CENTRAL LIMITS AND HOMOGENIZATION IN RANDOM MEDIA *
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Abstract. We consider the perturbation of elliptic pseudo-differential operators P(x,D) with
more than square integrable Green’s functions by random, rapidly varying, sufficiently mixing, poten-
tials of the form q(?, w). We analyze the source and spectral problems associated to such operators
and show that the rescaled difference between the perturbed and unperturbed solutions may be writ-
ten asymptotically as e — 0 as explicit Gaussian processes. Such results may be seen as central limit
corrections to homogenization (law of large numbers). Similar results are derived for more general
elliptic equations with random coefficients in one dimension of space. The results are based on the
availability of a rapidly converging integral formulation for the perturbed solutions and on the use
of classical central limit results for random processes with appropriate mixing conditions.
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1. Introduction. There are many practical applications of partial differential
equations with coefficients that oscillate at a faster scale than the scale of the domain
on which the equation is solved. In such settings, it is often necessary to model the
coefficients as random processes, whose properties are known only at a statistical level.

Since numerical simulations of the resulting partial differential equation become
a daunting task, two simplifications are typically considered. The first simplification
consists in assuming that the coefficients oscillate very rapidly and replacing the equa-
tion with random coefficients by a homogenized equation with deterministic (effective
medium) coefficients; for homogenization in the periodic and random settings, see e.g.
[8, 39] and [12, 17, 30, 34, 36, 37, 42], respectively.

The solution to the equation with random equations may also be interpreted
as a functional of an infinite number of random variables and may be expanded in
polynomial chaoses [18, 46]. A second simplification consists then in discretizing the
randomness in the coeflicients over sufficiently low dimensional subspaces; see e.g.
[3, 27, 28, 29, 38, 48] for references on this active area of research. Such problems,
which are posed in domains of dimension d + @, where d is spatial dimension and @
the dimension of the random space, are often computationally very intensive.

In several practical settings such as e.g. the analysis of geological basins or the
manufacturing of composite materials, one may be interested in an intermediate situ-
ation, where random fluctuations are observed and yet the random environment is so
rich that full solutions of the equation with random coefficients may not be feasible.
In this paper, we are interested in characterizing the random fluctuations about the
homogenized limit, which arise as an application of the central limit theory.

In many cases of practical interest, such as those involving the elliptic operator
V-a.(x,w)V, with x € D C R? and w € Q the space of random realizations, the cal-
culation of the homogenized tensor is difficult and does not admit analytic expressions
except in very simple cases [30]. The amplitude of the corrector to homogenization,
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let alone its statistical description, remains largely open. The best estimates cur-
rently available in spatial dimension d > 2 may be found in [47]; see also [20, 21], [19]
for discrete equations, and [5] for applications of such error estimates. Ounly in one
dimension of space do we have an explicit characterization of the effective diffusion
coefficient and of the corrector [14]. Unlike the case of periodic media, where the
corrector is proportional to the size of the cell of periodicity ¢, the random corrector
to the homogenized solution is an explicitly characterized Gaussian process of order
v/€ when the random coefficient has integrable correlation [14]. In the case of corre-
lations that are non integrable and of the form R(t) ~ ¢~ for some 0 < a < 1, the
corrector may be shown to be still an explicitly characterized Gaussian process, but
now of order £2 [6].

The explicit characterizations of the correctors obtained in [6, 14] are based on
the availability of explicit solutions to the heterogeneous elliptic equation. Correctors
to homogenization have been obtained in other settings. The analysis of homogenized
solutions and central limit correctors to evolution equations with time dependent
randomly varying coefficients is well known; see e.g. [10, 23, 25, 32, 35, 41]. The
asymptotic limit of boundary value problems requires different mathematical tech-
niques. We refer the reader to [26, 45] for results in the setting of one-dimensional
problems. Note that in the case of a much stronger potential, in dimension d = 1
of the form 5_%qE instead of ¢. in the above Helmholtz operator, the deterministic
homogenization limit no longer holds and the solution of a corresponding evolution
equation converges to another well identified limit; see [43].

In spatial dimensions two and higher, a methodology to compute the Gaussian
fluctuations for boundary value problems of the form —Awu. + F(ue,x,%) = f(x)
was developed in [24]. An explicit expression for the fluctuations was obtained and
proved for the linear equation (—A 4+ X 4 ¢(%))u.(x) = f(x) in dimension d = 3. In
this paper, we revisit the problem and generalize it to linear problems of the form
P(x,D)uc + ¢-(x)ue = f(x) with an unperturbed equation P(x,D)u = f, which
admits a Green’s function G(x,y) that is more than square integrable (see (2.4)
below). The prototypical example of interest is the operator P(x,D) = =V -a(x)V +
go(x) with sufficiently smooth (deterministic) coefficients a(x) and go(x) posed on
a bounded domain with, say, Dirichlet boundary conditions, for which the Green’s
function is more than square integrable in dimensions 1 < d < 3.

Under appropriate mixing conditions on the random process ¢.(x,w), we will show
that arbitrary spatial moments of the correctors 5*%(% — ug, M) where u. and wug
are the solutions to perturbed and unperturbed equations, respectively, and where M
is a smooth function, converge in distribution to Gaussian random variables, which
admit a convenient and explicit representation as a stochastic integral with respect
to a standard (multi-parameter) Wiener process. If we denote by u; the weak limit
of wi. = e~ % (us — ug), we observe, for 1 < d < 3, that E{v2 (x,w)} converges to
E{u?(x,w)}, where vi. is the leading term in wi. up to an error term we prove is
of order O(e?) in L'(2 x D). This shows that the limiting process u; captures all
the fluctuations of the corrector to homogenization. This result is no longer valid in
d > 4 and in homogenization in periodic media in arbitrary dimension, where the
weak limit of the corrector captures a fraction of the energy of that corrector. The
square integrability of the Green’s function thus appears as a natural condition in the
framework of homogenization in random media.

We obtain similar expressions for the spectral elements of the perturbed elliptic
equation. We find that the correctors to the eigenvalues and the spatial moments of
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the correctors to the corresponding eigenvectors converge in distribution to Gaussian
variables as the correlation length e vanishes. In the setting d = 1, we obtain similar
result for more general elliptic operators of the form —% (asﬁ)—i—qo—l—qs by appropriate
use of harmonic coordinates [34].

As we already mentioned, the theory developed here allows us to characterize the
statistical properties of the solutions to equations with random coefficients in the limit
where the correlation length (the scale of the heterogeneities) is small compared to
the overall size of the domain. Asymptotically explicit expressions for the correctors
may also find applications in the testing of numerical algorithms. Several numerical
schemes have been developed to estimate the heterogeneous solution accurately in the
regime of validity of homogenization; see e.g. [1, 2, 21, 22, 40]. Explicit expressions
for the correctors allow us to check whether these algorithms capture the central
limit corrections as well. Another application concerns the reconstruction of the
constitutive parameters of an equation from redundant measurements. In such cases,
lower-variance reconstructions are available when the cross-correlations are known and
used optimally in the inversion; see e.g. [44]. The correctors obtained in this paper
provide asymptotic estimates for the cross-correlation of the measured data and allow
us to obtain lower-variance reconstructions for the constitutive parameters; see [7].

An outline for the rest of the paper is as follows. Section 2 summarizes the
results obtained in the paper. The analysis of the correctors to homogenization is
undertaken in section 3 for perturbations of P(x, D) by a random potential g.(x). The
generalization to a more general one-dimensional elliptic source problem in detailed
in section 4. The results on the correctors obtained for source problems are then
extended to correctors for spectral problems in section 5. The results obtained for the
spectral problems are then briefly applied to the analysis of evolution equations.

2. Main results. Let us consider an equation of the form:
P(x,D)uc + qeue. = f, x €D (2.1)

with u, = 0 on 9D, where P(x,D) is a (deterministic) self-adjoint, elliptic, pseudo-
differential operator and D an open bounded domain in R?. We assume that P(x, D)
is invertible with symmetric and “more than square integrable” Green’s function.
More precisely, we assume that the equation

P(x,D)u = f, xeD (2.2)

with v = 0 on 9D admits a unique solution given by:

u(x) = G7(x) = [ Glxy)f(w)ay. (2.3
D

where the real-valued, non-negative, symmetric kernel G(x,y) = G(y,x) (these as-

sumptions can be relaxed in Section 3) has more than square integrable singularities:

1
X (/ \G|2+"(x,y)dy> “™ " is bounded on D for some 7 > 0. (2.4)
D

The assumption is typically satisfied for operators of the form P(x, D) = —=V-a(x)V+
o(x) for a(x) uniformly bounded and coercive and o(x) > 0 in dimension d < 3, with
7 = 400 when d =1 (i.e., G is bounded), n < oo for d =2, and n < 1 for d = 3.

In order to avoid resonances from occurring in (2.1), the process ¢.(x,w) is a
modification -see Section 3 for the details- of ¢.(x,w) = ¢(¥,w), a mean zero, (strictly)

3



stationary, process defined on an abstract probability space (2, F,P) [16]. We assume
that ¢(x,w) has an integrable correlation function:

R(x) = E{q(y,w)q(y +x,w)}, (2.5)

where E is mathematical expectation associated to P, and that it is strongly mixing
in the sense given in (3.1) below. We define the following variance:

R(0) = o2 = / R(x)dx = / E{q(0)q(x)}dx. (2.6)
R4 Rd
We formally recast (2.1) as u. = G(f — g.ue), where G = P(x, D)~!, and thus:

ue =Gf —Gq.Gf + Gq.Gqeu.. (2-7)

The process ¢ is modified on a set of measure O(¢g) to ensure that the above equation
admits a unique solution P—a.s. One of the main results of this paper is that:
Ueg — U dist.

— — —0’/ G(x,y)uo(y)dWy,, ase—0, (2.8)
€2 D

weakly in space (i.e., after integration against a sufficiently smooth deterministic
function M (x)), where ug = G f and dWy, is standard multi-parameter Wiener process
[33]; see Theorem 3.7 when G is bounded and Theorem 3.8 when G verifies (2.4). The
right-hand side in (2.8) is the limit of —5_%gq5g f. We observe that the variance of
the latter term converges to the variance of the right-hand side in (2.8).

When the Green’s function is no longer square integrable, the variance of the
corrector fsfggqsgf(x) is much larger than that of —o fD G(x,y)uo(y)dWy, which
implies that energy is lost while passing to the weak limit in (2.8). This is the case
for the elliptic operator P(x,D) = —V - aV + ¢o in dimension d > 4; see section 3.3.

We then extend the previous results to the general one-dimensional equation:

d d

—%aa(a?,w)ﬁus + (qo + ge(z,w))ue = pe(z,w) f(z), reD=(0,1), (29)
with Dirichlet conditions u.(0) = u.(1) = 0 to simplify the presentation. The random
coefficients a.(z,w) and p.(x,w) are uniformly bounded from above and below: 0 <
ap < a.(r,w), p-(r,w) < ag'. The (deterministic) absorption term gq is assumed to
be a non-negative constant to simplify the presentation.

We assume that ac(z,w) = a(Z,w), ¢-(v,w) = q(£,w), and p.(z,w) = p(%,w),
where a(x,w), ¢(z,w), and p(x,w) are strictly stationary processes on an abstract
probability space (2, F,P). We assume appropriate joint mixing conditions on the
random processes (see Section 4) and integrability of the cross-correlation functions
Ryq(x) for {f,g} € {a,q, p}, where Rs4(x) = E{f(y,w)g(y + x,w)}. Let us define:

a*

be(x) = -1, q‘s(wi) = Qa(xaw) - QObs(x)v 0pe = pe — ]E{p}, (2'10)

ac(z,w)
where (a*)~! = E{a~!}. The process §.(z,w) will be modified on a set of measure
O(e) to ensure existence of a solution to (2.9). We denote by G(z,y) the Green’s
function of the homogenized equation (2.9), where a. is replaced by a*, ¢. by 0 and
pe by p=E{p}. Then we have that

Ug — U

NG

(z) L=t /0 oz, t)dW,, (2.11)
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where W; is standard Brownian motion and
o2 t) = 2/ E{F(x,t,0)F(x, 1, 7)}dr,
0
F(z,t,7) = Hy(z,0)b(r) + Hy(x,t)p(1) — Hy(,)q(7).

Here, we have defined:

(2.12)

o) = [ (0556351 + 30 5 Gl 1) + Gl ety

H,(xz,t) = G(x,t) f(t), Hy(z,t) = G(x,t)/o G(t,2)f(z)dz,

where x,(t) = 1if 0 < ¢t < z and x,(t) = 0 otherwise. The homogeneous Green’s
function G(x,y) = G(z,y;1), where G(x,y; L) is defined in (4.2) below and the ho-
mogenized solution is defined as ug(z) = ﬁfol G(z,t)f(t)dt. The proof of the result
is based on a change of variables to harmonic coordinates and the techniques used to
prove the convergence result in (2.8).

The above two problems may be recast as u,(w) = A,(w)f for a deterministic
source term f, where A,(w) is the solution operator and n = £%. Let A be the formal
limit of A, as 7 — 0. For the above problems, we show that

E{||A, — AI*} S0, (2.14)

which is sufficient to adapt results in [31] and obtain Gaussian fluctuations for the
leading eigenvalues and eigenvectors of the compact, self-adjoint, operator A,. More
precisely, let (A7, u]) and (A, uy) be the spectral elements of A, and A, respectively,
where the eigenvalues are ordered in decreasing order (assuming they are non-negative
to simplify). The results obtained on the convergence of the source problems allow us
to assume that

A T]_Aun(x) st / on(x,y)dWy, (2.15)

D

weakly in space for some known kernel o,,(x,y). Then we find that
)\»7,71 — >\n dist.
Ui

The eigenvalue correctors are therefore Gaussian variables, which may conveniently
be written as a stochastic integral that is quadratic in the eigenvectors since o, (x,y)
is a linear functional of u,. The correlations between different correctors may also be
obtained as

7

/ Un (X))o (%, y)dWydx ::/ Ay (y)dWy asn— 0. (2.16)
D2 D

A= X AL — A ) n—
E{ n m } =0 / A (%) Ay (x) . (2.17)
n n D
By proper normalization, (uy,,u”) is equal to 1 plus an error term of order O(n?)
on average. We find the limiting behavior of the Fourier coefficients of u)! — u,, and
obtain that for m # n:

Uy — uy, dist. 1
( n ; L,um) N A /D2 U (X)op (%, y ) dWy dx. (2.18)

Note that the convergence holds for fixed values of n as n — 0. We do not have
convergence of the eigenelements for values of, say, n = €77 for v > 0. The results
obtained on the spectral elements allow us to address the convergence of solutions to
several evolution equations; see Section 5.3.
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3. Correctors for Helmholtz equations. In this section, we analyze the con-
vergence properties of u. given by (2.7) assuming that the Green’s function of the
unperturbed problem (2.2) satisfies (2.4).

We define ¢.(x,w) = q(%¥,w), where ¢(x,w) is a mean zero, strictly stationary,
process defined on an abstract probability space (2, F,P) [16]. We assume that ¢(x,w)
has an integrable correlation function defined in (2.5). We also assume that g(x,w)
is strongly mixing in the following sense. For two Borel sets A, B C R%, we denote
by Fa and Fp the sub-o algebras of F generated by the field ¢(x,w) for x € A and
X € B, respectively. Then we assume the existence of a (p—) mixing coefficient o(r)
such that

’E{m —E{n})(€ - E{&})}
(E{n2}E{¢2})?

for all (real-valued) square integrable random variables 1 on (Q,F4,P) and £ on
(Q, Fp,P). Here, d(A, B) is the Euclidean distance between the Borel sets A and B.
The multiplicative factor 2 in (3.1) is here only for convenience. Moreover, we assume
that ¢(r) is bounded and decreasing. We will impose additional restrictions on the
process to ensure that the equation (2.7) admits a unique solution.

| <¢2d(4,B)) (3.1)

3.1. Existence of solutions and error estimates. In order for the above
equation to admit a unique solution, we need to ensure that (I — Gq.Gg.) is invertible
P—a.s. We modify the process G.(x,w) defined above on a set of measure of order £¢
so that Gg.Gq. has spectral radius bounded by p < 1 P—a.s. To do so and to estimate
the source term Gf — Gg.Gf in (2.7), we need a few lemmas.

LEMMA 3.1. Let q(x,w) be strongly mizing so that (3.1) holds and such that
E{q®} < 0o. Then, we have:

!E{q(xl>q<><2>q<><3>q<><4>}|s{ s }go%uyl—y3|>so%<|y2—y4|>la{q6}%. (3.2)

We use the notation a < b when there is a positive constant C' such that a < Cb.

Proof. Let y1 and y2 be two points in {xx}1<g<a such that d(y1,y2) > d(xi,x;)
forall 1 < 4,5 <4 and such that d(y1,{zs3,24}) < d(y2,{2s3,24}), where {y1,y2, 23,24}
= {xk }1<k<a. Let us call y3 a point in {zs,24} closest to y;. We call y, the remaining
point in {xj}1<k<4. We have, using (3.1) and E{q} = 0, that:

Nl

£ = |E{g(x1)a(x2)q(x3)a(xa)}| < 0 2ly1 — ya)(E{e*})? (B{(a(y2)a(y3)a(y4))?})

The last two terms are bounded by E{qG}% and E{qG}%, respectively, using Holder’s
inequality. Because (1) is assumed to be decreasing, we deduce that:

[E{a(xn)a(x)a(xs)a(xa)}] < o(lys = ys)E{a} . (3:3)
If y4 is (one of) the closest point(s) to y2, then the same arguments show that
[E{q(x1)a(x2)a(xs)a(xa)}| S ¢(|ly2 — ya)E{¢°}5. (34)

Otherwise, y3 is the closest point to ys, and we find that: & < ¢(2|ya — y3|)E{q6}%.
However, by construction, |ys — y4| < |y1 — y2| < |y1 —y3| + lys — y2| < 2|y2 — y3l,
so (3.4) is still valid (this is where the factor 2 in (3.1) is used). Combining (3.3) and

(3.4), the result follows from a A b < (ab)2 for a,b > 0, where a A b = min(a,b). O
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LEMMA 3.2. Let q. be a stationary process q-(X,w) = q(%,w) with integrable
correlation function in (2.5) and f € L*(D) a deterministic function. Then we have:

E{G4:GfII72p)} < Il 1172 () (3-5)

Let q. satisfy one of the following additional hypotheses:
[H1] There is a constant C such that |¢(x,w)| < C dx x P-a.s.
[H2] E{¢°} < oo and q(x,w) is strongly mizing with mizing coefficient in (3.1)
such that ¢ (1) is bounded and = o2 (r) is integrable on R,
Then we find the following bound for the operator Gq.Gq.:

E{(|G9-G4c 1212y} < €™ (3.6)

Note that [H2] and 7 + ¢(r) decreasing impose that o(r) = o(r~2%); see [4].
Proof [Lemma 3.2]. Here and below, we denote || - || = || - || 12(py and calculate

60.61x) = [ ([ GlxyaGly.a)iy) f(aia
so that by the Cauchy-Schwarz inequality, we have
02:6100P <51 [ ([ G v)0)Gly.2)dy) da.
p\Jp

By definition of the correlation function, we thus find that

BUIGL07I) <117 [ GG OR(Y)Gly. GG a)dxaydcda. (37
Extending G(x,y) by 0 outside D x D, we find in the Fourier domain that

BU102.0f12 171 [ | [ 166Gl ()= A(ep)apda.

Here f(£) = Jra €7 f(x)dx is the Fourier transform of f(x). Since R(x) is in-

tegrable, then R(ep) (which is always non-negative by e.g. Bochner’s theorem) is
bounded by a constant we call Ry so that

BUI02.61%) S 171" Ra [ GP(x,y)G(ay)axiyda £ %" R
by the square-integrability assumption on G(x,y). This yields (3.5). Let us now
consider (3.6). We denote by [|Gg-Gq.||c the norm [|Gq.Gqc| z(z2(p)) and calculate
that

Gq-Gq-9(x / / G(x,y)q:(y)G(y ,z)dy) q-(2)¢(z)dz.

Therefore,

(02.00.000) < [ ([ GlxyaGly.2tady) da | o*(a)ia

by Cauchy-Schwarz. This shows that

2
1Gq:G |12 (w / / G(x,y)q:(y)G(y ,Z)dy) q2(z)dzdx.



When ¢.(z,w) is bounded P—a.s., the above proof leading to (3.5) applies and we
obtain (3.6) under hypothesis [H1]. Using Lemma 3.1, we obtain that

Blo-0)e- @) £ ot (EE) ot 0) 4 o3 (21 (224D,

3

Under hypothesis [H2], we thus obtain that

m\»—A

51600012} 5 [ 66 0et (V)6 a6 a)dvacaxds

/,32 (/DG(X y)eh ('y E ‘)G(Yaz)dyrdxdz.

Because %132 (r) is integrable, then x — 2 (|x|) is integrable as well and the bound
of the first term above under hypothesis [H2] is done as in (3.7) by replacing R(x) b
¢%(|x|). The second term is bounded, using the Cauchy-Schwarz inequality, by

/D (/D (/DGQ(va)dX)Gz(%Z)dy)(/D<p(|y . |>dy)dz <el,

since x — (|x|) is integrable, D is bounded, and (2.4) holds. O
Applying the previous result to the process ¢.(x,w) = ¢(¥,w), we obtain from
the Chebyshev inequality that

d—1

E{Ilgqegqe\lg}

" (3.8)

( w3 ”gqsg(IEHﬁ > ,0)

On the set Q. C Q of measure P(Q.) < ¢ where ||GG.Gd-|z > p, we modify the
potential g, and set it to e.g. 0. We thus construct

qg(x,w) _ { ga(X,W) ZES:Q& (39)

LEMMA 3.3. The results obtained for G-(x,w) = q(%,w) in Lemma 3.2 hold for
qe(x,w) constructed in (3.9).
Proof. For instance,

E{l|Gg-Gf11} = E{xa- (w)I9¢:GfII”} + E{xa\0: (w)[Ga-G f[I*}
=E{xa\e: (@)93:-9f1?} < E{1Ga-Gf1?} < Il fII*.
The same proof holds for the second bound (3.6). O

We need to ensure that the oscillatory integrals studied in subsequent sections
are not significantly modified when ¢(%,w) is replaced by the new g¢.(x,w). Let

I. = 5’%Hq(§,w) — ¢e(x,w)||. Then, under [H1] or [H2], we have

hmE{I}fhmE{XQs Hqu( )H}fo (3.10)

Indeed, by Holder’s inequality, boundedness of D and stationarity of ¢, we have
/ 1

E{L} < E{xh-(@)}7 e $B{qlP}r < e 2)(Blgl)7, for L + L = 1. The result

follows when p > 2.



With the modified potential, (2.7) admits a unique solution P-a.s. and we find
that |Juc||(w) S NGFIl+ GG f|| P— a.s., where || - || denotes L?(D) norm. Using the
first result of Lemma 3.2, we find that

E{|Jucl®} S [1£11% (3.11)
Now we can address the behavior of the correctors. We find that
(I —G9:Gq:)(ue —uo) = —Gq-Gf +Gq-Gq-G f. (3.12)

Using the results of Lemma 3.2, we obtain that
LEMMA 3.4. Let u. be the solution to the heterogeneous problem (2.1) and ug the
solution to the corresponding unperturbed problem. Then we have that

(B{llue —uwol2})? S 3] (3.13)

Note that writing u. = A.f and ug = Agf, with A, and Ag the solution operators of
the heterogeneous and homogeneous equations, respectively, we have just shown that

E{||A. — Ao|?} < &% (3.14)

Now Gq.Gq.(u. — up) is bounded by ¢4 in L*(Q; L?(D)) by Cauchy-Schwarz:

1 1
E{lGa-Ga (u: = wo)l} < (E{I9a-Ga:[2})" (Elllue — woll*})” S .
LEMMA 3.5. Under hypothesis [H2] of Lemma 3.2, we find that

E{|Gg-Ga-Gf|?} < e*'55 | £|[* < &7 |, (3.15)

2+n

where 1 is such that y — (/ \G|2+"(x,y)dx) is uniformly bounded on D.
D

Proof. By Cauchy-Schwarz,
00:60.616” < I [ ([ Gxy)a(9)G(y. 2)a-(2) (o, t)dya) e
B D \Jp2 ’ 7 )
So we want to estimate
A= ]E{/D6 G(x,y)G(x,€)q:(¥)a:(C)G(y, 2)G (¢, €)4e (2)4= (§) G (2, £) G (&, t)d[€Cyzxt]},

where d[x; ...x,] = dx; ...dx,. We use (3.2) to obtain that A < A; + Ay + As:
1z — &
€

a = [ e et (P avacic o0t (P2 ce v aecyax
Ay :/D2< - G(x,y)G(y, )go?('y |)G(z,t)dydz)2altdx7
n= | 6G<x7y>G<s,t>G<x7<>G<z7t>so%(‘y%ﬁ') Gy, 2)6(¢. )0t (4= ) alecynt]

Denote Fx+(y,z) = G(x,y)G(y,z)G(z,t). Then in the Fourier domain, we find that

A1N/ / 25} (cp)p %<aq>|Fxt(p a)[2dpdqdxds.
D2 JR2d



o~ o~

Here gpé( ) is the Fourier transform of x — 2 (|x]). Since ¢ (ep) is bounded because
r?=1p2 (r) is integrable on RT, we deduce that

Ay S e G2 (x,y)G*(y,2)G?(z, t)dxdydzdt < £*¢,
D4
using the integrability condition imposed on G(x,y).

Using 2ab < a? + b? for (a,b) = (G(x,y),G(x,¢)) and (a,b) = (G(&,t),G(z,t))
successively, and integrating in t and x, we find that

105 [ 6ty 06600t (L)t (K2 ) divcag)
thanks to (2.4). Now with (a,b) = (G(y,z), G(¢,&)), we find that

A< [ Gyt (ly €|) (‘C_Z|)d[y(j’z£]5g2d

D4 3 3

since goé is integrable and G is square integrable on the bounded domain D.

Let us now consider the contribution A;. We write the squared integral as a
double integral over the variables (y, ¢, z, £) and dealing with the integration in x and
t using 2ab < a? + b2 as in the A; contribution, obtain that

15 [ 6.0t (B2t g0t (P28 )dveag)

Using Holder’s inequality, we obtain that

A2 5 ((/OOO L‘O% (g)rd_ldr)ﬁ< e Gp(y,z)dydz>%)2 < Ezd;m7

with p = 247 and p/ = 22 since @2 (r)r

Tr , whence @7 (r)r
n

The above lemma applies to the stationary process ¢.(x,w), and using the same
proof as in Lemma 3.3, for the modified process ¢.(x,w) in (3.9). We have therefore

obtained that

d—1 d—1

, is integrable. 0O

B [luz — u+ Gg-Gf||} S &5, (3.16)

For what follows, it is useful to recast the above result as:

PROPOSITION 3.6. Let q(x,w) be constructed so that [H2] holds and let g-(x,w)
be as defined in (3.9). Let u. be the solution to (2.7) and ug = Gf. We assume that
ug s continuous on D. Then we have the following result:

T S =0 o)

9 g2

lim E{ Ue

e—0

Proof. Thanks to (3.10), we may replace ¢.(x,w) by G-(x,w) = ¢(%,w) in (3.16)
up to a small error compared to =7 Indeed,

(0o ) - )l = 2o ] 00z )}
< 19luoll = oy E{xer )| ga(Z0) | } < 1

0

The rescaled corrector 5*%gq(é,w)uo does not converge strongly to its limit.
Rather, it should be interpreted as a stochastic oscillatory integral whose limiting
distribution is governed by the central limit theorem [16, 23].

10



3.2. Oscillatory integrals and central limits. The convergence of oscillatory
integrals sf%gq(;,w)g f to Gaussian processes is an application of the central limit
theorem. It is well known in one dimension of space and can be generalized in several
dimensions of space using the central limit theorem for discrete random variables as
it appears in [11]. The details of the convergence are presented in [4]; we merely
summarize here the main steps of the derivation.

We consider such limits first in the one-dimensional case and second for arbitrary
space dimensions. In one dimension of space, the Green’s function G(x,y) is typically
Lipschitz continuous and we will assume this regularity for the first part of this section.
Then, the leading term of the corrector £ 2 (ue — up), given by:

welow) = [ =G ZzaL i, (315)

is of class C(D) P-a.s. and we can seek convergence in that functional class. Since
ug = G f, it is continuous for f € L?(D). Then we have:

THEOREM 3.7. Let us assume that G(x,y) is Lipschitz continuous. Then, under
the conditions of Proposition 3.6,

dist.

e (2, w) —> —0’/ G(z,y)uo(y)dWy, ase—0, (3.19)
D

in the space of continuous paths C(D), where dW,(w) is the standard Wiener measure
on (C(D),B(C(D)),P). As a consequence, the corrector to homogenization satisfies:

Ue — U

NG

in the space of integrable paths L*(D).

Proof. To prove (3.19), we need to show tightness and convergence of the fi-
nite dimensional distributions of uj.. Tightness of ui. follows from the fact that
E{|u1e(z,w)]?} < 1, and that

(x) dist. fa/ G(z,y)uo(y)dW,, ase—0, (3.20)
D

B (o.0) = e (€)= E( [ [6a) = Gt6 ) TzaDutu)ay)
= [ [66.0) - 66,0 - 616 RO uul e
(—y

Slo—¢ [ ZIREZDlun)uolc)dudc 5 Jo — €

since the correlation function R(r) is integrable and ug is bounded.

The convergence of the finite dimensional distributions is addressed as follows;
see [4] for more details. The finite-dimensional distribution (u1.(z;,w))1<;<n» has the
characteristic function for k = (k1,...,ky):

i e (24,w o i m(y)2=qe — -
P. (k) = Efe' == haslee)y = Bet oMWWy ) = N7 kG, y)uo(y).
j=1

It thus remains to show that

dist.

— I, = / m(y)odW,, e —0, (3.21)
D
11

Ie = /Dm(y)\%q(g)dy



for arbitrary continuous moments m(y). This is done by approximating m(y) by

my(y) constant on intervals of size of order h so that we have to analyze random
B

become independent in the limit € — 0 and converge in distribution to mp;oN (0, k),

where N'(0, h) is the centered Gaussian variable with variance h. Our assumptions on

¢ allow us to verify the mixing properties required in [11] to apply the central limit

variables of the form M.; = mp; fé’l_l)h %q(y)dy. We show that the variables M,;

theorem to the discrete random variables ¢; = fj]H q(y)dy appearing in M.;.

This concludes the proof of the convergence in distribution of w;. in the space
of continuous paths C(D). It now remains to recall the convergence result (3.17) to
obtain (3.20) in the space of integrable paths. O

In arbitrary dimension, the leading term in 5*%(% — ug) is given by:

1

ue(xw) = [ =Gxy) 0y )un(y)dy. (322)
D €2

Because of the singularities of the Green’s function G(x,y) in dimension d > 2, we

obtain convergence of the above corrector in distribution on (2, F,P) and weakly in

D. More precisely, let My(x), 1 < k < K, be sufficiently smooth functions such that

mily) = — /D Mi(x)G(x, y)uo(y)dx = ~GMy(y)uo(y), 1<k<K, (3.23)

are continuous functions (we thus assume that ug(x) is continuous as well). Let us
introduce the random variables

elw) = [ mity)—ga(Z.w)ay. (321

Because of (3.10), the accumulation points of the integrals Ii.(w) are not modified if
q(¥,w) is replaced by ¢.(y,w). Then we have:

THEOREM 3.8. Under the above conditions and the hypotheses of Proposition
3.6, the random variables Ixe(w) converge in distribution to the mean zero Gaussian

random variables Iy, (w) as € — 0, where the correlation matriz is given by

Sk = B 1) = 0 /D my (y)mi(y)dy. (3.25)

Here, we have defined:

o = [ By, 1) = [ my)edn, (3.26)
Rd D

where dWy, is standard multi-parameter Wiener process [33]. As a result, for M(x)
sufficiently smooth, we obtain that

(=
9

Proof. The convergence in (3.27) is a direct consequence of the second equality
in (3.26) and the strong convergence (3.17) in Proposition 3.6. The second equality
in (3.26) is directly obtained from (3.25) since I;(w) is a (multivariate) Gaussian
variable. In order to prove (3.25), we use a methodology similar to that in the proof
of Theorem 3.7.

Uo dist.

M) o [ M) ). (3.27)

[M[H
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The convergence in (3.21) is now multi-dimensional and we approximate m(y) by
mp(y), which is constant and equal to mp; on small hyper-cubes C; of size h (and
volume h?); there are M ~ h~¢ of them. Because dD is assumed to be sufficiently
smooth, it can be covered by Mg ~ h~%*t! cubes and we set m;(x) = 0 on those
cubes. We then define the random variables M, ;(w) = mp; fcj éq(%,w)dy, show

that they become asymptotically independent as e — 0, and apply the central limit
theorem for the discrete random variables gj(w f +0.1] w)dy with j € Z4 and

[0,1] = [0,1]%. Our assumptions on ¢(r) allow us to show that the variables ¢j(w) are
sufficiently mixing so that the central limit theorem in [11, 15] applies; see [4]. O

3.3. Larger fluctuations, random and periodic homogenization. The re-
sults stated in the preceding section generalize to larger fluctuations of the form:

Ge (x,w) = g%q(?, w), (3.28)

with g. the same modification of ¢. as before. The corrector —Gq.G f is now of order
1 . .
3= for 0 < a < % The next-order corrector, given by Gq.Gq.Gf in (3.12), is

bounded in L'(Q2 x D) by ¢ Az —20) according to Lemma 3.5. The order of this
term is smaller than the order of the leading corrector gd(z—a) again provided that
0<ac< ﬁ, which converges to % for d = 1,2 as n — oo and converges to %
for d = 3 asp — 1. In dimension d = 1,2, we can infer from these results that
gd(z—) (us — up) converges in distribution to the limits obtained in the preceding
sections as € — 0 provided that 0 < a < % The proof presented in this paper extends
only to the values 0 < a < i since it is based on imposing that the spectral radius of
Gq-Gq- be sufficiently small using (3.6) in Lemma 3.2. For (3.28), this translates into
E{ngggqsﬂ%(LQ(D))} < g21-42)  We then verify that all results leading to Proposi-

tion 3.6 generalize when 0 < o < 1 to yield (3.17) with % replaced by €437 Note
that in the limiting case o = é, Ug does not converge to the deterrnlnlbtlc bOluthD Ug
as is shown in the temporal one-dimensional case in [43].

Let P(x,D) = =V -a(x)V + ¢o(x). The results on the corrector u. —ug obtained
in Theorems 3.7 and 3.8 are valid for 1 < d < 3. If we admit the expansion in
(2.7) that u. — ug = —Gq.ug plus smaller order terms, then the results obtained in
Theorem 3.8 show that u. — up converges weakly in space and in distribution to a
process of order O(e%) for all dimensions. The theory of this paper does not allow
us to justify (2.7) when d > 4 because the Green’s functions are no longer square
integrable. Corrections of order £2 thus correspond to a transition that we also find
in the periodic case:

—Au, + q(?)us =f in D, (3.29)

with u. = 0 on D, defined on a smooth open, bounded, domain D C R?, where ¢(y)
s [0, 1]%periodic. Following [8], we introduce the fast scale y = * and introduce a
decomposition u. = u.(x, ) = ug+eu; +e2us. Replacing Vi by V + Vyx in (3.29)
and equating like powers of ¢ yields three equations; see [4] for addltlonal details. The
first equation shows that ug = ug(x). We can choose u1(x) = 0 in the second equation.
The third equation —Ayus — Axug + ¢(y)uo = f(x), admits a solution provided that
—Axug + {q)ug = f(x), in D with ug = 0 on dD. Here, (g) is the average of ¢
n [0,1]¢, which we assume is sufficiently large so that the above equation admits
a unique solution. We recast the above equation as ug = Gpf. The corrector us

13



thus solves —Ayus = ({g) — q(y))uo(x), and by the Fredholm alternative is uniquely
defined along with the constraint (uz) = 0. We denote the solution operator of the
above cell problem as G4 so that ua(x,y) = —Gx(q — (¢))(y)G f(x). Thus formally:

u(x) = G5 (x) = 2G4 (g — (a)) (29 (x) + Lo, (3.30)

We thus observe that the corrector ug.(x) := ug(x, %) is of order O(e?) in the L?
sense, say. In the sense of distributions, however, integrations by parts show that the
corrector may be of order o(e™) for all integer m in the sense that the oscillatory
integral [, M(x)ug.(x)dx < €™ for all m when M (x)ug(x) € Cg°(D).

A similar behavior occurs for the random integral

nelx) = [ ~Gyla(ZLw)utiy, (3.31)

which behaves like e2uj. defined in (3.22) thanks to (3.10). Theorem 3.8 shows
that (v, M(x)) is of order O(e2) for M(x) and ug(x) sufficiently smooth and that
€7 % (v12, M(x)) converges in distribution to a Gaussian random variable. This result,
however, does not hold in the L?(D)—sense for d > 4 when G(x,y) is the fundamental
solution of the Helmholtz equation —A + go(x) on D. Indeed, we prove that:
PROPOSITION 3.9. For ug(x) and R(€) Hélder continuous, we have:

1 R(0) / Cly)d(y)dy 1<d<3
D

E{v? (x,w)} ~{ & lna\(%r)ciR(o)u%(x) d=4 (3.32)
et [ T8 gss
e €[

Here a. ~ b, means a. = b-(1 + o(1)).
Proof. We calculate:

— Z

E{v? (x,w)} = /D2 G(x,y)G(X,z)R(y )uo(y)uo(z)dydz. (3.33)

Extending G(x, -) by 0 outside of D, by the Parseval equality the above term is equal to
(2m) [G2a |Fy—e(G(x,¥)uo(y))|?(€)e? R(c€)d€, where Fy_.¢ is the Fourier transform
from x to £ In dimension 1 < d < 3, since R(e€) — R(0) pointwise, the Lebesgue
dominated convergence theorem yields the result. In dimension d > 4, however, the
Green function is no longer square integrable and the integral is larger than <.

For d > 4, we replace G(x,y) by c4|x — y|>~ where ¢4 is the measure of the
unit sphere S?~!. The difference G(x,y) — cq|x — y|?>~¢ is a function bounded by
C|x — y|>~%, which yields a smaller contribution to E{vZ.}. We also replace uo(y)
by uo(x), up to an error bounded by |x — y|* as soon as ug(x) is of class C%(D).
Similarly, we replace ug(z) by ug(x) and thus obtain that

E{?, (x,0)} ~ u(x) / ! !

y—Z
R( )d dz.
b2 caX —y[ T2 cgx —z[d2 )Y

Let o > 0 and B(x, «) the ball of center x and radius a so that B(x,«) C D. Because
all singularities occur when y and z are in the vicinity of x, we use the proof of the
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case 1 < d < 3 to show that up to a term of order ¢¢, we can replace D by B(x, a):

1 1 y—z
E{vi (x,w)} ~ ud(x / R dydz. 3.34
ot~ [ o e R ) (3.34)

Now for d > 5, using the dominated convergence theorem, we can replace B(0, «) by
R? because the Green function is square integrable at infinity, whence

]E{vfa(X,w)}Nug(x)/ L - L — R(y;z>dydz.

R2d Cd|Y|d 2Cd|Z|d 2

This, however, by the Parseval equality, is equal to

B{uf(x.w)} ~ 002! | el R = o)’ [ elhie)de,

G

since the Fourier transform of the fundamental solution of the Laplacian is |£]|72.

When d = 4, we come back to (3.34), and replace one of the integrals (in z) on
B(0,a) by an integral on R? using again the dominated convergence theorem and the
other integral by an integration on BS = B(0,a) N B(0,¢), with an error that we can
verify is of order O(e*). This yields the term

/B ! (Y= )dyds = /B %R(ﬁ)ei%dfdy + O

(0,a) xR¢ 0421|Y|2|Z|2 o xRe caly €7

_ / U ety agdy + O() = R(0)(2me) / s o ‘4dy+0( D
B Bf €

g £ xRd C4|Y|2|£|2 .
:w/ B gy + o) = R(O)C&Hnd—i—O(szl).

Ca lyl*

Here, we have assumed that |R(&) — R(0)| was bounded by C|£|? for some § > 0. O

In all dlmensmns e 2 le(X w) converges (weakly and in distribution) to a limit
up(x,w) = —fD x,y)uo(y)dWy. In dimension 1 < d < 3, we have proved that u;
was the limit of €72 (u5 —ug). The above calculation shows that the limit u; captures
all the energy in the oscillations of the homogenization corrector s*%vlg in the sense
that z—:*dIE{||v1€||%2(D)} converges to ]E{Hu1||%2(D)}.

In higher dimension d > 4, as in the case of homogenization in periodic media,
most of the energy is lost while passing to the (weak) limit. While the energy of the
asymptotic corrector e2u; is Eg(E{HulH%z(D)}% = O(£?), the energy of the random
corrector vy, (and that of e2u;.) is (IE{||1115||?;2(D)}%7 which is of order O(e?) for d > 5

and of order O(e2|Ine|z) for d = 4. Most of the energy of the random correctors to
homogenization is lost when passing from ui. or 5_%015 to its weak limit u; because
u1. remains highly oscillatory in dimension d > 4.

4. Correctors for one-dimensional elliptic problems. In this section, we
consider the homogenization of the one-dimensional elliptic problem (2.9) presented
in Section 2. We assume that the random coefficients are jointly strongly mixing in
the sense of (3.1), where for two Borel sets A and B in R%, we denote by F4 and
Fp the o-algebras generated by the random fields a(x,w), ¢(x,w), and p(x,w) for
x € A and x € B, respectively. We still assume that the p-mixing coefficient o(r) is
integrable and such that (,D% is also integrable.
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In the case where ¢ = 0 and p. = 0, the corrector to the homogenization limit
up has been considered in [13]. For general sufficiently mixing coefficients a. with
positive variance 02 = 2 [ E{a(0)a(t)}dt > 0, we obtain that u. — ug is of order /&
and converges in distribution to a Gaussian process. This section aims at generalizing
the result to (2.9) using the results of the preceding section and the following change
of variables in harmonic coordinates [34]:

| dz a* 1
_ dt - R 4.1
#(@)=a /0 a0 de a(@) T E{a 1) (1)

and U.(z) = uc(x). Note that E{z.(x)} = . Then we find, with z = z(z.), that

d? N -
—(a*)? Sl T a"qote + ac[(1 - az'a*)qo + qelic = acpef,  0<z < z(1)
with @ (0) = @c(2:(1)) = 0. Let us introduce the following Green’s function
2
d 2
with G(0,y; L) = G(L,y; L) = 0 and set G(z,y) = G(z,y;1). With §.(z,w) defined
n (2.10), we find that

——G(z,y; L) + qG(x,y; L) = d(x — y) (4.2)

Qe

ze (1)
W) = [ G D)o — 1)) )y,
/0 Ga2(0), 2(0); (D) (pf = o) ().

ue(x)

Upon defining G.u( fo ze(), 2 (Y); 2 (1))u(y)dy, we obtain that:

Ue = gapaf - gadagepaf + GeG-GeqUe. (43)

Since apa*zr < z.(x,w) < a*aalx P—a.s., the Green’s operator G. is bounded P—a.s.
and the results of Lemma 3.2 generalize to the case where the operator G. replaces
G. As in (3.8), we thus modify G. (i.e. we modify a. and g.) on a set of measure
O(e) so that ||G-G=G:Gc||c < r < 1 and obtain that (3.10) holds. Let us introduce the
notation:

pe = p+0pe, p=E{p}, Ge=G+0G., G=E{G.}, uo=Gpf. (44)
xr t *
0ze(x) = ze(x) —x = /0 b(g)dt, b(t,w) =

o b (4.5)

We first obtain the
LEMMA 4.1. The operator G. may be decomposed as G. = G + G1. + R., with

! 9 ) 0
G- f(x) = / (aza< ¥) g + 050+ 02 () 57 ) Gy D)y, (40)
and Gf(x fo y)dy. We have the following estimates:

E{HQIEH2} +E{IRA} + Ef|dz(2)0z(y)[} Se, O<wy<l.  (47)
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[N

Proof. We first use the fact that E{|0z.(z)0z.(y)|} < (E{(d2-(x)dz:(y))?})>.
Denoting by b, (z,w) = b(g, w), we have to show that

{ [ [ [ roptapapGadiazazana} < 2

Now using the mixing property of the mean zero field b. and the integrability of cp% (r),
we obtain the result using (3.2) as in the proof of Lemma 3.5. The integral defining
G. is split into two contributions, according as y < = or y > x. On these two intervals,
G(x,y; L) is twice differentiable, and we thus have the expansion
G 12:(1)) =G ;1 ) 0 1) 0 0z:(1 0 G ;1

(22 @), 22(y); 26(1)) = G,y 1)+ (822 () 5 +022(9) 5 +05 (1) 3 ) Gl D) e,
where the Lagrange remainder r. = r.(z,2.(z),y, 2:(y), 2z:(1)) is quadratic in the
variables (0z:(x),dz-(y),02z-(1)) and involves second-order derivatives of G(z,y;1) at
points (£,¢, L) between (x,y;1) and (ze(z), ze(y); 2¢(1)).

From (4.7) and the fact that second-order derivatives of G are P—a.s. uniformly
bounded on each interval y < x and y > x (we use here again the fact that aga*z <
z.(r,w) < a*ag 'z P—a.s.), we thus obtain that E{|r.(.)|} < e. This also shows the
bound for E{||R.||} in (4.7). The bound for E{||G.||*} is obtained similarly. O

Because we have assumed that ¢. and p. were bounded uniformly, we can replace
G: by G + Gic in (4.3) up to an error of order € in L'(Q; L?(D)). The case of g and
pe bounded on average would require us to address their correlation with r. defined
in the proof of the preceding lemma. This is not considered here. We recast (4.3) as

Ue — Uy = (gepe - gﬁ)f - gedegepef + geqagede(ua - UO) + gedsQadegf' (4-8)

Because G(z:(x), z:(y); z:(1)) and p. are uniformly bounded, the proof of Lemma 3.2
generalizes to give us that

E{(1GG:G=-11*} + E{[1G-3-G-p-fII*} + E{ll(G-p- — GA) fII*} S . (4.9)

So far, using ||G:G-G:d-||c < r < 1, we have thus obtained the following result:
LEMMA 4.2. Let u. be the solution to the heterogeneous problem (2.9) and ug =
PG f the solution to the corresponding homogenized problem. Then we have that

(B{[lue - uol2})? < VA (4.10)

The estimate (3.14) with d = 1 is thus verified in the context of the elliptic equation
(2.9). As a consequence, we find that E{||u. — ug||*} < e so that by Cauchy-Schwarz
and (4.9), E{||Gcq:G:q-(ue — up)||} < e. It remains to exhibit the term of order /¢ in
ue — ug. Let us introduce the decomposition

Us — Uy = [glaﬁ +Gp: —GGGp| f + s, (4.11)
Se = (5955/)5 =+ Rsﬁ)f - (ge(jsgepa - g(jsgﬁ)f + gs(jsge(ie(ue - UO) +G:G:-G:4:Gf.
LEMMA 4.3. Let f € L*(D). We have

E{llscll} < el f1I- (4.12)
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Proof. Because G(z:(z),z:(y); 2(1)) is uniformly bounded, the proof of Lemma
3.5 generalizes to show that E{|G.¢.G-G-Gf|*} < €% f]|>. We already know that
E{||R:||} < e. It remains to address the terms Iy = Gi.0p:f, Io = GG-Gicpef,
I3 = G1.G.Gp-f, and Iy = GG-Gdp.f. Because p. is uniformly bounded P—a.s., the
first three terms are handled in a similar way. Let us consider E{I?}, which is bounded
by the sum of three terms of the form:

E{L3 625 (vl (.’L‘7 y))H(.’L‘, y)(szs (UQ (SL’, C))H(.’L‘, <>6p€ (y)aps (C)f(y)f(C)dmdydC}>

where vg(x,y) is either x, y, or 1 for k = 1,2, and H(x,y) is a uniformly bounded
function. Using the definition of dz., we recast the above integral as

L[ Eatntesn. oo 0 yindsati e, o, O ) oy,

Using (3.2), we see that the above integral is bounded by terms of the form

/D/ / ot (M) o (M Y dtadtal H () H o, L)1 (Ol dardydC,

where (u1, ug, us, uq) = (u1, ug, us, uq)(t1,t2,y,¢) is an arbitrary (fixed) permutation
of (t1,t2,y,(). Because p(r) is integrable, the Cauchy-Schwarz inequality shows that
the above term is < &2||f||?. The term E{I7} is given by

B{ [ | 6a.0)G(. 080Gl 16 60: (2152 F€) e .
D4

Since G(z,y) is uniformly bounded on D, we again use (3.2) as above to obtain a
bound of the form &2| f|>. O
It remains to analyze the convergence of the contribution [Gi1.p+ Gdp. —Gq.Gp|f.

As in (3.18), we define ui.(z,w) = i& [glsﬁ-i- Gope — Qq}gﬁ} f(z), which we recast as

w1 (T, w) \[/ Hb z,t) +(5p( ) oz, t) —(j(é)Hq(x,zf)}dt7 (4.13)

with the kernels defined in (2.13). We have the following result:
THEOREM 4.4. Let f € L*°(0,1). The process ui-(x,w) converges weakly and in
distribution in the space of continuous paths C(D) to the limit ui(x,w) given by

ul(:v,w):/o o(x,t)dWy, (4.14)

where Wy is standard Brownian motion and o(xz,t) is defined in (2.12).
The corrector to homogenization thus satisfies that:

Ue — Up
Ve
in the space of integrable paths L' (D).
Note that we may recast ui.(z,w) as ui(z,w) = Zk 1 ffD pr(L)Hy (2, t)dt,

(z) dist. up(z,w), ase—0, (4.15)

where the py are mean zero processes and the kernels Hy(z,t) are given in (2.13).
The corrector in (4.14) may then be rewritten as

3 .
-y /D o, £) AW, (4.16)
k=1



with three correlated standard Brownian motions such that dW; dW} = pjrdt, where:

et = HwVa( [ EmOmnmyr)’

E{p; (0)px(7) + pr(0)p;(7) }dr (4.17)

2( /O b E{p, (0)p, () }dr /0 h E{pk(o)pk(T)}dT})%.

That (4.14) and (4.16) are equivalent comes from the straightforward calculation that
both processes are mean zero Gaussian processes with the same correlation function.
The new equation (4.16) shows the linearity of u;(z) with respect to f(z).

Proof. We recast ui.(x,w) as

1 t
e (7, w) = Xk:\/g/Dqk(E)Hk(x,t)dt,

with a decomposition similar to but different from (4.13) above and where the ¢ are
mean-zero processes. We verify that we can choose the terms H(x,t) in the above
decomposition so that all of them are uniformly (in ¢) Lipschitz in x, except for one
term, say Hi(x,t), which is of the form

Pik =

i) =@t Lot = [ L Gloy Dof ),

where Lj(z,t) is uniformly (in ¢) Lipschitz in . This results from the fact that
G(x,y;1) is Lipschitz continuous and that its partial derivatives are bounded and
piecewise Lipschitz continuous; we leave the tedious details to the reader.

Because of the presence of the term Hi(z,t) in the above expression, it is not
sufficient to consider second-order moments of u;. to show tightness as in the proof
of Theorem 3.7. Rather, we consider fourth-order moments as follows:

Bllu(w) —ue6o)l} = & 3 /D B (D ara (D an (D () x

k1,k2,k3,ka

4
H (Hkm (x»tm) - Hkm (fa tm))dtldt2dt3dt4~
m=1

Using the mixing condition of the processes g, and Lemma 3.1 (where each ¢ in (3.2)
may be replaced by ¢ without any change in the result), we obtain that E{|ui.(x,w)—
u1:(€,w)[*} is bounded by a sum of terms of the form

4
) H (Hkm (mvtm) - Hkm (gvtm))dtldtZdtSdtélv

m=1

1 %(tz—tl) %(t4—t3
e? D4SD : ¥ €

whence is bounded by terms of the form

2
1 1,ta—1 2
(2 oM TL i (0 t) = Hi (6 )it
€ Jp2 3 m—1

When all the kernels Hy  are Lipschitz continuous, then the above term is of order
|z — &|*. The largest contribution is obtained when k; = ky = 1 because Hi(z,t) is

not uniformly Lipschitz continuous. We concentrate on that contribution and recast

Hy(x,t) = Hi(&,t) = (Xa(t) = Xe(0)) La (2, t) + Xe (8) (La (2, t) — L1 (&,1)).
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Again, the largest contribution to the fourth moment of u;. comes from the term
(xz(t) — xe(t))L1(z,t) since Li(x,t) is Lipschitz continuous. Assuming that z > ¢
without loss of generality, we calculate that

] 0 = Xe @) La (.0 xels) = xe(s) L (6. 5) 2 (s
//letng, 5 %(t %)dtds < (x— €),

€

since gof is integrable. Note that this term is not of order |¢ — z|?>. Nonetheless,
we have shown that E{|ujc (7, w) — uic (€, w)[*} < € — 2)?, so that we can apply the
Kolmogorov criterion in [9] and obtain tightness of u1.(z,w) as a process with values
in the space of continuous functions C(D).

The finite-dimensional distributions are treated as in the proof of Theorem 3.7
and are replaced by the analysis of random integrals of the form:

\[/ +5p< )m (t)+q~(£)mq(t)]dt.

The functions m are continuous and can be approximated by mj constant on intervals
of size h so that we end up with M independent (in the limit ¢ — 0) variables of the

form: T Z; 1 Mnbj+mpndpj+mgng;. It remains to apply the central limit theorem

as in the proof of Theorem 3.7. The above random variable converges in distribution
to

N(0,ho?), o?=2 / E{(mpnb + mpndp + mgnq)(0)(mpnb + mppdp + mgnd)(t) }dt.
0

This concludes our analysis of the convergence in distribution of u;. to its limit in the
space of continuous paths C(D). The convergence of u. — ug follows from the bound
(4.12). O

5. Correctors for spectral problems. For w € Q, let A, (w) be a sequence
of bounded (uniformly in w P—a.s. and in > 0), compact, self-adjoint operators,
converging to a deterministic, compact, self-adjoint operator A as 7 — 0 in the sense
that the following error estimate holds:

E[A,(w) — A|P < 1P, for some 1 < p < oo, (5.1)

where ||A,(w) — A]| is the L?(D) norm and D is an open subset of R

The operators A and P—a.s. A,(w) admit the spectral decompositions (A, u,)
and (A7, u!), where the real-valued eigenvalues are ordered in decreasing order of their
absolute values and counted m,, times, where m,, is their multiplicity.

For A, let wu, be (one of) the closest eigenvalue of A that is different from A,,.

Let us then define the distance:

‘)‘n - l‘n|
—
Following [31], we analyze the spectrum of A, in the vicinity of A,. Let I" be the
circle of center )\, and radius d,, in the complex plane and let R((, A) = (A—()~!

the resolvent of A defined for ¢ & o(A), the spectrum of A. The projection operator
onto the spectral components of B inside the curve I' is defined by

27” / R(C, B)d (5.3)

d,, = (5.2)



Note that for all ¢ € T', we have that R(¢, A)P,[A] = (A, — ¢)~!. We have:

PROPOSITION 5.1. Let A, and A be the operators described above and let A, be
fized. Then, forn sufficiently small with respect to d,,, we can choose m,, eigenvalues
A1 of Ay in the vicinity of A, so that the following estimate holds:

p
E{|An = N2} + E{lluf — wal} § 55 AL, (5.4)

for a suitable labeling of the eigenvectors u]! of A" associated to the eigenvalues A]l.

Proof. Tt follows from [31, Theorem IV.3.18] that for those realizations w such that
| Ay (w) — All < dy, then there are exactly m,, eigenvalues of A, in the d,—vicinity of
I". Since this also holds for every A,, such that d,,, > d,,, we can index the eigenvalues
of A, as the eigenvalues of A. Moreover, |} (w) — A,| < [|A;(w) — A||. For those
realizations w such that [|A,(w) — A|| > d,, we choose m,, eigenvalues of A, (w)
arbitrarily among the eigenvalues that have not been chosen in the d,,—vicinity of
Am for |Am| > |An|. For all realizations, we thus obtain that

4y () - A)

AN (w) — An| <

It remains to take the pth power and average the above expression to obtain the first
inequality of the proposition.

In order for the eigenvectors u]! and u,, to be close, we need to restrict the size of
71 further. To make sure the eigenvectors are sufficiently close, we need to ensure that

-1 1
Pulis) = Pald) = o [ RO A =R ANAC = 5 [ RIG AL (A, = ARG, A,
™ Jr 21 Jp
is sufficiently small. On the circle I" and for ||A — A,|| < d,, we verify that
1 1
sup | R(¢, A)|| = —, sup | R(C, Ap)|| £ ——+——»
Sup 1R Al = - Sup 1R Al < 7— A=A

by construction of d,, and by using R7(¢,4,) = R7Y(¢,4) + (A, — A) and the
triangle inequality [|[R™1(¢, 4,)|| > |R71(¢, A)|| — |4, — Al > d,, — || A, — A]|. Upon
integrating the expression for P,[A,] — P,[A] on T, we find for 2|4, — A|| < d,, that

A, - A 2
14 = Al 24~ A <1,

p = Hpn[A ]*Pn[A]” S—— 1 =<
K dn — ||A77 - AH dn

For self-adjoint operators A and A,,, the above bound on the distance p between
the eigenspaces is sufficient to characterize the distance between the corresponding
eigenvectors. We follow [31, 1.4.6 & I1.4.2] and construct the unitary operator

U = (1= (PalAy] = PalAD?) " (PalAgPalA] + (I = Pa[A)(I = PalA]). (5.5)

Let unx, 1 < k < m, be the eigenvectors associated to A,, n > 1. The eigenspace
associated to ]! admits for an orthonormal basis the eigenvectors defined by [31]:

up = U, 1<k <my,. (5.6)
The relation (5.5) may be recast as

Ul = (I = RY)(I + Pu[Ag)(Pu[Ay] = Pu[A]) + (Pu[Ay] — PalA]) Pa[A4,]),
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where || R}|| < p?. This shows that [|U)] — I|| < p and [ju)) , —unill S p S dy A, —
All, 1 < k < my, whenever d,*||A, — A|| < p for p sufficiently small. When d,,!||A, —
Al > p, we find that [|unk — u,) 4[| S 20)|Ay(w) — All/dn, where the vectors u,) , are
constructed as an arbitrary orthonormal basis of the eigenspace associated to AJ.
Upon taking pth power and ensemble averaging, we obtain (5.4). O

5.1. Correctors for eigenvalues and eigenvectors. Let (A,,u,) be a solu-
tion of Au, = Ayu, and let A7 and u]] be the solution of A,u]!l = A\lu;l defined in
Proposition 5.1. We assume that (5.1) holds with p = 2. We calculate that

NP (1. Ay AUn) N l(uz ~ (A = A) = (A= An))un ).

n n

The last term, which we denote by r/(w) is bounded by O(n) in L'(Q) using the
results of Proposition 5.1 with p = 2 and the Cauchy-Schwarz inequality. Thus, 7 (w)
converges to 0 in probability. Let us assume that the eigenvectors are defined on a
domain D C R? and that for a smooth function M (x), we have:

A, — A i
(M(x)7 niun(x)> dist:, M(x)o,(x,y)dWydx as n — 0. (5.7)
n D2

Using this result, and provided that the eigenvectors wu,(x) are sufficiently smooth,
we obtain that

)\Z - A'rL dist.

- U (X)op (X, y)dWydx == | A, (y)dWy asn— 0. (5.8)

n D2 D

The eigenvalue correctors are therefore Gaussian variables, which may conveniently
be written as a stochastic integral that is quadratic in the eigenvectors since o, (x,y)
is a linear functional of u,. The correlations between different correctors may also
obviously be obtained as

)\:’l — An A:]n — >\m n—0
IE{ ; ; } /D A (%) A (x)dx. (5.9)

Let us now turn to the corrector for the eigenvectors. Note that |ju, — u?||?> =
2(1 — (up,u)), so that (u,,u?) is equal to 1 plus an error term of order O(n?) on
average. The construction of the eigenvectors in (5.6) shows that w, — u]! is of order
O(n?) in the whole eigenspace associated to the eigenvalue \,. It thus remains to
analyze the convergence properties of (u, — ull, uy,) for all m # n. A straightforward
calculation similar to the one obtained for the eigenvalue corrector shows that

ull — up, B (A = A1) — (A= \,) 1 .
(T’ (A=An)um ) = —( ; ) = (A= A) (8] =ttn), ).
The last term converges to 0 in probability (and is in fact of order O(n) in L*(Q) as
above). We thus find that

Ul —u i 1

< n__%. um> dist. / U (X)0op (%, y)dWydx. (5.10)
77 )\n — >\m D2

The Fourier coefficients of the eigenvector correctors converge to Gaussian random

variables. As in the case of eigenvalues, this allows us to estimate the cross-correlations

of the Fourier coefficients corresponding to (possibly) different eigenvectors.
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5.2. Applications. The first application pertains to the following problem:
A. = (P(x,D)+¢.)', A=P(kxD)" (5.11)

Lemma 3.4 and its corollary (3.14) show that (5.1) holds with p = 2 and = 2. The
operators A. and A are also compact and self-adjoint for a large class of operators
P(x, D) which includes the Helmholtz operator P(x, D) = —A + go(x). Let (A5, us)
be the solutions of A° P.u. = u. and (\,,u,) the solutions of APu = u. Then,

A, — )\n ist.
- st —)\na/ Un (X)G(X, ¥)un (y)dWydx = —)\ia/ uZ(y)dWy, (5.12)
£2 D2 D

or equivalently, that for the eigenvalues of P. and P, we have:

(Ai)_l — )\;1 dist.
€

0/ u (y)dWy. (5.13)
D

iR

The Fourier coefficients of the eigenvectors satisfy similar expressions.

The second example is the one-dimensional elliptic equation (2.9). Still setting

n=ez, we find that e~ 2 (A, — A)u, st [p onlx, t)dWy, where oy, (x,t) is defined

in (2.12) with the source term f in (2.13) being replaced by w,(x). The operators
Ac and A satisty (5.1) with p = 2 thanks to Lemma 4.2 and its corollary (3.14). The
expressions for the eigenvalue and eigenvector correctors are thus directly given by
(2.16) and (2.18), respectively.

5.3. Correctors for time dependent problems. As an application of the
preceding theory, let us now consider an evolution problem of the form u; + 6 Pu = 0,
for t > with u(0) = ug, where @ =1 or § = ¢, and P is a symmetric pseudodifferential
operator with domain D(P) C L?(D) for some subset D C R% and with a compact
inverse A = P~!, which we assume, without loss of generality, has positive eigenvalues.

We then consider the randomly perturbed problem u + 6P,u, = 0, for t > 0
with u,(0) = ug, where P,(w) verifies the same hypotheses as P with compact inverse
A, = P{l. We assume that (5.1) holds. We denote by A, and A} the eigenvalues of
A and A, and by u, and u;} the corresponding eigenvectors. We have that

u(t) = e "ug = Z e (up, ug Uy, 1= Zan(t)un, an(t) = et (u,, ug).
n n

and u, (t) = af(t)ull, and a})(t) = e~ "% (u}, ug). We verify that, for |s,| =2 0
n

ol — ay, Ap — A wl — up,

— e Pty 2 (U, up) + 679)\"t(

,Up) + Sp. 5.14
; . ; 0) + sy (5.14)

The above difference thus converges to a mean zero Gaussian random variable whose
variance may easily be estimated from the results obtained in the preceding section.
We do not control the convergence of the eigenvectors for arbitrary values of n and
thus cannot obtain the law of the full corrector u,(t) —u(t). We can, however, obtain
a corrector for the low frequency parts u’, (t) and u™ (t) of u, (t) and u(t), respectively,
where only the first N terms are kept in the summation. We may also estimate the
corrector for (u’} (t) —un (t), un,) using the above expansion for the Fourier coefficients
and the results obtained in the preceding section. We again obtain that the corrector
is a mean zero Gaussian variable whose variance may be calculated explicitly.
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Other time-dependent equations may be treated in a similar way. For instance,
the wave equation uy + Pu = 0, with «(0) = up and u;(0) = go, and P a symmetric
operator with compact and positive definite inverse, may be recast as

wy —Aw =0, w(0) = wo, w:(:;), A:<]OD é) (5.15)
t

We verify that the eigenvalues A, of A are purely imaginary and equal to +iv/Ap,
where Ap are the positive eigenvalues of P. We thus obtain that

u At U . Hp,)\z 0
t) = II th  II4 ) = ’ 5.16
(Ut> (t) zA:@ AN (90) y Wl AN ( 0 )\HP,,\2> oo )

the orthogonal projector onto the nth eigenspace of A. A similar expression may
be used for the perturbed problem w,(t), where P is replaced by P,. The results
presented earlier in this section easily generalize to provide an estimate for the low
frequency component of u(t) — w,(t).
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