.
Hence

ly2] + -+ Y] <7 = |Ym] and Ym| + |2 — 2" — Y| < 7, (8.34)
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for (yo,...,ym) € Em—1n(7,2,2") (see (8.1)). Therefore

Ln(7,2,2") < 672"%||s|z — 2/|" 2N (s, 2, 2')|| oo Ry x0X. xR,

X
Bl T
Ym€E1L m (1,x,2") J 5 ys| <r—ym]| Y2 e | Ym—1

)m72

= (5_2n+2VOI<Sn—1)m—2H3’Z — Z/|n_2N(37 2, Z,)HLoo(Rsanszn/) / %dym
= Jymein(rmat) (m — 2).
m—2
S 6_2n+2V01(SN—1)m_2||3|Z — Z’ln—2N<Sy z, Z,) ||L°°(RSX8XZXR",)VOI(51M(7-, z, x/))ﬁ
z m — '

= 6 2F2Vol(SH ™2 |s|z — 2/[" 2N (s, 2, Z’)||Lo<>(RSanszg,)VOIn—z(Sn_z)W(T + |z — ')

n—1
2 |(L’—ZL’,|2 Tm—?
g ( 2 ) m—2)1 (8:35)

Statement (3.21) follows from (8.27), (8.32) and (8.35).
Now assume n = 3 and m = 2. Using (8.28)—(8.29), (7.4) and (8.10) we obtain

L, z,2") < 276 *B(7,2,2). (8.36)
Therefore using (8.11) and (8.36) we obtain
sup (s—|z=27" (1 +In (M>) Ir(s,z,2") < o0, (8.37)

(s,2,2")€(0,T)x X x0X
s>|z—2/|>0

Now assume n = 3 and m > 3. Using (8.28), we obtain

— m . / m '
Im(T, Z, :B/) S / JZ(T Zi:fﬂ |y1|7 Z,T + Zi:?) yz)dym Ce dy3

‘y3|n71 L ’ym’nfl

(Y35 ym) E€EEm_2 n (T,@,2()
(@ +3 1 o y5,0' +ym) € (suppk)2

where J; is defined by (8.2). Using (8.38) and (8.4) and the estimate sup, (1) 7(1—1In(r))* < oo
we obtain

I(T$$/)<D / (lx_x/_yS—---—ym\+T—Z§Z3]yi\)dym...dy3
sy = |y3‘n*1.“|ym|n*1(7-_Z£3|yi‘)|x_l./_y3_.“_ym‘v

(Y35 ym) EEm 2 n (T.@,2()
(& +3 1 o y5,0' +ym) € (suppk) 2

(8.39)

where D := sup, ¢ 1) r(1—In(r))? sup <S,Z,Z/S);<Si>,|x>ewg<xax (s—|z=2'|)"s]2—7| (1 +In (212:2:}))_2
Jo(s, z,2"). If m = 3, then using (8.29) with “(ya, ..., yn)” replaced by “(ys,...,ym)”, we obtain
Li(r,z,2") < 2765 *DVol(&,5(7, , 7)) (8.40)

(we also used the estimate |x — 2’ — y3| + 7 — |ys| < 27 for y3 € &1 3(7,2,2")). If m > 4, then
using (8.29) with “(ys,...,ym)” replaced by “(ys,...,ym)”, we obtain

dys . .. dy,,_
[3(7', X, 1'/) S 27’574DV01(51’3(T, xZ, l’l)) / %ij Y - -1
|y3\” e ’ymflln
(Y3, Ym—1)EEm—3,3(T,3,2")

< 276 *DVol(& 3(7, x,2")) Vol (S" )" —3 ﬁ dsy...dsn g
535000y Sm—1)€(0,+00)M—
S3+...+sm_1<‘r

Vol(&1 3(7, 2, 2") (8.41)

m—3

_ —4 n—1\ym—3
= 270 *DVol(S" ) C
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(we also used the estimate |z — 2’ —ys — ... — Y| + 7 — |ys| — - .. — |ym| < 27 for (ys,...,ym) €
Em_23(T,x,2') and we performed the changes of variables y; = s;w;, (s;,w;) € (0,+00) x S*71).
Statement (3.20) follows from (8.27), (8.37) and (8.40)—(8.41) (and (8.9)).

U

9 Proof of Lemmas 7.1, 8.2, 8.3 and 8.4

We remind the following change of variables for the proof of Lemmas 8.1, 8.3, 8.4 and 8.2.
/ F()dy
glyn(T,tov,O))

’
/ f to + s cos(p) | s2 —t2 in o
(0,2)% (to0,7) 2 2

2 2 _ 2 2 gin?

o[ cos (0)V/s* =13 4 Sem (¢) dwdsdyp, if n =2,
4 4y/s2 — 12

/ ; to+ scos(p) /s2— 12
Sn=2x (0,7) x (to,7)

2 ’ 2

n—2
) [ 12 2 /2 _ 42 2 ¢in2
% (SIH(QO) S to) (COS (¢) S tO + ST S (90) ) dwdsdg&, ifn Z 3’
\

2 4 44/s? — t2

(9.1)

sin pw

for f € LY(R™) and (7, tg,v) € (0,4+00) x (0,400) x S"~! such that 7 > t,.

Proof of Lemma 7.1. Let (1,2z,2") € (0,7) x 0X x R™. We first prove (7.3). Let n = 2. Note

that

2
1
N N = oo - — ' 2.
(T7$7x) X(OH- )(7- |.Z' x D/; T — |Qj — ;L’/’ SIH(Q)

Therefore using (7.1) we obtain (7.3). We prove (7.4). Let n = 3. Note that

00 - —a g d
N(r,z,2') = 9 X0t 2)T(|; _‘§/| id) /12r 0 In (72 + |z — 2/ — 27|z — 2| sin(Q)) d12,
which gives (7.4).

We prove (7.5). Let n > 4 and let (7,z,2") € (0,T) x 0X x R" be such that 7 > |z — /|
(we remind that N(7,z,2") =0 if 7 < |x — 2'|). Using spherical coordinates, we obtain

s

2 (1 — |z — 2'| sin(Q))" 3

(|le — 2|2 + 72 = 27|z — /| sin(Q2))

N(r,x,2') = Voln_g(S”_z)/

— cos(Q)"2dS. (9.2)
g
72— |z—2'|? T—|z—2'|»

Performing the change of variables “r = ST Tem@) 3

, we obtain

N(rz,2') = Vol (8" *)(72 — o = 2'") "% /Mx/ ( V(e =2 ="
0

|z — 2|2 T*\agfw’\ + T)n—?(# — p)n-2

dr

/
n—3 |[z—a|

Vol (S (P — |z — 2 P) T / 2
0

Ve —a]-n""

(T—\g—r’l + r)nfz(ﬂr\ﬂ;—x’\ _ T)n72

’
_3 |z—z'|

QWMQSW%WJ—M—fm%/ : 1
o (e

n-l <T+|x2—x’| - ’f‘) n-1
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Wol, 5(§"2)(* — o — /)5 72 (51

< T dr
— ’55 _ x/|n72 ) 0 ( |x x| —|—T’> 51
n—3
2n! T4 |z -2\
< 1 n—2 /12—n -1
< 3Von o(S"7%) |z — 2| <—27 T
n—1
< — 3V01n,2(S”’2)|x R R S (9.3)
which proves (7.5). O
Proof of Lemma 8.3. Let n > 2. Using a rotation and (8.1), we have
Vol,, (& (T, 2, 2")) = Vol,, (& (T, teer, 0)), (9.4)
where tqg = |x — 2'| and e; = (0,...,0) € R™.
From (9.1), it follows that
n-2) sin(p)/s2 — t3
VOln(gl’n(T, toel,O)) = VOln 2 S
cos*(¢)y/s% — t% s%sin’ ()
X + dsdep. 9.5
( 1 e @ (9.5)

From (9.5) and the estimate sin(p)+/s2 — t2 < /72 — 12 for s € (ty, ), we obtain

7_2 — t2 n—2
Voln(é’l,n(T, toel, O)) S VOln_Q(Sn_2) TO

— 2 02
/ / cos?(p)/s2 — t3 | sosin () dsd
44/s? — t2

1 o 7'2—75% -
< 5\/01”,2(8 ) —5 Vol(&1 (7, toer,0)). (9.6)

AS)

We remind that Vol(& o(7, tpe1,0)) = % VT Therefore (8.9) follows from (9.6). Lemma
8.3 is proved. O

Proof of Lemma 8.4. Let (u,z,2") € (0,T) x X x R? be such that g > |z —2/| > 0 and p > 4.

Using the change of variables y = %(1,0) — (scos(yp), ~ Sz_tg sin(p)w) (see (9.1)), ¢ € (0,7),
s € (tg, 1), w € St, we obtain

B(u, z,2") / / By (1, s, p)dpde + — / / By, s, p)dpds, (9.7)

where
(2 12) sin(o) cos(o) I [ tocos(®)
_ an(on (Pt cos(¢)
B2(N7 S, QO) - (90) 1 < ,U/ — 3 ) ) (99>
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for ¢ € (0,27) and s € (to,p). Using (9.8) and the estimates In (%W) < In (%),

s? — 12 < p? — t3, we obtain

K+ to
[ s

/O ' By, s,)dp < (p* —13) In ( ) /O ’ sin(ip) cos? () dep. (9.10)

Using (9.9) and the estimates In (%W) <In (%), s < u, we obtain

S

™ ™ t
/ By(pt, s, 0)dp < uz/ sin’(¢)dip In <u+ °>, (9.11)
0 0

[

where Cj is defined by (5.33). We remind the following integral value

I
/ In <'u+t0> ds = (u—tp)In (u—l—t()) + p—to. (9.12)
to H—=s lu_to

Combining (9.7), (9.10), (9.11) and (9.12) we obtain

Buz?) = Su—to) (m(’”?)u)

=10

X <u2 /O “sind(@)dg + (4 — ) /0 " sin(y) COSQ(sO)d<p> : (9.13)

which proves (8.11). O

Proof of Lemma 8.2. Let (1,z,2') € (0,T) x R" x R™ such that 7 > |z — 2’| > 0. We put ¢, =
|z —a'|. Let (y2, ..., Ym—-1) € Em—an(T,2,2"). Then to < |ya|+...|Ym-1|+|z—2" —v2— ... Ym-1]|.

Therefore either |[x — 2’ —ys — ... — Yp1| > mtﬂl orlx—a' —yo— ... —yYm_1| < mtﬂl and there
exists j € N, j = 1...n such that |y;| > -2 Therefore using (8.6) we obtain
m—1 dy dy
jm(T, I, 'T/) S /;1/ ,,,,, Ym—1)€EEmMm— ’n(T,x,x/) 20 ml 1
JZQ e ) T (gt g [P — = T |
lyj1> 0y
—I—jm70(7', z, )
= (m—2)Jpa(1,2,2") + Jopo(T, x,2"), (9.14)
where
7 dyz . .. dym—1
! —
Imo(T 2, 2) = /yz 44444 vm-DEEm2n(Eee) |y in=l |y =g — g — Z:Zl Y2’ (9.15)
lo—a/ =705 vl > 2y
. dys ... dym_1
I (T,2,2") = / ,,,,,, 1) € (ry2") - . (9.16)
" B e N N Y
Iyz\angl
We first reduce the estimate of jmp and jmJ to an estimate on
dys . .. dyy,—
Po(r,x,2") = / TE? Ym ln—l' (9.17)
(Y25 Ym—1)EEm—2,n(T,2,2") |y2’ R |ym—1|
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From (9.15) and the estimate |z — 2’ — yo —

B 1 n—2
Imo(T,z,2") < (mt ) P (7, z,2"). (9.18)
0
From (9.16) and the estimates |ys| > — Ym—1]| it follows that
. dys ... dYm,—
Jma (7,7, ') < /(yz vvvvv Ym—1)€Em_2,n(r.z.2) n—2 j—l /1 n—1" (9.19)
EE e P Yo" 72 Y [P e — 2 = 30T yx’
\yzlz%
Therefore performing the change of variables “ys” =2 — 2’ — yo — ... — y,,_1 We obtain
R ) B m— 1 n—2 )
Jm71<7',33',27) S Jm,O S n Pm(T,SL',.I'). (920>
0
Now we estimate P3(7,z,z’). From (9.1) and (9. 17) it follows that
-2 2
—t —t
Ps(7,2,2') = Vol,_»(S"?) / / sin’” 90 ) (S o cos(p ))dsdgp. (9.21)
(s + tocos(p))n2
Let n = 3. Then using the estimate cos(¢) > —1 (and the fact that ;rig Zzzgg = s+tf);f)g(¢) +

to(1—cos(p)) <14 2to

sttocos(p)) = 7) we obtain

s+to cos(p

T s d
P3y(r,x,2") < 7T/ / sin(¢) — 2— In(s + to cos(y) | deds
to 0 ng

= 27 <7‘ —to+ / In(s + tg)ds — / In(s — to)ds>
to to

= 2r(r — 1) (2 +1In C i ig)) (9.22)

(we used the estimate In(s + t9) < In(7 + ¢) for s € (to,7) and we used the integral value
(9.12)). Let n > 4. Using (9.21) and using the estimates \/s? — t3sin(p) < s + o cos(p),
s+ tocos(p) > s(1+ cos(p)) and s — tycos(p) < s+ tg < 2s for (s,p) € (to,7) X (0,7), we
obtain

Py(t,z,2") < Vol, o(S"” 2 / / sin” _tO(S_tOCOS( ))dsdgo
(s + to cos(p))?

S CoVOln 2 Sn 2 / / ngdS < WCOVOIn Q(Sn 2)<T—t0) (923)

s+ to cos(p

where Cj is defined by (5.33) (we also used (7.1)).
Finally let m > 4 then

m—1
(Y2y -+ s Ym—-1) € Em—an(T,2,2") = (yz € &1 (T, 2,2") and Z ly;| < 7‘> : (9.24)

i=3
Therefore using (9.17), spherical coordinates (“y;,"= siw;, s; € (0,4+00), w; € S for i =
3,...,m — 1) we obtain

dys . dyn
Pu(r,z,2") < Pg(T,x,:c’)/ TET y ln_l
lys|+...+Hym—1]<T |y3| s |ym*1‘
m—3
< Py(r,2, 2 )Vol, (")~ / s, = Pg(T,x,:U’)Volnl(Snl)m?’m. (9.25)

0<s;, ©=3,...,m—1
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Finally statement (8.7) follows from (9.14), (9.18), (9.20), (9.22) and (9.25), and statement
(8.8) follows from (9.14), (9.18), (9.20), (9.23) and (9.25). O

10 Proof of Lemma 8.1

10.1 Proof of (8.3)
Let (u,2,2') € (0,T) x X x R? be such that g > |z — 2’|. From (8.2) and (7.3) it follows that
2m

/51,2(u,z,z/) Iyl\/(u — |y|)2 — |Z — 2z — y|2

27

/51 12(15t0(1,0), |y|\/ |y| - |t0(170) - y|2

JQ(M,Z,Z/) = dy

dy, (10.1)

where ty = |z — 2/|.

Using (7.3) and the change of variables y = £(1,0) — (s cos(y), SZ_% sin(p)) (see (9.1)),
€ (0,2m), s € (tg, 1), we obtain

Jo(p, z,2') = 4w /M /07r Jo1(pt, s, 0)dpde + 4m /N /07r Ja2(ft, s, p)depds, (10.2)
to to
where
Iar(pes) = VI licote) , (103
| (5 + to c0s()) /i — 5/1t — fo con(?)
Jaa(p,s,0) = s’sin’(p) (10.4)

(s + tgcos(p))\/s2 — t2/ 1 — sy/p — tocos(yp

for p € (0,27) and s € (to, ).

We give estimate on Jp; and Jys. Let ¢ € (0,%) and s € (to, ). From (10.3) and the

estimates cos(¢) > 0, cos?(p) < 1, s +tgcos(p) > s, it follows that

S to \/5
J2,1(:LL7 7@) S\//m\/—toT ﬁ\/}m <1O5>

(we also used the estimate \/s2 — 13 = /s + to\/s — to < V2v/54/ 1t — tocos(y)). From (10.3)

and the estimates cos(yp) > 0, u — tocos(p) < p(l — cos(p)), s + tocos(p) > s, ssin(p) <

Vs + toy/1t, it follows that

sin(g)s VG
JQ,Q(M?‘S?@) S \/Foﬁ\/r—tg\/m S \/ﬁ\/ﬁy (106>

where Cj is defined by (5.33).
Let ¢ € (5, 7) and s € (to, ). From (10.3) and the estimates p1—1o cos(p) > p, cos?(p) < 1,

it follows that
/a2 t2
Jo1 (i, 5,0) < S ,
(5 + to cos(@)) /i — syl

Therefore using (7.1), we obtain

1
J. Ydpds < ——— \/ — sds < 1. 10.7
// 2,1(11, 8, p)dpds < \/—tods sas ( )
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From (10.4) and the estimates p — to cos(p) > i, s + tocos(¢) > s(1 + cos(yp)), it follows that
Co
\/ﬁm\r Vs —toy/i—s

Note that using the estimate s > s — ty and performing the change of variables s =
to +e(p — to) we have

JQ 2(N757<P < C’0

(10.8)

p 1 p 1 ! 1
—dsg/ ds:/ _
to VSV — 8 to VS —Tloy/it—s 0o Ve(l—e)

for s € (to, 1). Combining (10.9), (10.2), (10.5)—(10.8), we obtain

de < 400, (10.9)

1
1
sup Jo(p, 2, 2') < 4w + 202 (V2 4+ /Co + CO)/ —————=de < o0.  (10.10)
0

(1,2,2')€(0,T) X B2 x B2 Vel —e)

p>|z—|
Statement (8.3) follows from (10.10). O

10.2 Proof of (8.4)
Let (11,2,2') € (0,T) x 90X x R3 be such that u > |z — 2’|. From (8.2) and (7.4) it follows that

u—|y|+|to(1,o,0)—y|)
d

p=lyl+lz—2"—yl
2\ <y = - )
Era(uez) Y (0= [y])|z =2 —y| E15(mt0(10,0).0) Y17 (1 = [y[)[to(1,0,0) — y|

(10.11)
where ty = |z — 2/|.

. . /212
Using the change of variables y = %(1,0,0) — (s cos(p), 2 sin(p)w) (see (9.1)), ¢ €

2
(0,7), s € (to, 1), w € S', we obtain
uwoopT oo
Jo(u, z,2') = 87r2/ / Jo1(ft, 8, 9)dpde + 8#2/ / Joo (i, s, 0)dpds, (10.12)
to 0 to 0

where

. B (s? — t3) sin(p) cos?(p) In <%ﬁf(¢)> 10.13
25 9) = cos(@)2(h — 5 — focos())(5 — focox())’ )

s%sin®(p) In (—“_to cos(e) )

nu—s

o2l 5,9) = (s +tocos(p))2(2u — s — tgcos(p))(s — tocos(p))’ (10.14)

for p € (0,27) and s € (to, ).
We give estimate on Jp; and Jyo. Let ¢ € (0,%) and s € (to, 1). From (10.13) and the

i 2 V2 — 25 _ p—to cos(p)
estimates cos*(p) < 1, s+ tgcos(p) > s, \/s? —t5sin(p) < s — tocos(yp), ln( e ) <

In (i*t()) and the estimate 2y — s — tgcos(p)) > p — tg cos(p), it follows that

s

7~ @n (L2)

s* (1 —tocos(p))

Jo1 (1,8, 0) <
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Therefore using (7.1) we obtain
z /82 — t¢In (’;L_tso) 7ln (%)
J. , S, 0)dp < < .
A 2,1(“ 90) ¥ QSQM 242

From (10.14) and the estimates cos?(¢) < 1, s + tgcos(p) > s, In (%f:(@) <In (’%) and

the estimate 2u — s — tg cos(¢) > (1 — cos(yp)), it follows that

sin(y) In (%)
i(5 — focos(p))

J2,2(M7 S, S0> < Cy

where Cj is defined by (5.33). Therefore

z In ( = ) In (“—HO) In (“—Jrfo) In (L+t°>
J. dp < Cp—"" L < Gy =7 10.16
/0 2,2(;“7 S, 90) Y > 0o tOILL >~ Y0 tON ( )
Let ¢ € (5,7) and s € (to, ). From (10.13) and the estimates cos?(¢) < 1, s—to cos(yp) >

87
V/'s? — tgsin(p) < s+tgcos(y), In (%j(@) <In (%) and the estimate 2u—s—to cos(p) >
i, it follows that

Vs —t31n (%)

Ja1 (s s, ) < '
2,1(:u s 90) (5—|—t0 COS<90)>/“LS

Therefore using (7.1), we obtain

7 7 In <m> mIn <m>
J dods < VA =7 10.17
/ﬂ 2.1 (1, 5, 0)dpds < TR T ( )

M

From (10.14) and the estimates s —ty cos(p) > s, s+t cos(p) > s(1+cos(p)), In (w) <

p—s —

In (%) , the estimate 2y — s — tgcos(p)) > pu, it follows that

m p P = sin(p) In <’;Lfso) o< In (’;j—fg) In (‘;Lfso) 018
/721 2,2(1”7 S, QD) 80 = 0/;' (8 I t(] COS(QO))ILL SO = 0 tOILL ) ( . )

where Cj is defined by (5.33) (we also used the estimate s > ¢, and sin(p) < 1).

Using the estimate s~ < (to%)_l for s € (", 1) and using the estimate In (—’Lﬁf) <

In (M> for s € (to, “F), we obtain

n—to

to+p

wln ( £E2 9 1 4 z
/ @ds < (M)/ —2d3+—2/ In (M+t0>ds
to S w—= Z(’-0 to S (to + l’l’) 71&0;“ H—=s

< In (2(u+to)) ft = to +4(u—toz) (ln (M+to)+1)
p—to ) to(p+to) (to+p) p—=to
M—to< (H‘i‘to) )
< 51n +4+1n(2) ). 10.19
o = (2) ( )
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Using the estimate In (’:L+t0> <In ( (puto) ) for s € (to, ), we obtain

s n—to

u to;ru
/ln (M> In (M) ds:2/ In (M) ln(m) ds
to S_to H—=3= to S_to H—==
totu
§IH<M)/ 1n<'u+t0>ds
w— 1t s — o
<(u—t +1]. 10.20
o (80 ) 22 w
)—(

Combining (10.15)—(10.18), (10.19)—(10.20), we obtain

/ 2
bz ) < pr—12 =71 (mn (%)) , (10.21)

plz = 2| — |z =~

where the constant D does not depend on p, z, 2. Statement (8.4) follows from (10.21). O

10.3 Proof of (8.5)
Let n > 4. Let (i, z,2") € (0,T) x 9X x R? be such that u > |z — 2’|. From (8.2) and (7.5) it
follows that

Ja(p, 2, 2) < C/ " (p=lyl) " e=2 —y|* dy = C‘/ " (—1yl) " to(1,0,0)—y[>"dy,
E1,n(p,2,2) E1.m(1,t0(1,0...0),0)
(10.22)

where tg = [z — 2’| and C' = sup(; z sye0.1)xax xrn 12 — Z'[" >N (1, 2, 2").

Using the change of variables y = 2(1,0)— (s cos(p), —Vszft‘% sin(¢)w) (see (9.1)), ¢ € (0,7),
s € (to, ), w € S 2, we obtain

Jo(p, 2, 2") <C"(/ / Joq( p,sgpdgpde+/ / Jggu,s,godgods), (10.23)

where C" = 2""2Vol,,_»(S"2)C.

_ (s> = 13)" sin">(p) cos ()
Falpss,0) = (s +tgcos(p))1(2u — s — tg cos(p)) (s — to cos(p))—2’ (10.24)

B (s? —t2)2ssm()
Tealps s, 0) = (s +tocos(p))*1(2u — s — tgcos(p)) (s — tg cos(p))—2’ (10.25)

for o € (0,27) and s € (to, ).
We give estimate on Jo; and Jy. Let ¢ € (0,%) and s € (to, it). From (10.24) and the
estimates cos?(¢) < 1, s+ tgcos(p) > s, /52 — t2sin(p) < s — tocos(yp), it follows that

s" (=t cos(p))

Jo1(p, s, ¢) <

Therefore using (7.1) we obtain

jus

2 /52 — t2 s
/ Joa(p, s, p)dp < 0

0 25"\ /2 — 13 25n-1
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From (10.25) and the estimate cos?(¢) < 1, s + tgcos(p) > s, /82 — t2sin(p) < s — tycos(p)
and the estimate 2 — s — tgcos(p)) > p — tocos(p)), it follows that

V82 — tgsin*(p)

Jaa(p,s,0) < s7=3(pu — to cos(p) ) (s — to cos(¢))?

<o B

51 — to cos())

)

where Cj is defined by (5.33) (we also used the estimate s —tq cos(p) > s(1—cos(p))). Therefore

™

2 wC2
/ J2(p, s, 9)dp < 5 g (10.27)
0 S

Let ¢ € (3, m) and s € (to, p). From (10.24) and the estimates cos®(¢) < 1, s—ty cos(y) > s,
V82 — t3sin(p) < s+ tocos(p) and the estimate 2u — s — tg cos(¢)) > p, it follows that

s+ tocos(p))us™2 = (s 4 tgcos(p))utn 2

Jo1(p, s, ) < (

Therefore using (7.1), we obtain

T ™
/ Jo1 (1, 8, p)dpds < 2 (10.28)
2 0

[SIE]

From (10.25) and the estimates s — tgcos(p) > s, \/s?2 —t3sin(p) < s + tocos(p) and the
estimate 2 — s — tgcos(p)) > pu, it follows that

V82 — tZsin(p) <2 Vs — 13

s+ tocos(p))3usnt = % (s 4 tocos(p))usm2’

‘]2,2(,“’ S, 90) < (

where Cj is defined by (5.33) (we also used the estimate s+tq cos(p) > s(1+4cos(p))). Therefore
using (7.1), we obtain

T T T
J: ,8,0) < C? < C? .
[T 2211, 5, 0) < Cp 2usn—2 = 0 2/“5872

Note that

H 1 1 Iu'n,—Q _ tn—2 o tO n—3 o
d = 0 — —1—Ztl+2—n
/to gn—1 5 n—2( =22 n—2 ZM 0

=0
—1
< B0 (10.29)
fitg
(we used the estimate to < p which gives p= =" < p=4p 2 fori =0...n — 3).
Combining (10.23), (10.26)—(10.29), we obtain
-t
T, 2, #) < ' 20 (10.30)
ptg

where C" does not depend on p and z, 2’. Statement (8.5) follows from (10.30). O
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11 The distributional kernel of the operators H,, and the
proof of Proposition 3.1

Before we prove Proposition 3.1 we shall introduce and prove Proposition 11.1 given below,
which gives the distributional kernel of the operators H,, defined by (2.12).
Let E denotes the nonnegative mesurable function from R" x R” to R defined by

_l"wl_QCZ‘O_( o ®lT®y w—xo

E(zy,mp) =€ 70 N s a2y, 1,), for ae. (21, 22) € R™ x R”, (11.1)

where © is defined by (2.10). For m > 3, we define recursively the nonnegative measurable real
function E(xq,...,x,,) by the formula

E(z1,...,10) = E(@1, ..., 2m 1) E(Tm_1,Tm), (11.2)

for (x1,...,2,) € (RM)™
Concerning the distributional kernel of the H,,, m > 2, we have the following result.

Proposition 11.1. We have

Hy(t)p(x,v) = / Ba(t, x,v, 2’ 0" ) (2!, v")da' dv’, (11.3)

X xSn—1
fort € (0,T) and a.e. (x,v) € X x S, where
22 (t — 59 — (@ — 590" — ') - 0)"?
|2n—4

t
Bolt, 0,00 0) = / Xonsn (12 = (& — 530
0

X [E(z,x — (t — s1 — s2)v, 2" + sov', 2 )k(x — (t — 1 — s2)v,v1,0)

|z — sov' — 2/ — (t — s2)v

k(2" + sov' 0" v1)] PEESSER SRR dss, (11.4)
|z—sqv! —a! —(t—s9)v|?
S1= 2(t— 522 (z 1/7523’)“0)

fort € (0,T) and a.e. (x,v,2',v") € X x S"" 1 x X x §*~1.
In addition for m > 3 we have

H,.(t)d(x,v) :/ B (t, 2,0, 2" 0" o (a 0" da' dv (11.5)
X xsrn—1
fort € (0,T) and a.e. (z,v) € X x S"~ 1, where

Bm(t,z,v, 2" 0" X (Ost—sm——s2)(|Z + S0 + ... 4 S209 — 2])
Sn 1)m -2 so+...+sm <t

5,20, i=2...m
2072 (t — 59 — — (=2 — SoUy — ... — S U1 — Spt') - 0)" T
X E —(t—81—...—
|z — 2 — SoU9 — ... — Sy 1Um_1 — SV’ — (t — 89 — ... — Sp)V|2n 4 [ (2= (= Sm)U:

/ / / /
X T+ SV + Sm—1Um—1+ ...+ S2U2, T + SV + Syp—1Um—1 + ... + S3V3,
/ / / / /
T 4 SV k(= (t— 81 — ... — Sp)v, v, V) k(2 4 SV + S 1Um_1 + - ..+ SoUg, Vg, V1)

/ !/
.. 1{7($ + SV + Sp—1Um—1+ ...+ Si+1Vi+1, Uit1, Uz‘) ce

/ / /
k<x —'I_ va 7U ,’Um—l)] Ul:I*I/*S2'U2*'-~*Sm—1”m—1*valf(tfslfmfsm)’v d82 e dsmdUQ e d/Um,]J (116)
S1
7|zfz/752v27mfsm_lv7n_l7smv’7(t7527...75m)u\2
S1= 2(t—sg—...—sm—(xz—a/ —s9vg—...8 _1Vm_1—5mv’)v)

fort € (0,T) and a.e. (x,v,2',v") € X x S" 1 x X x §*~1.
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Proof of Proposition 11.1. Note that

Hy(t)b(z,v) — ( /0 t /0 o Ul(t—sl—52)A2U1(31)A2U1(sg)qﬁdszdsl) (z,v)

_ ( / t ( / s - 52)A2U1(51)A2d51) U1(52)¢d52) (z,)
_ // Bl o — t—51—32)v)/gnlk(a:—(t—sl—sQ)v,vl,v)

XE(z — (t — 81 — 82)v, 7 — (t — 81 — 82)V — 8101)

></ k(x — (t — s — $1)v — 101, V2, V1)

Sn—l

XE(x — (t — 81 — 82)v — 5101, 0 — (t — 81 — 82)U — 510; — SoU3)
Xo(x — (t — 81— $2)v — S101 — SaUs, Vg)dvedv1dsidss,

for t € (0,T) and (z,v) € X x S"~!, where functions F are defined by (11.1)-(11.2).
Using the change of variables “y(s1,v1) = (t — s2 — s1)v + s1v1” we obtain

Hy(t)o // Ex,z —(t—s1 — $9)v,x —y,x — Yy — Sov9)k(x — (t — 51 — S9)v, V1, V)
S§n—1

x k x—y,vg,vl)] RS

(sl
1= 2t —sg—yv)

2" ((t —s9) —y - 0)"”
ly — (£ = sp)v" ™"
Hence we obtain (11.3). Note that

d(x — y — 8909, Vo) dyduvadss.

(H3(t)p)(z,v) = /0H2(t—83)A2U1($3)¢d53

¢
= / / Ba(t — s3, 2,0, 2, v2) (AU (83))P(xg, vo)dradvadss
X xSn—1

t
= / / Bo(t — s3,, 1)7!13271}2)/ k(xg, v, v9) E(x2, 29 — s30")
xxsn-1Jo sn—1

X (19 — 830", 0")dv' dszdxadvs,.
Hence

(H3(t)o)(z,v) = /X - Bs(t, x,v, 2’ 0" ) (2!, v')da' dv’, (11.7)

where

Bs(t,z,v,2",0v") = / / / X (0,t—s3—sz) (|2 + s30" —:c+82vz|)
S§n— 1

2” 2(t — sy — 83— (1 — Svg — ' — s30) - 0)""

|z — &' — S99 — $30" — (t — $9 — s3)v|?n—4
X [E(z,x — (t — s1 — 55— s3)0, 2 + 5900 + 530", 2" + 530", 1)

Xk(z — (t — 53— 89 — 51)v, 01, 0) k(2" + Sovg + s30, v, V1)

/ / /
X k(x4 s3v', 0", v9)] oy Eme sy s (151 sy —sg)v (52005300 (11.8)
ﬁ
|z—a! —sgug—sgv/ —(t—sgo— 53)v
S1= 2(t—sg—s3—(z—a’ —squg—sgv’)v)

The proof of (11.6) follows by induction from (11.7) and (2.13). O
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Proof of (8.12)-(8.13). We remind that

(AsG—($)9s) (2, w) = / R )G la) %é(s—lz—w’l,w’)du(w’),

=7 |2
(11.9)
for a.e. (z,w) € X x S"! and ¢ € L'((0,n) x dX) (see the derivation of (3.9) and (3.10) given
in Section 3).

Let m > 3. From (3.5), (11.5) and (11.9) it follows that

/
Am—‘rl,S,W / / LU v / / B’m t - t - |xm x |7 T, V,Tm, Um)
Sh tJoax 00,t—|Tm—a'|)xSn—1

k(2 V', 0)S (2, 0) | (2) - V'], s Md)(t',x/)d,u(a:/)dt/dxmdvmdv

/—
v |z — z/| [E _.',U,|n 1

_ / st — ¥z V(2 (), (11.10)
(0,n)x0X

where

() = [ @) 0w [ Xl e = #)

X xSn—1

/ ) / . + <r_| ) X(O,Tf\xmfzﬂfsmf...fsg)(|xm + SmUm + ... + S202 — l‘|)
sn— 1)771. sot...tsm<Tt—|zm-—=
on-— 2

>O i=2...m
9 (T — |Tm — 2| — 83— .. — Sy — (& — Ty — SaU2 — ... — Spu) - V)" °
|z, — /| 1|x—xm—82vg—...—smvm—(7—|xm—x’|—52—...—sm)v|2”—4
X[E(x,z — (T —|Tm — '] — 81— .. — $)0, T + SnUpn - - - + SoVa, Ty + SV + - . . + S303, . . .,
X T + SmUms T, T )k(x — (T — |2 — 2’| — 51 — . = $)0, 01, V) k(X + SinU + - - . + S209, U, V1)

.. k’(ZL‘m + SmUm + ... + Si+1Vi+1, Vi+1, Uz‘) c.

k(Zm + SmUms Uy Um—1)k(2m, v, 0,,) S (2, 0") v (2) - ']

v T—xm—52v2—...—smvm—(T—|zm—a'|—s1—...—sm)v
1= o
o |z—zm—32v2—..4—sm'um—(‘r—\zm—z/|—52—.4.—sm)v|2
1= 2(t—sg—...—sm—(z—a' —sgvg—...smvm)v)

I— zm—z/
\Imle‘

dsy...ds,dvs . ..dv,_1dx,,dv,,dv. (11.11)

Performing the change of variables y; = s;v;, ¢ = 2...m, and Y11 = Tmy1 — &', We obtain
(8.13) for “m > 4".
Let m = 2. Then from (2.12) and (2.13) it follows that

A2757W(¢)(t,x):/8n (@) wv/ / /S/ax z—(t—s— s1)v,01,0)

X k(x — (t—s—sl)v—slvl,’u v1)S (2!, v)|v(a e mmsms s - B(T,0 = (8= 5 — s1)v,

d

|lz—(t—s— slav sqv]—x
_ —(t— s — o -
Xz — (t—s—sl)v—slvl,x’)¢(s o —(t—s Sl)v s101 — @', @

du(z")dvidsydsdv.

v — (t — s — s1)v — syv; — o/ |"!
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Performing the change of variables y(s1,v1) = (t — s — s1)v + $1v;, we obtain

t

Aasw@ta) = [ @) oW [ o ()

X [E(x,x — (t—s—s1)v,x —y, 2 )k(x — (t — s — s1)v,v1,0)k(x — y,v',v1)S(2, ")

2" 2t = s —y-v)"PP(s — [v —y —af|, 2’
x v(a') - '] oy l=2)v—yl?

21— —5-0) |(t = s)o =y e —y — 2|
y—(t—s—sy)v
51
/\_ z—y—a’

lo—y—a]

1=

v

(L 7

Performing the change of variables =z —a' —yand t' = s — |y| we obtain (8.12).
Let m = 3. Then from (3.5), (11.3) and (11.9) it follows that

)dsdyd,u(x')dv. (11.12)

As swi(o)(t, x) :/Snl(l/( W(zx,v / /X . 1 — 8,%,0, Tg, V) (11.13)

0 |y — af[r

for t € (0,7) and = € 0X. From (11.13) and (11.4) we obtain

Ausar (@)t = [ (W) oWl /X o Keelie s

2772 (t — 85 — 89 — (1 — SoUg — 3) - v)"

|zg — 2/|" 1 |x — Sovg — 9 — (t — 5 — 52)0\2”_4

X [E(z,x — (t — 81 — S2)v, Ty + SoUg, Ta, T )k(x — (t — 51 — S9)v, vy, V)k(Ta + Sov2, Vo, V1)

k(za,v",v2) S (2!, 0w (2) - '] _espuaey (e o)y (s — |xe — 2’|, 2")dsadsdxadvedp(x’)dv.

,\w S9vp—Ty— (t s—s9)v|?
1= 9(t—s— sg—(r—xg—s9v9) V)
r— T2~ !

leg—2']

Performing the change of variables ys = s9v9 and y3 = x2 — 2’ we obtain (8.13) for “m = 3”.

Acknowledgment

O(s — oy — '],/ )dpu(')deadvydsdo,

O

This paper was funded in part by grant NSF DMS-0554097. The authors would like to thank Ian
Langmore and Francois Monard for stimulating discussions on the inverse transport problem.

References

[1] G. Bal. Inverse transport from angularly averaged measurements and time harmonic
isotropic sources. In Y. Censor, M. Jiang, and A.K. Louis, editors, Mathematical Methods
in Biomedical Imaging and Intensity-Modulated Radiation Therapy, CRM Series, pages

19-35. Scuola Normale Superiore Pisa, Italy, 2008.

[2] G. Bal. Inverse transport theory and applications. submitted, 2009.

[3] G. Bal and A. Jollivet. Stability estimates in stationary inverse transport. Inverse Probl.

Imaging, 2(4):427-454, 2008.

46



[4] G. Bal and A. Jollivet. Stability for time-dependent inverse transport. submitted, 2009.

[5] G. Bal and A. Jollivet. Time-dependent angularly averaged inverse transport. submitted,
2009.

[6] G.Bal, I. Langmore, and F. Monard. Inverse transport with isotropic sources and angularly
averaged measurements. Inverse Probl. Imaging, 2(1):23-42, 2008.

[7] M. Cessenat. Théoremes de trace LP pour des espaces de fonctions de la neutronique. C.
R. Acad. Sci. Paris Sr. I Math., 299(16):831-834, 1984.

[8] M. Cessenat. Théoremes de trace pour des espaces de fonctions de la neutronique. C. R.
Acad. Sci. Paris Sr. I Math. 300(3):89-92, 1985.

[9] M. Choulli and P. Stefanov. Inverse scattering and inverse boundary value problems for
the linear Boltzmann equation. Comm. Partial Diff. Equ., 21:763-785, 1996.

[10] M. Choulli and P. Stefanov. An inverse boundary value problem for the stationary trans-
port equation. Osaka J. Math., 36:87-104, 1999.

[11] R. Dautray and J.-L. Lions. Mathematical Analysis and Numerical Methods for Science
and Technology. Vol.6. Springer Verlag, Berlin, 1993.

[12] B. Frigyik, P. Stefanov, and G. Uhlmann. The X-ray transform for a generic family of
curves and weights. J. Geom. Anal., 18:81-97, 2008.

[13] I. Langmore. The stationary transport equation with angularly averaged measurements.
Inverse Problems, 24:015924, 2008.

[14] V. G. Romanov. Stability estimates in the three-dimensional inverse problem for the
transport equation. J. Inverse Ill-Posed Probl., 5:463-475, 1997.

[15] V. G. Romanov. A stability theorem in the problem of the joint determination of the
attenuation coefficient and the scattering indicatrix for the stationary transport equation.
(Russian). Mat. Tr., 1:78-115, 1998.

[16] H. Rullgard. Stability of the inverse problem for the attenuated Radon transform with
180" data. Inverse Problems, 20:781-797, 2004.

[17] P. Stefanov. Inside Out: Inverse problems and applications, volume 47 of MSRI pub-
lications, Ed. G. Uhlmann, chapter Inverse Problems in Transport Theory. Cambridge
University Press, Cambridge, UK, 2003.

[18] P. Stefanov and G. Uhlmann. Optical tomography in two dimensions. Methods Appl.
Anal., 10:1-9, 2003.

[19] J.-N. Wang. Stability estimates of an inverse problem for the stationary transport equation.
Ann. Inst. Henri Poincaré, 70:473-495, 1999.

47



