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PDEs with random potential

We follow the presentation in [B-08]. Consider an equation of the form:
P(x,D)us + geue = f, X €D (1)
ue = 0 X € 0D,

where P(x,D) is a (deterministic) self-adjoint, elliptic, pseudo-differential

operator and D an open bounded domain in R%. We assume that P(x,D)

IS invertible with symmetric and “more than square integrable’” Green’s

function. More precisely, we assume that the equation

P(x,D)u = f, x €D

u=20 X € 0D, (2)
admits a unique solution
u(x) = Gf(x) i= [ Gexy)f(¥)dy, (3)

and that the real-valued and non-negative (to simplify notation) symmet-
ric kernel G(x,y) = G(y,x) has more than square integrable singularities



sO that

1
X (/D G2 (x, y)dy) “*" is bounded on D for some n>0. (4)

The assumption is satisfied by operators of the form P(x,D) = -V -
a(x)V + o(x) for a(x) uniformly bounded and coercive, o(x) > 0, and in
dimension d < 3, with n = 400 when d = 1 (i.e., the Green’s function is
bounded), n < oo for d =2, and n < 1 for d = 3.

The assumption is not satisfied for such operators in dimension d > 4,
where deterministic and random correctors are in competition.



Assumptions on potential

Let ge(x,w) = q(%,w) be a mean zero, (strictly) stationary, process defined
on an abstract probability space (2, F,P). We assume that ¢(x,w) has
an integrable correlation function:

R(x) = E{q(y,w)q(y +x,w)}, (5)

where E is mathematical expectation associated to P. We assume to
simplify that ¢-(x,w) is sufficiently small so that (1) is well defined. The
above expression is independent of y by stationarity of the process ¢(x,w).

We also assume that ¢(x,w) is strongly mixing in the following sense.
For two Borel sets A, B ¢ R%, we denote by F4 and Fg the sub-o algebras
of F generated by the field ¢(x,w). Then we assume the existence of a



(p—) mixing coefficient ¢(r) such that
'E{m — E{n}) (£ - B{¢})}
(E{n?}E{¢2})?

for all (real-valued) random variables n on (€2, F4,P) and £ on (€2, Fg,P).
Here, d(A, B) is the Euclidean distance between the Borel sets A and B.

< ¢(2d(4,B)) (6)

The multiplicative factor 2 in (6) is here only for convenience. Moreover,
we assume that o(r) is bounded and decreasing.



Random integral

We formally recast (1) as

ue = G(f — qeue),

where G = P(x, D)1, and after one more iteration as

Ues =— gf — gCIsgf + g%:QQs“s-

This is the integral equation we aim to analyze:
Gf is the unperturbed solution
Gqg=G f is the random fluctuation

Gqg=Gqsus is a lower-order correction

(7)

(8)



Mixing Lemma

We choose g- small so that (I — Gg:Gq:) is invertible P—a.s. (this can be
significantly relaxed). We then need a few lemmas.

Lemma 1 Let q(x,w) be strongly mixing so that (6) holds and such that
E{¢®} < co. Then, we have:

E{q(x1)a(x2)q(x3)q(xa)}

1 1 2
S sup 02(ly1 — y3De2(ly2 — yal)E{q®}3.
Veti<k<a={Xp}i1<k<a

(9)

Here, we use the notation a < b when there is a positive constant C such
that a < Cb.



proof of mixing lemma

Let y; and yo be two points in {xj}1<k<4 such that d(y1,y2) > d(x;,x;)
for all 1 < 4,57 < 4 and such that d(yi1,{2z3,2z4}) < d(y2,{z3,24}), where

{y1,¥2:23,24} = {Xp}1<k<4-

Let us call y3 a point in {z3,z4} closest to y1. We call y4 the remaining
point in {xx}1<x<a. We have, using (6) and E{q} = O, that:

E{q(x1)q(x2)q(x3)q(xa)}| S #(2ly1 — y3)) E{P D) (BE{(a(y2)aly3)a(ya))?})*.

1 1
The last two terms are bounded by E{¢®°}6 and E{¢®}2, respectively,
using Holder’'s inequality. Because ¢(r) is assumed to be decreasing, we
deduce that

E{q(x1)a(x2)a(x3)a(xa)}| S oly1 — yaDE{¢®}5. (10)



proof of mixing lemma II

If y4 is (one of) the closest point(s) to y», then the same arguments
show that

E{q(x1)a(x2)a(x3)a(xa)}| S ¢(ly2 — yaDE{a®)5. (11)

Otherwise, y3 is the closest point to yo, and we find that

E{g(x1)a(x2)a(x3)a(xa)}| < @(2ly2 — y3DE{¢®}3.

However, by construction, |yo —y4| < [y1 —y2| < |y1 —y3l+lyz —y2| <
2|ly> —y3|, so (11) is still valid (this is the only place where the factor 2

in (6) is used).

1
Combining (10) and (11), the result follows from aAb < (ab)2 for a,b > 0,
where a A b = min(a,b).



Estimates

Lemma 2 Let g be a stationary process q-(x,w) = q(%,w) with inte-
grable correlation function in (5). Let f be a deterministic square inte-
grable function on D. Then we have:

2 2
E{l1G4=G f1172(py} S e If 172 py: (12)
L et g satisfy one of the following additional hypotheses:
[H1] ¢(x,w) is uniformly bounded P-a.s.

[H2] E{¢®} < oo and q(x,w) is strongly mixing with mixing coefficient in
1 1
(6) such that p©2(r) is bounded and r%1,2(r) is integrable on RT.

Then we find that

E{HQQSQQSH%(LQ(D))} N e, (13)



Proof

We denote || - || = || - ||L2(D) and calculate

G4:91() = [ ([ Gey)a(0)G(y.2)dy ) f(D)dz,

so that by the Cauchy-Schwarz inequality, we have

2
G012 <112 [ (| 6 9)a-(0)Gy,2)dy ) da.
By definition of the correlation function, we thus find that

B(160:G717} < 71 [, , GG 0G0 OR(Y )Gy, )G (¢, myaxdydca

(14)
Extending G(x,y) by 0 outside D x D, we find in the Fourier domain that

E{IGa:G/12} S 112 [ , [ ,1GCc )Gz, )2 (p)e? R(ep)dpdsdz.



Here f(€) = [pae "X f(x)dx is the Fourier transform of f(x). Since R(x)
is integrable, then R(ep) (which is always non-negative by e.g. Bochner’s
theorem) is bounded by a constant we call Ry so that

E{II9a:01117} S If1PRo | | G?(x,y)G (2, y)dxdydz < |I£1?"Ro,

by the square-integrability assumption on G(x,y). This yields (12). Let
us now consider (13). We denote by ||Gg:Gqe|| the norm ||qugq5||£(L2(D))
and calculate that

G4:94:0() = [ ( [ Gx¥)a-()G(y,2)dy ) a-(2)é(2)d.

T herefore,

2 2
(90:00:6(0)) < [ (| 6x3)aeGly,ae(a)dy) dz [ 62(2)da
by Cauchy Schwarz. This shows that

2
1GqeGge||? (w) < (/D G(x, Y)Qa(Y)G(y,z)dy) 2 (z)dzdx.

D2



When ¢-(z,w) is bounded P—a.s., the proof above leading to (12) applies
and we obtain (13) under hypothesis [H1].

The hypothesis that g- is small or even bounded can be relaxed as the
following calculation shows. Using Lemma 1, we obtain that

E{qe(¥)q:(¢)q?(2)} < ﬁ('y ; Cl)ﬁ(o) + 90%(|y ; Z')sa%(’Z - C').

3

Under hypothesis [H2], we thus obtain that
ly — ¢
g

B{|90:Ga:I?} S [, GG Qv (P )Gy, 2)G(C, 2)dydCaxdz

+ 2 (/D G(x, y)cp%cy ; Zl)G(y,z)dy)QdXdz.

1 1
Because r%~1x3(r) is integrable, then x — ¢2(|x|) is integrable as well
and the bound of the first term above under hypothesis [H2] is done as in

1
(14) by replacing R(x) by ¢2(|x|). As for the second term, it is bounded,



using the Cauchy Schwarz inequality, by

/D (/D (/p G2 (x, y>dx) G2(y, Z)dY> (/D so('y ; Zl)dy)dz < e,

since x — (|x|) is integrable, D is bounded, and (4) holds.

The above lemma may be used to handle cases with ¢ not necessarily
bounded. We simply assume here that g: is sufficiently small so that the
operator Gg-Gge is of norm p < 1 in £L(L?(D)).



Bound on random correctors

Now we can address the behavior of the correctors. We define

ug = Gf, (15)
the solution of the unperturbed problem. We find that
(I — Qng(JE)(Us — UO) = —Gq:0f + Gq:Gq:G f. (16)

Using the results of Lemma 2, we obtain that

Lemma 3 Let us be the solution to the heterogeneous problem (1) and
ug the solution to the corresponding homogenized problem. Then we
have that

NI,

(E{llue — uolI*})? < e2|if]l. (17)



Bound on “multiple scattering”

Gq:Gqe(ue — ug) is bounded by €% in L1(Q; L?(D)) by Cauchy-Schwarz:

1 1

2 5 d
B{Ga:Gae (ue — uo)lI} < (E{1Ga:0a:1?} ) (Edllue — uoll?})* S e < 2.

This controls the errors coming from multiple scattering. The remaining
contributions in uge — ug are

—Gq:0f +Gq:Gq:G f.



Estimate for deterministic corrector

We need the following estimate:

Lemma 4 Under hypothesis [H2] of Lemma 2, we find that

147
E{(|Ga-Gq:G fI1*} < e 2| f|2 < || f]12, (18)

1
where n is such that y — (/D |G|2+77(x, y)dx) 2T s uniformly bounded on
D.

This is where we need that the Green’s function be more than square in-
tegrable. Otherwise, a deterministic corrector may appear. The estimate

in (18) is optimal in powers of «.



Proof

By Cauchy Schwarz,

2
|QQ8gqe€gf(X)|2 S ||f||2 /D </D2 G(Xa Y)Q8(y)G(Y7Z)Qa?(z)G(Z)t)dde) dt

So we want to estimate

A=E{| G y)G(*,0)e(y)e(Q)G(y,2)G((,£)q:-(2)q-(§)G(z,t)G (€, t)d[€Cyzxt]}.

D6

We now use mixing (9) to obtain that A < A1 4+ A> + A3z, where
ly — ¢l z — ¢

Ar= [ GeYIG Ot (B Gy, 2)G(C &)
Ay = / / G(x,v)G(y,2)pr ('y . ')G(z t)dydz) dtdx,
A= [ GeyaE 06 06E e (L) a6 06 (C ) dteeyaxty
Denote Fx +(y,z) = G(x,y)G(y,z)G(z,t). Then in the Fourier domain,

)G(z,0)G (&, t)dlECyaxt],

¢ — 2|
€

Db



we find that

—_—

1 1 .
AL S [ [ ,e2 %7 (ep) 92 (20)| Pt (P, @) Pdpdadxat.

— —

1 1 1
Here ¢2(p) is the Fourier transform of x — p2(|x|). Since p2(ep) is
1
bounded because r?~14x2(r) is integrable on R1, we deduce that

Aq < g2d /D4 G?(x,y)G?(y,z)G?(z, t)dxdydzdt < g2,
using the integrability condition imposed on G(x,y).

Using 2ab < a?+b? for (a,b) = (G(x,y),G(x,¢)) and (a,b) = (G(&,t),G(z,t))
successively, and integrating in t and x, we find that

435 [, 606 e (Y53 (=) apyeag)
thanks to the square integrability (4). Now with (a,b) = (G(y,z),G((,€)),




we find that
435 [P ed (Yo (- atyeag) < 2
1

since 2 is integrable and G is square integrable on D.

Consider the contribution A>. We write the squared integral as a double
integral over the variables (y,(,z, &) and dealing with the integration in
x and t using 2ab < a2 4+ b2 as in the A3 contribution, obtain that

15 [, 6600t (TNt 08 (= arycas)

Using Holder's inequality, we obtain that

© p 7 N2 2gitn
Ao < <(/ 902( ) d- 1dr> (/ Gp(y,Z)dde> ) Sem 2,
0 € D2

1 /
with p = 2417 and p = f—iz since ©2(r)r?=1, whence ©2(r)rd—1, is
integrable.




Convergence of multiple scattering

We have therefore obtained that

14
E{|lue — u+ GaeGf|} < %71 < &2, (19)

For what follows, it is useful to recast the above result as:

Proposition 5 Let g(x,w) be constructed so that [H2]-[H3] holds. Let
ue be the solution to (8) and ug = Gf. We assume that ug is continuous
on D. Then we have the following strong convergence result:

a4 dul) =0

62 62




Oscillatory integral in one space dimension

1
In dimension d = 1, the leading term of the corrector e 2(us —ug) is thus
given by:

ne(ew) = ~—00:9f = | -GG za uoldy, (1)

where D is an interval (a,b). The convergence is more precise in dimen-
sion d = 1 than in higher space dimensions. For the Helmholtz equation,
the Green function in d = 1 is Lipschitz continuous. Then wuq.(x,w) is of
class C(D) P-a.s. and we can seek convergence in that functional class.
Since ug = Gf, it is continuous for f € L2(D).

The variance of the random variable uq.(xz,w) is given by

B{ud- ()} = [, Gle,)G, ) R(L=2 Juo(uo()dydz.  (22)



Because R(x) is assumed to be integrable, the above integral converges,
as € — 0, to the following limit:

E{u}(z.w)} = [ GP(a,)RO)uG()dy, (23)
where
R(0) = o2 := /_0:0 R(r)dr = 2 /O " E{q(0)q(r)}dr. (24)

Because (21) is an average of random variables decorrelating sufficiently
fast, we expect a central limit-type result to show that wi.(z,w) converges
to a Gaussian random variable. Combined with the variance (24), we
expect the limit to be the following stochastic integral:

ui(@,w) = =0 | Ga,y)uo(y)dWy(w), (25)

where dWy(w) is standard white noise on (C(D),B(C(D)),P). More pre-
cisely, we show the following result:



Theorem 6 Let us assume that G(x,y) is Lipschitz continuous. T hen,
under the conditions of Proposition 5, the process ui.(x,w) converges

weakly and in distribution in the space of continuous paths C(D) to the
limit uy(x,w) in (25).

AS a consequence, the corrector to homogenization satisfies that

Ue — UQ dist.
— () ——
VE ()
in the space L1(2; L2(D)).

o /D Gz, y)uo(y)dWy,  ase — 0, (26)



Weak Convergence and Criterion for Tightness

We recall the classical result on the weak convergence of random variables
with values in the space of continuous paths:

Proposition 7 Suppose (Z,;1 < n < oo) are random variables with val-
ues in the space of continuous functions C(D). Then Z, converges weakly
(in distribution) to Z~, provided that:

(a) any finite-dimensional joint distribution (Zn(x1), ..., Zn(x)) CcOnverges
to the joint distribution (Zso(x1),..., Zco(xr)) as n — oo.

(b) (Zy) is a tight sequence of random variables. A sufficient condition

for tightness of (Z,) is the following Kolmogorov criterion: there exist
positive constants v, 8, and 6 such that

(¢) supE{|Z,(t)|"'} < oo, for somet e D,
n>1

(i1) E{|Zn(s) — Zn(t)|P} < |t — 5|11,
uniformly inn>1 and t,s € D.

(27)



Tightness

Tightness of ui.(x,w) is obtained with v =8 =2 and 6 = 1. Indeed, we
easily obtain that

B |uie(z, w)|?} S 1,

in fact uniformly in x € D. Now by assumption on G(x,y) we obtain that

2
B{Jut=(e,0) — u1(6, )2} =B( [ [6(2,9) - 66— a(Duow)dy )

NG
= [,16(z.) ~ GEGE, ) — GE Q1R yug(y)uo(Qdyds
Sle— €l [, ZIRCE D uow)uo(Qdydt < | €2

g g
since the correlation function R(r) is integrable and ug is bounded. This
proves tightness of the sequence uq.(z,w), or equivalently weak conver-
gence of the measures P. generated by ui.(x,w) on (C(D),B(C(D))).




Finite dimensional distributions

Now any finite-dimensional distribution (u1.(zj,w))1<;<, has the charac-
teristic function

¢€(k) :E{eikjuls(xj’w)}7 k: (kl"'.’k‘n).
The above characteristic function can be recast as
i [pm(y) e (y)dy -
do(k) = E{e [P MWWy 0y = S kG w)uo(y).
J=1

As a consequence (Lévi continuity theorem), convergence of the finite
dimensional distributions will be proved if we can show convergence of:

1 vy dist.
I :=/ = a(Dyay dist, g :=/ AW, 0, (28
me Dm(y)\/gq(e) Y m Dm(y)a Y 3 (28)

for arbitrary continuous moments m(y).



Such integrals have been extensively analyzed in the literature, where the
above integral, for D = (a,b) may be seen as the solution z-(b) of the
following ordinary differential equation with random coefficients:

be=——a(Om(®),  z(a) =0.

N

Since we will use the same methodology in higher space dimensions, we
give a short proof of (28) using the central limit theorem for correlated
discrete random variables as stated e.g. in [Bo-82].



Approximation by piecewise constant integrand

Note that if we replace m(y) by my(y), then

E{(Ime — Imye)?} < |lm — mp|| %, (29)

where ||-||co is the uniform norm on D. It is therefore sufficient to consider
(28) for a sequence of functions my;, converging to m in the uniform sense.
Since m is (uniformly) continuous, we can approximate it by piecewise

constant functions mj that are constant on M intervals of size h = b_wa

Let my; be the value of my on the 4t interval and define the random
variables
Jh 1
M, —mh/ C]( )dy.
& 7 JG-Dh e



Independence of random variables

We want to show that the variables M become independent in the limit
e — 0. This is done by showing that

g(k) — ‘E{ez Zj:l ijej} — H E{QijMej}
j=1

for all k = {k;}1<j<ap € RM. Let k € RM fixed, 0 < n < % and define

— 0 ase—0,

gh=n
Pl = / dy, QL = M — P,
~ (j—1)h+n fq( 4 &

Now we write
E{eizyzlijgj} — E{[¢™"19% — 1]e iky Pl 413 0 kj iMzj

_|_]E{€ik1P;71—|-z' ijz ijgj}.



Using the strong mixing condition (6), we find that
E{e1h: i > kM, ) — E{e‘t’ﬂp A1) E{e iy ok Mejy 590(%
g
Now we find that E{Q];} = 0 and E{[ng]Q} < m. The latter result

comes from integrating s_lR(t_TS)dsdt over a cube of size O(n?). Since
let* — 1| < |z|, we deduce that

E{[e*104 — 1]eM1PATZy) < B{[eMQ - 1]7)3 < 2,

for an arbitrary random variable Z (equal to 0 or to Z]MZQ kjMc; here).
Thus,

E{ ZklMgl—l-ZZ] Qk ng} E{ezklMel}E{ ’&ZJ —» ] 6j} ( )_l_n%
By induction, we thus find that for all 0 <7 < &,

5<M90( Ty 413,



N =

This expression tends to O say for n = 2.
T his shows that the random variables ng become independent as € — 0.

We show below that each M.; converges to a centered Gaussian variable
as € — 0.

The sum over 5 thus yields in the limit a centered Gaussian variable with
variance the sum of the M individual variances.



Central Limit Theorem for discrete random variables

By stationarity of the process ¢(z,w), we are thus led to showing that

h 1 dist. h
q( Ydy —— | ocdWy = oW}y, = oN(O,h), e — 0,

0 e 0
where N(0,h) is the centered Gaussian variable with variance h. We
break up h into N = h/e (which we assume is an integer) intervals and

The g; are stationary mixing random variables and we are interested in
the limit

N \/E N
\/gjgl qdj — \/—Njgl qj- (30)



Following [B0o-82], we introduce A,, and A™ as the c—algebras generated
by (q;)j<m and (g;);>m, respectively. Let then

) = sup {E{m — E{n}) (£ - E{¢})}
(E{2}E{€2})?

Then provided that >7,>1 p(n) < co, we obtain the following central limit
theorem

e LP(Ag), €€ LA (3D)

vh & s
VN 2 Z i 2% VhoN'(0,1) = oN (0, h), (32)

where N(0,1) is the standard normal variable, where = is used to mean
equality in distribution, and where 02 = Y,z E{qoqn}. It remains to
verify that the two definitions of o above and in (24) agree and that



> n>1p(n) < co. Note that

1 ro0
SnezBlaom} = || [ Ela@w)a(=)}dydz
= [ [“Etaaty + dydz = [ RO)dy = RO),

thanks to (24). Now we observe that p(n) < ¢(n—1) so that summability
of p(n) is implied by the integrability of ¢(r) on RT. This concludes the
proof of the convergence in distribution of u;. in the space of continuous
paths C(D).

It now remains to recall the convergence result (20) to obtain (26) in
the space L1(Q2; L2(D)).



Oscillatory integral in arbitrary space dimensions

In dimension 1 < d < 3 for second-order elliptic operators, the leading
d
term in the random corrector € 2(us — ug) is given by:

1
ure(x,w) = [ —Gx¥) S0y, w)uo(y)dy. (33)
g2
The variance of uy.(x,w) is given by

B{u e @)} = [, GOo )G D) R(2=2 Juo(y)uo(2)dyda.

As in the one-dimensional case, it converges as € — 0 to the |limit

E{u}(xw)} = 02 [ Pey)uddy,  o?= [ E{a0)q(x)}dy. (34)

Because of the singularities of the Green's function G(x,y) in dimen-
sion d > 2, we prove here less accurate results than those obtained in
dimension d = 1.



We want to obtain convergence of the above corrector in distribution on
(2, F,P) and weakly in D. More precisely, let Mp(x) for 1 < k < K be
sufficiently smooth functions such that

me(y) = = [ M()G(x y)uo(y)dx = —GMp(y)uo(y), 1< k<K, (35)

are continuous functions (we thus assume that ug(x) is continuous as
well). Let us introduce the random variables

1 (y
Ie() = [ miy)—ga(¥w)dy. (36)

D 2 E
Because of hypothesis [H3], the accumulation points of the integrals
Ii..(w) are not modified if q(%,w} is replaced by ¢:(y,w). The main result

of this section is the following:

Theorem 8 Under the above conditions and the hypotheses of Proposi-
tion 5, the random variables I, .(w) converge in distribution to the mean



zero Gaussian random variables I.(w) as € — 0, where the correlation

matrix is given by

> =E{I;I}} = 0° /D m;(y)m(y)dy,
where o IS given by

o2 = [ E{q(0)q(y)}dy.

Moreover, we have the stochastic representation

(@) = [ m(y)odwy,

where dWy is standard multi-parameter Wiener process.

As a result, for M(x) sufficiently smooth, we obtain that

(Lduo,M) sty & /D GM (y)G f(y)dWy.

e2

(37)

(38)

(39)

(40)



Proof

The convergence in (40) is a direct consequence of (39) since

/DQ M(x)G(x,y)ug(y)dWydx = /D GM (y)Gf(y)dWy,

and of the strong convergence (20) in Proposition 5. The equality (39)
is directly deduced from (37) since I.(w) is a (multivariate) Gaussian
variable. In order to prove (37), we use a methodology similar to that in
the proof of Theorem 6.

The characteristic function of the random variables I,.(w) is given by

®o(k) = E{e! Tim1hilie@)} k= (k... kg,

and may be recast as

| —d K
®c(k) = E{e' oW aCwldyy vy = S kim;(y).
j=1



So (37) follows from showing that

L) = [ m)ga(Yw)dy L [ m@eawy, (@)
D c5 \€ D

for an arbitrary continuous function m(y). As in the one-dimensional case
and for the same reasons, we replace m(y) by m;(y), which is constant
on small hyper-cubes C; of size h (and volume h?) and that there are
M =~ h~% of them. Because 8D is assumed to be sufficiently smooth, it
can be covered by Mg ~ h~%t1 cubes and we set mj(x) = 0 on those
cubes. The contribution to I-(w) is seen to converge to 0 as h — O in

the mean-square sense as in (29).

We define the random variables
1l y :
Mejw) = my; [, SaCw)dy,  1<j<M,
Cj 2 S
where my; is the value of my on C; and are interested in the limiting



distribution as € — 0 of the random variable

M
IH(w) = Y Mcj(w). (42)

j=1
We show below that these random variables are again independent in the
limit ¢ — 0 and each variable converges to a centered Gaussian variable.
ASs a consequence, IZ}(w) converges in distribution to a centered Gaussian
variable whose variance is the sum of the variances of the variables ng(w)

in the limit ¢ — O.

That the random variables ng are independent in the limit € — 0O is
shown using a similar method to that of the one-dimensional case. We
want to obtain that

=1

— 0 as € — 0,




for all k = {k;}, € RM. Let 0<n< % and D? = {x € C;,d(x,0C;) > n}.

We define

1
P77 —m LW Qn —_ P77

j E2
We write again:

E{ei2£1 k]Maj} — E{[ezlegl ] 1k1 P 1—|—ZZ] Qk ng}
+E{e ik P 1"‘@23 > k;j ng}

Using the strong mixing condition (6), we find that

]E{ Zklpl—l—’&zj Qk MS]} E{ezkjlpl}E{ ’LZ] Qk ng} < (

We find as in the one-dimensional case that E{Q } = 0 and E{[Q ]2} <

nh(d 1) < m with a bound independent of . This comes from mtegrating
e"YR(XY)dxdy on a domain of size O([nh%~1]2). The rest of the proof

follows as in the one-dimensional case.



It remains to address the convergence of ng as € — 0. BYy invariance
of ¢q(x), it is sufficient to consider integrals on the cube [0,h], with h =

(h,...,h). It now remains to show that

1 /y dist. d
< d dW~v = h™).
/[O,h] €%q<€,w> y— 0/[O,h] y = oN(0,h%)

For a multi-index j € Z%, we define
@)= [ aly,w)dy.
] i+[0,1]

Then (43) will follow by homogeneity if we can show that

1 .
on2 jel0,n]

(43)

(44)

Let A and B be subsets of Z% and let A and B be the ¢ algebras generated



by g; on A and B, respectively. Then we define
{E{w ~E{n})(¢ - E{eD}
(E{n?}E{e2})?

We then assume that E{qf} < oo as in hypothesis [H2] and that p(n) =
o(n~%) and that

p(n) = sup

i nd_lp%(n) < 00. (45)

n=0
Then we verify that the hypotheses in [Bo-82] are satisfied so that (44)
holds with
0% = > E{qog;}-
jezd
We verify as in the one-dimensional case that the above o agrees with
that in definition (38). Now we verify that (45) is a consequence of the

. n€ L?(A), €cL?*B}, d(A,B)>n

|
J



1
integrability of r4=1x2(r). The decay p(n) = o(n~%) is obtained when
©(r) decays faster than r—4=7 for some n > 0.



Correctors for one-dimensional elliptic problem

Consider the homogenization of the following one-dimensional elliptic
problems:

—d—ae(az w)—us + (g0 + ¢e(z, w))ue = pe(z,w) f(x), ze€D=(0,1),
Us(o) — Us(l) = 0.
(46)

We consider homogeneous Dirichlet conditions to simplify the presenta-
tion. The coefficients a:-(x,w) and ps(z,w) are uniformly bounded from
above and below: 0 < ag < as(x,w), pe(x,w) < agl. The (determinis-
tic) absorption term qg is assumed to be a non-negative constant. The
generalization to a non-negative smooth function gg(x) can be done.

et us introduce the change of variables

. [T 1 dze a* . 1
= a, = -t 47
(@) =a /O as(t) de  as(x) . E{a—1} (47)




and us(z) = us(x). Then we find, with x = 2(z:) that
d2

(a*)zd fie + a*qotie + ac[(1 — azta*)qo + qeliic = acpef, 0 <z < 2(1)
e(0) = ue(2:(1)) = 0.
(48)
et us introduce the following Green’s function
d2
—a’ o 5G(@,y L) + 90G @,y L) = 0(@ —y) (49)
G(0,y; L) =G(L,y; L) = 0.
Then, defining
66(337(*‘)) — (1 T as_l(%w)a*)qo + Q5(CC,CU), (50)
we find that
_ ze(1) -~ Qg
ie(x) = [ Gleyi 2 (1) (pef — &) (@(y)) = (2(y))dy,
1
Us(w) — /O G(zg(az),zg(y);zg(l))(pgf—éjgug)(y)dy.



We recast the above equation as

1
Ue(xaw) — ge(Pef — éj&“ué)o qu(w) — /O G(zg(:c),zg(y); zg(l))u(y)dy.
(51)
After one more iteration, we obtain the following integral equation:
Ue — gspef — gs@sgspsf + gsgjegeqsus- (52)

A similar convergence result may then be obtained. See [B-08].



Random and periodic homogenization

Let us go back to the problem in the periodic case:

X
—AU€+C](;)U€ =f D
'ng:O aD,

(53)

on a smooth open, bounded, domain D c R4, where ¢(y) is [0, 1]%-
periodic. We introduce the fast scale y = § and introduce a function
us = ue(x,%). Gradients Vx become %Vy + Vx and (53) becomes for-
mally

(— 58y = 2Vx Ty = Ax+ o) us(x,y) = £,

Plugging the expansion u. = ug + euj + e2us into the above equality and
equating like powers of ¢ vields three equations. The first equation shows
that ug = ug(x). The second equation shows that u; = u1(x), which we



can choose as u; = 0. The third equation —Ayus—Axug+q(y)ug = f(x),
admits a solution provided that

—Axug + (qQ)ug = f(x), D
with ug = 0 on 9D. Here, (q) is the average of g on [0, 1]¢, which
we assume is sufficiently large that the above equation admits a unique

solution. We recast the above equation as ug = Gpf. The corrector us
thus solves

~Dyuz = ((a) — a¥) Juo (),

and is uniquely defined along with the constraint (upy) = 0. We denote
the solution operator of the above cell problem as G soO that uy =
—Gx(q—(q))Gf. Thus formally, we have obtained that

ue(x) = Gf(x) — 2G4 (q — <q>>(§)gf<x> + lLo.t. (54)

We thus observe that the corrector up.(x) ‘= un(x,%) is of order O(e2)



in the L2 sense, say. In the sense of distributions, however, the corrector
may be of order o(c") for all integer m in the sense that [p M (x)uo.(x)dx <
e for all m when M(x)ug(x) € C5°(D).



Large deterministic corrector

Consider the equation with random boundary condition:

(—A 4+ A ue(z, w) = 0, r= (2, zn) € R,
_|_

o (55)

/
o ue + (g0 +a(—,w)ue = f(&), @ = (a/,0) € IR,

We follow the presentation in [BJ-11]

This equation is equivalent to the elliptic pseudo-differential equation:

(V=D + 22+ g0 + ¢e(z,w))ue = f, (56)

where A | is the Laplacian on Rd, d=n—1, obtained from the Laplacian
on R™ with 82 eliminated.

The Green'’s function behaves as |z|17¢ for d = n — 1 and is therefore not
square integrable for d > 2 (n > 3).



Assumptions on random field

We assume that ¢(x,w) is stationary and a-mixing: For any Borel sets
A, B C R% the sub-o-algebras F, and Fp generated by the process re-
stricted on A and B respectively decorrelate so rapidly that there exists
some function o : Ry — R4 with «a(r) vanishing to zero as r tends to
infinity, and for any F4 measurable set U and Fp measurable set V, we
have

P(UP(V) —P(UNV)| < a(d(A, B)). (57)

We further assume that «a(r) has the following asymptotic behavior for
some real number § > O:

1
a(r) ~ e for r sufficiently large. (58)

Fourth order cumulants. A further assumption on ¢(z,w) is imposed so
that we have an approximate formula for the fourth order cross-moment



of the process. To formulate this condition, we need to introduce some
terminologies.

Let FF = {1,2,3,4} and U be the collections of two pairs of unordered
numbers in F, i.e.,

U= {p={(p(1),p(2)), (p(3),p()} | (i) € F,p(1) # p(2),p(3) 7 p(4) }.
(59)
As members in a set, the pairs (p(1),p(2)) and (p(3),p(4)) are required
to be distinct; however, they can have one common index. There are
three elements in U whose indices p(i) are all different. They are precisely
{(1,2),(3,4)}, {(1,3),(2,4)} and {(1,4),(2,3)}. Let us denote by Ux the
subset formed by these three elements, and its complement by U*.

Intuitively, we can visualize U in the following manner. Draw four points
with indices 1 to 4. There are six line segments connecting them. The



set U can be visualized as the collection of all possible ways to choose
two line segments among the six. Ux corresponds to choices so that the
two segments have disjoint ends, and U* corresponds to choices such
that the segments share one common end.

We assume that ¢(z,w) has controlled fourth order cumulants in the
sense that the following holds: For each p € U*, there exists a real valued
nonnegative function ¢, in L' N L>®(R% x R%), so that for any four point
set {xi}fle, x; € RY we have the following condition on the fourth order
cross-moment of {q(x;,w)}:

4
'E 1] a(@) — > E{a(zy1y)a(zyo)) YE{a(z,3))a(@pa))}
i=1 PEU (60)

< > Pp(Tp(1) = Tp(2)s Tp(3) — Tp(4))-
peU*



Deterministic and random correctors in d = 2

We decompose the corrector

ue —u = (E{ue} —u) + (ue — E{ue}), (61)

the deterministic corrector and the stochastic corrector, respectively.
et us define

- R
R:= ) 4. (62)
R2 27|y
and G the solution operator to
(V-2 + X+ q)u=r. (63)

Theorem 9 Let u. and u solve (56) and (63) respectively and d = 2.
Let q(x,w) satisfy the same conditions as in the previous theorem. Then



we have,
i Tue — v

e—0 I
Here the Ilimit is taken in the weak sense. That is, for an arbitrary
test function M € C°(R?), the real number e~ 1(M E{¢:}) converges to

(GM, Ru).

= RGu. (64)

Theorem 10 Let us. and u solve (56) and (63) respectively and d = 2.
Let q(x,w) be stationary and mean-zero with strong mixing coefficient
a(r) satisfying (58), and be uniformly bounded. Assume further that the
joint fourth order cumulant of g satisfies (60). Then:

_E istributi
Uge {ue} dlstrlbutlon> s /RQ G(z — y)u(y)dWy, (65)
€

where ¢2 = Jra R(z)dx and Wy, is the standard multi-parameter Wiener
process in R2. The convergence here is weakly in R2 and in probability
distribution. Proofs in [BJ-11].



Heuristic argument for deterministic corrector

Consider
ue = Gf —Gq:Gf + Gq:Gqeue, (66)
pushed to

ue =Gf —GqeGf + Gq:GqeGf — GqeGqeGue. (67)
Weakly, the third term is of the form

(ng%ua gM) .

A deterministic contribution thus appears of the form

x_

Eqe()G(z — 4)4:(y) = Gz — y)R(——) ~ "G(ex)R(2) ~ e G()R(2)

This provides a large deterministic corrector when G is singular.



Long Range Potentials

Following [BGMP-08], we are interested in the solution to the following
elliptic equation with random coefficients

d X d €
~(a(Lw) o) = 1@,  0<e<l, weR (g
ug(o,w) — Oa u€(17w> — q.

Here a(xz,w) is a stationary ergodic random process such that 0 < ag <
a(z,w) < aal a.e. for (z,w) € (0,1) x €2, where (€2, F,B3) is an abstract
probability space. The source term f € W—1>(0,1) and ¢ € R. Classical
theories for elliptic equations then show the existence of a unique solution
u(-,w) € H1(0,1) P-a.s.

As the scale of the micro-structure € converges to 0, the solution u®(x,w)
converges ‘$3-a.s. weakly in Hl(o, 1) to the deterministic solution uw of the



homogenized equation

—(«fa) =@, o<e<y, (69)
u(0) = 0, u(l) =gq.

. . . . L . 1 —1
The effective diffusion coefficient is given by a* = (E{a (O, -)}) , Where
E is mathematical expectation with respect to ‘L.

The above one-dimensional boundary value problems admit explicit solu-
tions. Introducing a®(xz) = a(2) and F(x) = [§ f(y)dy, we have:

q+ ) dy
ut(z,w) = & (w 1 iy F(y) c(w) = 0af(y, w)
R o L e L i el
Oaﬁ(ly,w)
u(x) :c*%—/o Fcf*y)dy, c* =a*q—|—/o F(y)dy. (71)

Our aim is to characterize the behavior of u¢* —u as € — 0.



Hypothesis on the random process

Let us define the mean zero stationary random process

1 1

e w) = a(z,w) e

Hypothesis 11 We assume that ¢ is of the form

p(z) = P(gz),

where ® s a bounded function such that

92
[ ®(g)eZdg =0,

(72)

(73)

(74)

and gy is a stationary Gaussian process with mean zero and variance one.

T he autocorrelation function of g:

Rg(7) = E{gugot-},



iIs assumed to have a heavy tail of the form
Ry(7T) ~ kg™ % as T — oo, (75)

where kg > 0 and a € (0,1).

This hypothesis is satisfied by a large class of random coefficients. For
instance, if we take & = sgn, then ¢ models a two-component medium.
If we take ® = tanh or arctan, then ¢ models a continuous medium with

bounded variations.



Heavy tail of process

The autocorrelation function of the random process a has a heavy tail,
as stated in the following proposition.

Proposition 12 The process o defined by (73) is a stationary random
process with mean zero and variance V. Its autocorrelation function

R(7) = E{p(z)p(z + 7)} (76)
has a heavy tail of the form

R(t) ~ kT~ % as 7 — oo, (77)

where k = rkgV7,
i = E{g0®(90)} F / g<b<g>e—%dg, (78)
Vo = B{020)} = = [®X)e % dg. (79)



Proof. The fact that ¢ is a stationary random process with mean zero
and variance V5, is straightforward in view of the definition of ¢. In
particular, Eq. (74) implies that ¢ has mean zero.

For any x,7, the vector (gg;,gx+T)T is a Gaussian random vector with
mean (0,0)1 and 2 x 2 covariance matrix:

_ 1 Ry(7)
C‘(RQ(T) B )

T herefore the autocorrelation function of the process ¢ is

g'C~1lg

R = E{0@)0(0)} = 5 [ [ @) e (- L52)d%

1 g% + g% — 2Ry(7)g192

For large 7, Rq(7) is small and we expand the value of the double integral
in powers of Ry(7), which gives the autocorrelation function of ¢.




Analysis of the corrector

The error term u® —u has two different contributions: integrals of random
processes with long term memory effects and lower-order terms. We

consider the latter. The following lemma provides an estimate for the
magnitude of these integrals.

Lemma 13 Let po(x) be a mean zero stationary random process of the
form (73). There exists K > 0 such that, for any F € L°°(0,1), we have

T 2
sup E{U gog(t)F(t)dt‘ }gKHFHgOsa. (80)
xe[0,1] 0

Proof. We verify that the I.h.s. is bounded by

/01 /01 F(t)F(s)R(t — S)dtds.

€




Since |R(u)| < ku™%, we obtain the bound

20
ea0||F||§O/ 2 — t|"%dzdt < &

F|2..
0112 1_all 5%

Corollary 14 Let o(x) be a mean zero stationary random process of the
form (73) and let f € W—1:°°(0,1). The solutions u¢ of (70) and u of
(71) verify that:

u (@) =i(2) = — [ FWFQdy+(E~) et [ 6 (y)dy+r°(), (81)
where

sup E{|r*(x)|} < Ke%, (82)
xe[0,1]

for some K > 0. Similarly, we have that

F e =a [ (F) ~ [ Pz —ata) Wiy + 7 (83)



where
E{[p°|} < Ke“, (84)

for some K > 0.

Proof. We first establish the estimate for ¢ — ¢c. We write

Jo FO) ey — o ) dy
P fo( Eyj ) +(q+;/olp(y)dy)<f&a%)dy—}),

which gives (83) with

a* 1 1 2 1 1
pF = led [(a q—l-/o F(y)dy) </o © (y)dy> —/O F(y)e (y)dy/O © (y)dy]-

10 > Y
Since fo 5( )dy is bounded from below a.e. by a positive constant
apg, we deduce from Lemma 13 and the Cauchy-Schwarz estimate that
E{|p®|} < Ke®. The analysis of u* — u follows along the same lines. We




write

u*(z) —u(x) = /Oaj aeiy)dy — /ox f(é)) xr —I— /x F(y)

which gives (81) with
r(z) = (¢ — ¢) /O & (y)dy = 15 (z) + r5(),

where we have defined

[a* /01 (F(y) — /01 F(z)dz — a"Q) wg(y)dy] Uom sos(y)dy] :
r5(x) = p° on sos(y)dy]-

The Cauchy-Schwarz estimate and Lemma 13 give that E{|r{(x)|} < Ke“.
Besides, ¢ is bounded by || ®||co, SO |75(x)| < ||P||ec|p®|. The estimate on
p® then shows that E{|r5(x)|} < Ke“.

ri(z)



Characterization of correctors

Theorem 15 Letu® andu be the solutions in (70) and (71), respectively,
and let p(x) be a mean zero stationary random process of the form (73).
Then u® — u is a random process in C(0,1), the space of continuous
functions on [0,1]. We have the following convergence in distribution in
the space of continuous functions C(0,1):

’Ufg(a?) — 5(33) distribution

\ & H(,
3 ’ \/H(QH—l)u (@), (85)

where
Ul (z) = /R K (z, t)dW/H, (86)
1
K(z.t) = 1[075,;](75)(0*—1:(7:))+x(F(t)— /O F(z)dz—a*q)1[071](t§87)

Here 1y, is the characteristic function of the set [0,z] and Wi s a
fractional Brownian motion with Hurst index H =1 — 5.



The fractional Brownian motion WtH IS @ mean zero Gaussian process
with autocorrelation function

1
EAW{TWT = 2 (1t 4 (s = |s — 127). (88)
In particular, the variance of W/ is E{|WH %} = |t|°H.
The increments of WtH are stationary but not independent for H # %

Moreover, WtH admits the following spectral representation

H
Wil = (H) / Z£|§|H__dW(§) t € R, (89)
where
1 1/2
ClH) = <2Hsin(7rH)l’(2H)> ’ (90)



and W is the Fourier transform of a standard Brownian motion W, that
is, a complex Gaussian measure such that:

E{dW (€)W (§) } = 2m6 (& — &')dédg’.

Note that the constant C'(H) is defined such that E{(W{)?} = 1.



Convergence of random integrals

Theorem 16 Let ¢ be of the form (73) and let F € LY(R) N L>®(R). We
define the mean zero random variable MI% by

M = 8_%/]R¢6(t)F(t)dt. (91)

Then the random variable Mf;, converges in distribution as € — 0 to the
mean zero Gaussian random variable MZQ defined by

0 _ K H
M9 = \/H(QH = /RF(t)th | (92)

where W is a fractional Brownian motion with Hurst index H =1 — 5

The limit random variable Mg, iIs a Gaussian random variable with mean
zero and variance

K 1 / [F(©))°

H2H —1) % 2702 Jr jepH-1% (93)

E{|Mp|?} =



We first show that the variance of M converges to the variance of M%
as € — 0.

We then prove convergence in distribution by using the Gaussian property
of the underlying process g.



Convergence of the variances

We begin with a key technical lemma.

Lemma 17 1. There exist T, K > 0 such that the autocorrelation func-
tion R(t) of the process o satisfies

IR(7) — VERy(7)| < KRy(7)2, for all || >T.
2. There exist T, K such that

‘E{g$¢(gx+7)} — Vle(T)) < KR?(T) for all |r|>T.

Proof. The first point is a refinement of what we proved in Proposition
12: we found that the autocorrelation function of the process ¢ is

_ 1 91 + 95 — 2Rg(7)g192
R(r) = om /1 - () / P(g1)P(g2) exp ( T 21— m2() )d91d92




For large 7, the coefficient R4(7) is small and we can expand the value
of the double integral in powers of R4(7), which gives the result of the
first item. The proof of the second item follows along the same lines.

We first write

_ 1 95 + 95 — 2Ry(7)g192
E{ge®(gotr) } = 27r\/1 T // g1P(g2) exp ( 9N 2(21 —20) )dgldgz,

and we expand the value of the double integral in powers of Rg4(7).



Convergence of the variances II

For F € L1(R) n L°°(R), we define the mean zero random variable M}’g
by and recall the definition of M%:

M9 = ¢ z/ g:F(Ddt, My = s_%/Rgog(t)F(t)dt. (94)

Lemma 18 Let F € LY(R) N L>®(R) and let g, be the Gaussian random
process described in Hypothesis 11. Then

kg2~ T (15%) IF(E)I2
Jo

@) e jgie (95)

lim ®{| M7 ’9| b=

e—0

Proof. We write the square of the integral as a double integral, which

gives
o] [, rorsan] } = [ mo(

=) F(y)F(2)dyd:.



This implies the estimate

‘E{)M;g b Lot PR

E_aRg(y ; Z) y ljgzlo‘

<
= fp2

By (75), for any § > 0, there exists Ty such that, for all || > Ty,

[E(y)||F(2)|dydz.

‘RQ(T) — K,gT_a‘ < o1«
We decompose the integration domain into three subdomains D4, Do,
and Ds3:
Dy = {(y,2) €R?, |y —z| < Tye},
Dy = {(y,2) €R?, Tye <|y—2| <1},
{(y,z) ER?, 1< |y—z|} .



First,

—a Yy—2y kg
Jo, o Ra(* ) = 2 @I E(R)dyd
— y—= S e’
< [, [ B () IF@IF G aydz + [ wgly = 2171 F @11 (=) dydz
Tse Tse
§2€_O‘||Rg||oo/R/05 |F(y—|—z)|dy|F(z)|dz—|—2/<:g/R/O5 y | F(y + 2)|dy|F

— Tse Tse o
< 2| Rylloc | Flloc | Pl [ * dy + 2ngl Flloc Pl [y~ dy

l—«
2kgT .
S||F|oo||F||1(2T5Rg<o>+ 0 )al .

where we have used the fact that Ry(7) is maximal at = = 0, and the



value of the maximum is equal to the variance of g. Second,

cTOR _ R F Fdd<5/ — 2T F ()| F(2)|d
/D2 o - ) o FOIFldydz <0 [y = 2" FWIIF(2)ldy
1
< 20||Fllcl|Fll1 [, vy “dy
T(;E
_ 201FlslFll
o l — o
and finally
[ e org (U0 - P N IFGIFyds < 6 [y~ 27 F@)IIF (=) ldy
D3 3 ly — 2| B D3

IA

0 D |F'(y)||F(z)|dydz

2
o[ FlT-

IA



Therefore, there exists K > 0 such that

limsup ‘E{\M;’g)z} - /R2 WF(y)F(z)dydz <K (|IFI% +IFI7) 5.

e—0

Since this holds true for any 6 > 0, we get

lim
e—0

=0.

]E{‘M;,’g‘z} /]RQ mF(y)F(z)dydz

We recall that the Fourier transform of the function |z|™% is

e’it \/’21 ar(l O{)

—a — a—1 e —dt = 96
27O = calél*Th = [ og @ (96)
Using the Parseval equality, we find that
1 Ca IF(€)|2
—F(y)F(z)dydz = / dg .
/RQ ly — z[@ R [¢[1e

The right-hand side is finite, because (i) F € L1(R) so that F'(¢) € L°(R),
(i) F e LY(R) N L>®(R) so F € L%(R) and F € L2(R), and (iii) a € (0,1).



Lemma 19 Let F € L1(R) N L>°(R) and let the process ¢(x) be of the
form (73). Then we have:

lim E{(MZ‘% — VlM;’g)Q} =0.

e—0
Proof.

We write the square of the integral as a double integral:

B{(MF - ViM9)2 ) =7 [ F@)FQ(Y, Ddydz,
where
Qy,2) = B{®(9,)P(g2) — Vi®(gy)g: — Vigy®(g2) + VEgyg: |

By Lemma 17 and (75), there exist K, T such that |Q(y, 2)| < K|y — z| 2%
for all |x —y| > T. Besides, & is bounded and g, is square-integrable, so



there exists K such that, for all y,z € R, |Q(y,2)| < K. We decompose
the integration domain R2 into three subdomains D1, Do, and D3

D1 = {(y,2) €R?, |y — 2| < Te},

Dy = {(y,2) €ER?, Te <|y—2| <1},

D3 = {(y,z) ceR?, 1< |y—z|} :
We get the estimates

IA

‘ | F@F&QE Dyd
1 g &

K [ IF@IIF()ldyd:

VA

Te
2K /]R /O F(y + 2)|dy| F(2)|dz
< 2K||F|loo||Fll1 T,
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| [, F@FEQE Ddyd:
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y oz
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C|F@)||F(2)dydz

INA

K
D3

2K [ [Ty P F(y + 2)ldy|F(2)|dz

oo
DK e20 /]R /1 F(y + 2)|dy| F(2)|dz
2 2
2K ||F||2e2

‘ | F@F&QE Ddydz
3 E &

IAN - IA

VAN

which gives the desired result:

L2 F@IFQE, 2)dyd:
E &

lim e @ = 0.
e—0

The following proposition is now a straightforward corollary of Lemmas
18 and 19 and the fact that k = rkgV{.

Proposition 20 Let F € LY(R) n L°°(R) and let the process ¢(x) be of



the form (73). Then we find that:

| (2 _ B2 (R 1 IR
tim E{[MF7 [} = ﬁr(g§ /]R||§|1(|)‘ | (o7

The limit of the variance of M% is (97) and the variance of M© is (93).
These two expressions are reconciled by using the identity 1 —a =2H —
1 and standard properties of the I function, namely '(H)I(H + %) =
21-2H /7 (2H) and (1 — H)I(H) = n(sin(7rH))~1. We get

2o (179) _ 2722 (H - ) _ 2Rl 4 ) _ F(2H)sin(xH)

V(%) V(1 — H) Vr(H - 5 (1 - H) m(2H — 1)
By (90) this shows that
2—<>ér(1—70‘)2 1
™= ,
NZNC) H(2H — 1)C(H)?




and this implies that the variance (93) of Mg is exactly the limit (97) of
the variance of M#%:

im {57} = B{| 2}

e—0



Convergence of random integrals
We can now give the proof of Theorem 16.

Step 1. The sequence of random variables MY defined by (94) converges
in distribution as € — 0 to

Since the random variable M;’g iSs a linear transform of a Gaussian pro-
cess, it has Gaussian distribution. Moreover, its mean is zero. The same
statements hold true for Mg’g. Therefore, the characteristic functions of

Ml‘?g and Mg’g are

]E{e“Mzgf’g} = exp (—%Q]E{(M;:Q)QD : E{e”Mg’g} — exp (—%QE{(M%Q)QD |



where A € R. Convergence of the characteristic functions implies that of
the distributions [?]. Therefore, it is sufficient to show that the variance

of MY converges to the variance of Mg’g as ¢ — 0. This follows from
Lemma 18.

Step 2: M$% converges in distribution to M% as e — 0.

Let A € R. Since MIQ = VlMg’g, we have
'E{eiAM;} _ E{ez‘AMg} < ‘E{ei/\M;} _ E{eiAle;’gH

. e, : 0,
_|_ ‘E{e’L)\V]_MFg} _E{e’I,)\VlMFg}‘ ‘ (98)

Since | — 1| < |x| we can write

iINM; i i 1/2
E{ i}~ B{eMM L) < NE{IME - ViMERl} < INE{(MF - ViME)?},



which goes to zero by the result of Lemma 19. This shows that the

first term of the right-hand side of (98) converges to 0 as € — 0. The
second term of the right-hand side of (98) also converges to zero by the
result of Step 1. This completes the proof of Theorem 16.



Convergence of random integral processes

Let Iy, F> be two functions in L°°(0,1). We consider the random process
ME¢(z) defined for any = € [0, 1] by

Me(z) =2 ( /O "Rt (Ddt + /O ' Fg(t)goe(t)dt) | (99)
With the notation (91) of the previous section, we have
M*(2) = My, = &2 [ Fa(D)¢f(D)dt.
where

Fr(t) = F1(t) 1[0 (1) + xF2(t) 1[0 17(¢) (100)
is indeed a function in L1(R) N L>®(R).

Theorem 21 ety be arandom process of the form (73) and let F1, F> €
L*°(0,1). Then the random process M¢(x) defined by (99) converges in



distribution as € — 0 in the space of the continuous functions C(0,1) to
the continuous Gaussian process

0 _ K H
MO(2) = \/H(QH_ 1)/RF9[;(t)cht | (101)

where F, is defined by (100) and WtH is a fractional Brownian motion
with Hurst index H =1 — 3.

The limit random process MO is a Gaussian process with mean zero and
autocorrelation function given by

& 1 (&) Fy(6)
H(2H —1) 8 27C(H)? /R €|2H-1 dg . (102)

E{MO(z)MO°(y)} =

The proof of Theorem 21 is based on a classical result on the weak
convergence of continuous random processes [Billingsley]:



Proposition 22 Suppose (Ms)ge(oﬂ) are random processes with values
in the space of continuous functions C(0,1) with M¢(0) = 0. Then M¢®
converges in distribution to M O provided that:

(i) for any 0 < x1 < ... < x < 1, the finite-dimensional distribution
(M&(x1),--- ,ME(x)) converges to the distribution (M°(z1), ..., M9%(z))
as e — 0.

(ii) (M€)€E(O,1) is a tight sequence of random processes in C(0,1). A
sufficient condition for tightness of (M®).cc01) IS the Kolmogorov
criterion: 39,8,C > 0 such that

E{‘Mg(s) - Mg(t)|5} < Clt— |0, (103)

uniformly in ,t,s € (0,1).



Convergence of finite-dimensional distributions

For the proof of convergence of the finite-dimensional distributions, we
want to show that for each set of points 0 < z1 <--- <z <1 and each
N= (A,..., ) € R*, we have the following convergence result for the

characteristic functions:

{exp( Z A Mg(:z;])>} €20, {exp( Z A MO(:B])>} (104)

Jj=1 Jj=1
Convergence of the characteristic functions implies that of the joint dis-
tributions. Now the above characteristic function may be recast as

E{ exp( Z A Mg(x])>} — E{ expz(e 2/ gps(t)F/\(t)dt>} (105)

1=1



where

FA®) = ( S Al 1 O)F® + ( S A, 25 ) 110,11 (DF2(8).

Jj=1 Jj=1

Since Fp € L®°(R)NLY(R) when Fi, F> € L>®(0, 1), we can apply Theorem
16 to obtain that:

{exp( Z )Y Mg(a;j))} ) expi(\/H(zHR_ 5 /RF/\(t)thH)},

J=
which in turn establishes (104).




Tightness

It is possible to control the increments of the process M€, as shown by
the following proposition.

Proposition 23 There exists K such that, for any Fy,F> € L*(0,1) and
for any x,y € [0,1],

2 _
sup E{|M(y) - M°@)[*} < K (IF1)Z:ly— o2+ Fal|Zly—=I) . (106)
e€(0,1)

where M€ is defined by (99).

Proof.

The proof is a refinement of the ones of Lemmas 18 and 19. We can
split the random process M€ into two components: Mé¢(z) = M&1(z) +



M¢&2(x), with

MY (z) = 72 /O U R () (£)dt M®2(z) = gz~ 2 /O ' () S (t)dt .
We have
E{|M° ()~ M7 (@)|*} < 28{| M7 ()~ M= @) }28{ M= 2 (1) - M2 ()|}

The second moment of the increment of M2 is given by

B{[M°20) — M@} = o —yPe [ R(

Since there exists K > 0 such that |R(7)| < K7~¢ for all 7, we have

z —1

)Fg(z)FQ(t)dzdt .

— Z—1 —Q
e /[071]2R< . )Fa(2)Fo(t)dzdt < K/[O,1]2|z—t| | Fo(2)|| Fo(t)|dzdt
2K

1l -«

1
< K||F13 2| %dz = AR
21loo 1 21loo



which gives the following estimate
2K

2 2
— Pl e - 2.

2
B{|M*2(y) — M= (x)["} <
The second moment of the increment of M&1 for z < y IS given by

s{et ) - = e R

)Fl (2) Fy (t)dzdt .

We distinguish the cases |y — x| <e and |y — x| > ¢.

First case. Let us assume that |y — x| < e. Since R is bounded by V5, we
have

E{|Mo1(y) — M= (@)} < Vol P20y — o2,

Since |y — z| < g, this implies

E{| Mo (y) - MO (@)[7} < Vall Py — 22



Second case. Let us assume that |y —x| > €. Since R can be bounded by
a power-law function |R(7)| < K7~ we have
2
(Mol (y) - M @)} < KIFZ [ ls—tdsdt
[2,y]2
Yy [y—z
< 2K||F1||§O/ /O O dtdz
x
2K 2 2
< T Ay -,
—
which completes the proof.

This Proposition allows us to get two results.
1) Applying Prop. 23 with F> =0 and y = 0, we re-prove Lemma 13.

2) By applying Proposition 23, we obtain that the increments of the
process M¢ satisfy the Kolmogorov criterion (103) with 8 =2 and § =
1 —«a > 0. This gives the tightness of the family of processes M€ in the
space C(0,1).



Proof of convergence theorem

We can now give the proof of Theorem 15. The error term can be
written in the form

18] o xr ]_
% (@) — W(2)) = e~ ( [ AW @tz [ Fz(t)sos(t)dt> + (),

where Fi(t) = ¢* — F(t), F»(t) = F(t) — [3 F(2)dz — a*q, and 7(z) =
e=/2[re(z) + pfa*"1x]. The first term of the right-hand side is of the
form (99). Therefore, by applying Theorem 21, we get that this process
converges in distribution in C(0,1) to the limit process (86). It remains
to show that the random process 7¢(x) converges as ¢ — 0 to zero in
C(0,1) in probability.

We have

E{|7(z) — 7 (1)|?} < 27 *B{|r°(z) — r*(¥)[*} + 2a* % *B{|p*[*}|z — y|?,



From the expression (85) of r¢, and the fact that ¢®* can be bounded
uniformly in € by a constant cg, we get
y 2
/ gog(t)dt‘ }
X

Upon applying Proposition 23, we obtain that there exists K > 0 such
that

e “B{|r* (=) — ()|} < 280‘601E{

e B{|r¢(z) — r°(y)|?} < Kz —y|272.

Besides, since p® can be bounded uniformly in € by a constant pg, we
have E{|pf|2} < poE{|p°|} < Ke® for some K > 0. Therefore, we have
established that there exists K > 0 such that

E{|7¢(z) — 7 (y)|?} < K|z — y|*7~,

uniformly in e,z,y. This shows that 7¢(z) is a tight sequence in the
space C(0, 1) by the Kolmogorov criterion (103). Furthermore, the finite-



dimensional distributions of 7¢(x) converges to zero because
sup ]E{|77€(:c)|} =90
xe[0,1]

by (82) and (84). Proposition 22 then shows that 7¢(x) converges to zero

in distribution in C(0, 1). Since the limit is deterministic, the convergence
actually holds true in probability.
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